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« Semantics (DGM, UGM)

« HMM,

» BE

o FETHEE
HE4AE: Kalman
KREEAL: sampling
A543 fh: variational
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variable-elimination, cluster-tree, triangulate

« Z¥%>]:. maxlikelihoodEstimate, RFLearning,
BayesEstimate

« Z5FJ%>]: StructureLearning

pgm-1 semantics v

pgm-2 hmm-crf

pgm-3 exact v

pgm-4 kalman

pgm-5 sampling

pgm-6 variational

pgm-7 ML

pgm-8 Bayesian
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P EBRE X (Cluster-tree elimination) X 7A Ak 3z
BiEARKBH BN ETHPHNETEEETL S ELMIRT

o PTH R EIE I A5
o O IRAH SR AN SRS (1 R
o SRR, RV INVE/ A B ECAEE [ F(x)a(y)dy=f(x)[g(y)dy

s« JEPRAE p(Xo | Xg=Xg): /fﬁ%?%luﬁ%/ﬁg Xo T EHIELAL =




p(x)=N(x]0,1) P(yIx)=N(yIx1) p(zly)=N(zly.1)
1 % 1 (y-x) _ L) ()
ey )l

CO——@

p(x,y,2)=p(x)p(yIx)p(z]Yy)
AoR: p(x|z=15) « p(x,z:1.5):Ip(x,y,z:1.5)dy

p(x.y,z=15)=p(x)p(y|x)p(z=1.5]y)

_ 1 X[ 1 (y-x)"[ 1 (L5-y)’
p(X|Z—1.5)ocUX[\/§exp{_2}.@@@{_ y2 }\/Ze)(p{_ 2y }]

Operations on factors: product, marginalize



Inference example
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p(AD=0)=>" p(A)p(B|A)p
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p(D=0|C)
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Two basic operations: product, marginalization
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Factor/Potential representation

« Pure discrete: tables (multi-dimensional arrays)
7

$(x..2)

X

yA

y
» Multivariate Gaussian can be represented in two forms
Moment form  ¢(x|u,X)=

1 T
N7z <z X p{__ X—H 2 X—,u}
AL 22l S (X=u) 27 (x=p)

_y-1 L
g=—ﬁlog(27z)_1|og|z|_l Tyl K= M= K™h
2 2 QU =M sy 5 _

Canonical form ¢(x]g,h,K)= exp{g +xTh—%xT Kx}

YRR
#iLy5 PR %L (canonical potential)
TREUE RS £ x R, — kA, ZIRBPLHEA S, RIESE0N(, h, K) 6



(D Operations on canonical potentials: easier

» Converting a linear-Gaussian CPD to a canonical potential

p(x|z )=N(x|Bz+ %)

1 1 T 51
:(27Z')N/2|Z|1/2 exp{_E(X_Bz_ﬂ) 2 (X—BZ—,U)}

i' TR, FI x—Bz=(|,—B)[’Z(]

f(x|z)=¢(x2|9,hK)

/l\

N 1 1 . 4 LYy (Y Veasy e [ 30 -
=5 109(27) =5 log =5 w2 [_BT]Z S )



(2 Operations on canonical potentials: easier

. Entering evidence
WERARE y HIE Yy, WK y ARAANBIEE y B RE, 52085 k%

o oo - 0rfi i)

i' ARG

é(Y,z ):exp{(g +h;y_%yT Kwyj+ 77 (hZ - szy)_%f KZZZ}



@ Operations on canonical potentials: easier

» Product
é(x g, h K )d(x g, ,h K, )=¢(x |9, +9, .h +h, K +K, )

é(% Y190, K )-d(y.2]9,.h,,K,) =2

X hlax K1,xx K1,xy 0 X 0 0 0 0
¢ y gl’ hl'y ! Kl,yX Kl,yy O X¢ y gz’ h2,y ) O K2 Yy K2,yZ — ?
z O O 0 O Z hz 7 O K2 ¥4Y K2,zz

