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Learning

pP(X|g, 0
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Pr'ior'D ?(:\Cc‘)v;.ledge :> Leaming CrR) Ca B (alASE
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Structure learning Parameter learning
/ model selection: / parameter estimation:

Learning g from data learning @ from data



Data

o SR p(Xe.y | 90 6) B DAFEASH BRE AR SR ML £ 4
D = (X[1]...., [M])
s EEAR X nIm] = (xg[m], xo[m], <., xg[m])

s JSZ[ESrATRAE (IID) @ assume x[1]...., X[M] are Independent
and Identically Distributed ~ p(x| g, 0 .

« Hbr: M D=(X[1],..., Xx[m],..., x[M]) HftitH g, 0




Data—complete, incomplete

g

SRS p(Xy %o |9, 6)y H o w =p(x,=k) p(% % =K)=N(x]x.2,)

X[1] 4t

g 400 MEEGR R HLERH], D = (x[1],..., x[400])

o SER I FEA A AT EATIE

s ATEEHE:
latent/hidden variables: 4 Hb B 625 & i BUE R 5



The learning problem

ZH 7 25105 2]
Known structure | Unknown structure
Complete .
data ML Bayesian
Incomplete :
data ML Bayesian

DGMs, UGMs




Parameter learning

— ML (Known structure, complete data)

X A5G B HOIAT 5112
Xt — A U5 4 4 U B80T 445 11 2



R AUASHIATT (MLE)

25 € — MR AT S 43R 1A =0 (parametric form)
LN py(x) B p(x| 6)
MAAST B A FEAEE D = (X[1],..., X[M]) Hf5it =% 02

= X e{l,2,..., K} is discrete r.v. .
s 0,=p(x= k) 1<k <K, is the parameters, 0={6, |1<k <K}

= XIS Gauss r.v. X ~ N(y, X)
s 0= (1Y) is the parameters




R AUASHIATT (MLE)

25 € — MR AT S 43R 1A =0 (parametric form)
BN py(x) 2 p(x| 6
MRS [F A REAEE D = (X[1],..., Xx[M]) Ffdiit =% 02

s B0 NI AREE
s O METHEN 6 - FEAREN—DEE (X[1],..., X[M])

M

FAgEXLM] T, ok p(x[1:M116)=] | p(xIm]|0)
m=1

o MR ATEREL IR R
http://en.wikipedia.org/wiki/Likelihood_function
ESHATN, MR EY Fre BUEYIAMER CEED {8 py | A) BN

5 ERENIAEY FrE BUEY ~, SEAMUAME
BRI A A AL Bk 0™ (x[1: M])=argmax p(x[1: M]|9)
0 9




Multinomial distribution

= Xxef{l,2,...,K}is discrete r.v.
= 0,=p(x=k), 1<k <K, is the parameters, 6={6, |1<k <K}

o ALERL ST F A REALE D = (x[1]...., X[M])
. TG 0 v ﬂg

M K
iz p(xL:M110)=T]p(xIml|6) = | ]4™
m=1 k=1

N, : TEFEAREE S x[m] =k H IR

BRSAG T 6" =— (N,,..., N,) are
>N, sufficient statistics
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Sufficient statistics

s GEiTE: PEALE D= (X[1],..., x[M]) HIK: %L
+» Neyman Factorization theorem
— NG it & s(D), i.e., s(X[1],..., x[M]) 704 it &
24 [T 24 ALl SR 5 20T LA 4 i
p(D16) = g(6,5(D))-h(D)
ZHGREAR I 5B SE 4@t 7R Fe it R AR B

K

p(D|6) Hp (xim110) =] ]6.™

k=1

N, : 7EFEAEEF x[m] =k H BRI IR EL
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Gauss distribution

= XIS Gauss r.v. X ~ N(y, X)
s 0= () is the parameters
s LIRS R AR ASE D = (x[1].,..., x[M])
« FHLH 0 7 (X101 exp{_%(x_ﬂy zl(x_ﬂ)}
XF HUALA IR BRI L
log p(X[1:M]| 1, %) ilog p(x[m]| 1, %)

maX Md

X ey M (s 5) 15T

(27)" |2

1
<8,u M
8"_ :_M.{_Z+i+(ﬁ—y)(ﬁ—y)T}:O ﬁ{ZI\; (x[m] ,u)(x[m] ,u)
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Learning parameters for BNs (complete data)

o HEUTIHIRZE X ={X, Xy, ..., Xy}
B SAFEM A0 pxe | pay), P(X,| pay), ..., POy | Pay)
HHEHRUESE {0, 0, ..., 0})=0

s IIDFEAEE D = (X[1]...., X[M]) TSR e5 %
m NITIv
X p(D|6) Hp (xm]| 6) HH p(x,[m]| pa,[m].6,) =] Q [ p(x,[m]] pa,[m].6,)

0 ;@/\,ﬂﬂw\%ﬁ o0 | pa) Al s g O

6, =argmax] [ p(x,[m]| pa,[m. 0,

EBAC > o &
<1,1,1,1>

A O
<1011> v

d M

)ép (Dl9) =HIO (EImllé,) P(B[m]|<92 (A[m]| E[m], B[m],&;) p(C[m]| A[m],é,)
m
a

%({Hp E[m]|6,) %Hp (B[M]|6,) Hp Alm]| E[m], B[m], 6, E{H (CIm]| Alm]. 6, ) 3

1Im



Example: Multinomial Bayes net

s KT E X B K AAEREIE

n SR X BISRIE A p(x, | pay) & — RINZ I A RAE Rtk
pa, WD ATRERUEA S 1, A —DZua A px,| pa,=i)

= 0={0,In=1--- N} 6,={6,,li=1-} 6,,=1{6, k=1 K|

X, kS AT REHUE
(%12 =(0.0) / 1<k <K,
3 =(01 :
- p(x, | pa, =(0,1)) 0, 10 p(x,=k|pa, =i)
n, i,k n n
| p(X3| Pa, :(1’0))
G r(xlpa-(1) BIAC pa B | AT R
1<i< |] K
X € pa,
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Example: MLE for multinomial Bayes net

M

o UREHL p(x,[L:M116,)0 [ p(x,[m]| pa,[m],6,)

= AGTE

=N VR

m=1

=[111(0,.)""

[ K

M
|\