Extension: H47E XAE (x,y) ERTSLYE R EA (X, Y, 2) LR HIE R 5L



4) Operations on canonical potentials: easier

o R x My NEBEE, Hycxe oX)NEXFEX RS
M §(x) £y gtk h

= ¢(x)

x\y

» Marginalization of a canonical potential

hy KW KZY
¢(y.z 19 ,h, K ): g ,(h MK < )
U, 4(yz 1g .h K )=g(y 1§ .h K )
g+{mlog(27z)—%log|K |+ h! K ‘1h} (h - K, KN, ) (K, —K,KK, )

h
— |
>
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s R x PIZE R p(x) IELET— 1R (RIESE g, h, KD
B2 p(x) B2 — i A, FFH h, K B IX A = 0 R
YL R~ h, Ko

= Converting a linear-Gaussian CPD to a canonical potential

= Entering evidence
= Product
= Marginalization

o PR
s HYEPREOS T 9 NEHE . FHIE. s bR 2.
o FEFFES, RERIEAE BN SEERAE
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Example - revisited

p(x)=N(x]0,1) P(yIx)=N(yIx1) p(zly)=N(zly.1)
1 X2 1 (Y—X)2 1 _(Z_y)z
=Eexp{—?} _ﬁEXp{_T} N p{ > }

CO——

R p(x|z=15)=2 p(x,y,2)=p(x)p(yIx)p(zly)

p(x|z=1.5) p(x,z=1.5)
o, p(x)p(y[x)p(z=15]y)

( 5 Cv)\2 )2
A expl X=X _(15-) }
2 2 2

ol exp{(x, y)(l(.)S}—%(x, Y)(_zl _21j[>;j}

=N(X|1,EJ
2 3 i
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Cluster-tree elimination B 3£ Ak AL

BEREHIBENEKE

Linear-Gaussian

KalmanFilter

THRNEE R ELE EES MR

Conditional
Gaussian (CG

Mixed discrete-Gaussian

Non-linear
) non-Gaussian
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Kalman filter - introduction

KalmanFilter is structurally identical to HMM

HMM Kalman filter
_ Discrete Continuous
~ Different. hidden variable hidden variable
implementation — ) ) :
transition matrix Linear-Gaussian

WREFHFE: Xa=A%+Go, o ~N(0,Q), and o, Lo, fort =t,
Initialized as X ~N(0,X,) P(X.1l%)=N (AXI’GQGT)

Hidden

P(Y: 1% )=N(Cx,R)
WL RE: Y, =Cx +v, v, ~N(O,R), and v, Lv, fort =t
14



Example: constant-velocity model

5. 384

state equation:

pt+l
pt+l
0

t+1

€t+l

observation equation:

Jo
a[ 0

o o o -
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X,1 = A +Gaw, @, ~N(0,Q),

o O+ >
OO - O O
L > O O

=CXx, +v,

1 0 0 O
0 010
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and o, Lo, fort #t,

H
@y 1 zh
@, , ) Mg
—4=
):EI

~N(O,R), and v, Lv, fort =t,

)
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Inference problem for KalmankFilter

o plx v g 8 8 8 8
» Filtering: p(xt|y1t) 1<t<T

= Similar to calculate « variables in the HMM, « (q,) = p(q,, Y;. ¢
= HMM (L.E. Baum, et a/, 1966), KalmanFilter (R.E. Kalman, 1960) developed separately

» BRIANES I AR (Kalman, 1960)

bt 5 I & (RN, AN B XIS & B A T
ERFZ t, XSPIRES = x B TE: o1& p(X | yy)
U8 21 387 i) S 4 Yi+1? RGN p( Xt+1 | Y1 t+1) ?

NSRS p(xtlyjl_'t)_) p(xt+1|y1:t)
t BF 2B Tt B I

i)ﬂ”%%%ﬁ p(xt+1 | yl:t) — p(xt+1 | yl:t+1)
t S ZI R L B ZI A T 16



P( X | Y1) =7

r'*:—‘—r :
$%$ﬁﬁ%

p(%r Y Pex) - POeIXa) PO 1)
XT i) (yllxl) p(Y,1%)  *xP(¥I%) X|0(yT|><)

ESIAINENE BN ®— _ _®

SRR LR ERHRRHAE Ncluster, 3 —PRIE BN

D )

P(% %) P(X %)  P(XualX) (% %)
(yllxi) (y2|><) P(Y.1%) (yulxu) (yTIX)
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Message passing for p( X7 | Yi. 1)

D O & Gl

p(x)  “p(xIx) P(X %) “p(Xea X )%t p(X %)
p(Yilx)  p(y,1%) P(Y %) P(VeulX) p(yr %)
XS

G = U (BLT BRI HIFTAT Cluster 1 B S0 R S0 TR

o8 (Xt) :Uxt p(xi:t’ yl:t): p(xt’ y]_'t)

at+1(xt+1) :Uxm & (Xt) p(xt+1 | Xt) p(Yt+1 | Xt+1) HMM’s o recursion

P ) 5 357 £ 5
P(% | Vi) = P (X | Yir) JEMENES JCEN
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HTJ‘I‘ETJE%E U><t+1 p(xt | yl:t) p(xt+1 | Xt) — p(xt+1 | yl:t)
//p/(xt | yl:t ) _Tllb(xtﬂ | yl:t)
?’(Xt | ht|t’ Ktlt) 7; ¢(Xt+1 | ht+1|t’ Kt+1|t)

/ /
/ /
4 /

/

7' (A%,GQG")
°J S 5 ()

0 0 H™  -HTA H™ ~H™A
0 Ky ATH—1 ATHA ~ATH? K, ,+A"H'A

|t

/

tlt

H=6QG"  h, =H'A(K,+ATH?A) h,

Kege =H 7 —HA(K, + ATHA) ATH



P(Yy)

i) =2 B p(xt+1 | yl:t) p(yt+1 | X”l)

p(XIIt+1 | yl:t) — pqxtﬂ | yl:t+1)
¢(X’[+1 | ht+:|]Jt’ Kt+1|t) — di(x’ul | ht+1|t+1’ Kt+]Jt+1)

— p + |y:t+
p(yl:t+1) (Xt 1 1 l)

1] + ll <H= O
p(yt+l | Xt+1) — N (Cxt+1’ R) :ﬁﬂjﬁl(){: 1):[3@;'&‘?@ é& (Oj (
I +1 /)
5 NERY, J5, A GG R ¥ CTR™Yy,,, CTRC
v v
Tp-1
ht+]4t +C'R yt+1 = ht+]4t+1
Kt+JJt + CT R—1C = Kt+]Jt+1

R—l

-C'R™

—R'C
C'R'C

|
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Kalman filter: Linear-Gaussian

X = AX_ +Gao,_, @ ~ N (O’Q)
y, =Cx, +V, v, ~N(0,R)
Assume that at time t, we have available p(x. | y,)~ N (ﬂut’ztlt)

Calculate p(X,,; | Vi) ~ N (#4010 S ) FECUISIVELY

/_\

T T -1
My = A:ut|t /ut+]Jt+1 = /ut+]Jt + 2t+]JtC (CZHJJtC T R) (yt+1 o Clut+]4t)
Su=ALA+GQGT % . =% -3 CT(Cx_CT+R) CZ
tHlt g T U+l T et e ( t-+1t + ) t+1t
Time update Measurement update
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2HEET =R EREHEE

Cluster-tree elimination B 3£ Ak AL

BEEREAREMNBKE NPT ERRHNILESIELMIRF

Linear-Gaussian Conditional Non-linear
Gaussian (CG) .
' - lan
KalmanfFilter Mixed discrete-Gaussian non-Gaussia

B35 R R AN

Linear-Gaussian CPD
Entering evidence
Product
Marginalization

SEERHIRIETT



Conditional-Gaussian

Conditional-Gaussian & X: P(YIu,i)=N(y[Bu+g,%;),i=1---,M
ﬂﬂ‘jﬁi%ﬂi\‘ (gi, hi, Ki)i=1,"',|\/|

2 Ly PR EE X ¢(X’ | gi’hi’ Ki):exp{gi +XThi _%XT KiX

A HCR R 1R AT REUE, A LA R x B SLTE R

bR T HBREHRZERFRAREN,
FHHETERHNHREHSIE—&F (TEHEENENAEREDHIHEIT) .

¢(X,i | 01 ’h],i ’ Kl,i)'¢(x,k| 92 Kk hz,k1 Kz,k) :¢()$|,k| Oii T gZ,k’hl,i +h2,k K+ Kz,k)
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Conditional-Gaussian

ST EGE L (X ilgi,hi,Ki)=exp{gi+xThi—§xTKix}

bR T HBREHRRERFRAREN,
FHHESERBNHREHSIE—F TEHZEENENARBEDAIHIT) .

Fon TMAS T (R T AMAS AT EEUED
Z¢5(X,i | gi’hi’ Ki): ¢(X|{gi’hi’ Ki}lgislvl )
! HERE I, {EMANEERRS

AT RO R B R 2 5 A 2 4R KL AN R IE R BRI R R
CIf i B IEROH D
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Problem with strict marginalization

Switching KF
QJ;

X)X/

POX | Y1) =7

X, 31) /I(Xi) p(sz)p(lestz);t(xz) p(Ss p(X3|X2’33)

)
P(Y. [52:%,) SAERY

TH B R A(X) & MU E TR & 25



Weak marginalization

o RSN R EGH PR A AR = R S 2R R AL AN EEERAE VLR ROR
FRTMAEST (BB | AMASATREERLED

> B(x 0l Py, )—¢(X|{p, X, }1<,<M)

J WA |, ARMA SRS
—FR P IR AR BOG K I B M SRS

L% (collapse) 1 4=y
M g(xI{pyu 3, ) ¢(x| P, A,E) 2[RI KL B 85

Iﬁ = Z pj
Weak marginalization p.=p,/p
Moment matching - Z ~
Assumed density filtering a P
~ ~\T =
Z,: 1% Z( )( “) Pj
J
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2 A EE T =R ERE HETE

Cluster-tree elimination B Xk SARL 3L

BEEREAREMNBKE NPT ERRHNILESIELMIRF

Linear-Gaussian Ggggsi It;o?gcla) Non-linear
KalmanFilter Mixed discrete-Gaussian non-Gaussian
HIE R AEE EN St_rict ma_rginalization Exact inference is
Linear-Gaussian CPD 'Sf/e"’/‘i'bli wr;en usually not feasible !
Entering evidence JeiHPRIESAC, Two ¢
Product L o T 2 WO Classes ot
Marginalization Weak alizat approximation:
/E eaK marginalization Stochastic
ERBEIRETER Moment matching Deterministic

Assumed density filtering
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= Semantics (DGM, UGM)

= HMM,

» BE

o BT
EETE.
KAEEITL: sam
A5 43I AL -

KRR ) S 2

» B=E

CRF

AR R ) HEE
variable-elimination, cluster-tree, triangulate
Kalman

1 P

pling

variational

w (2)

w (4)

w (2)

« 2% >]:. maxlikelihoodEstimate, RFLearning,
BayesEstimate

s Z5FJ%>]: StructureLearning

pgm-1 semantics v

pgm-2 hmm-crf

pgm-3 exact v

pgm-4 kalman v

pgm-5 sampling

pgm-6 variational

pgm-7 ML

pgm-8 Bayesian
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Transformed mixture of Gaussians (TMG)

p(x1,z,c)=p(c)p(l)p(zlc)p(x]l z)
=7ch,lél(z|yC,CDC)I\\I(x|Flz,LP)

add noise

Up-left
shift

(;

$(c.2)

latent image

#(1,x,2)

w3k ple 1x)=7?
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TMG Example C

p(x,1,z,¢)=7,pN(z]| g, P, )N (x|L,z,'¥)

p(c, 1|x)="7

o< 2, N (X|T gt T, @I +¥)

A L R B R E S ST — R G E i B ] se BUE 4 kA7)
N (X|Ez +Qz\f’) =¢(x,z|g,h, K\)l

| —
L (e
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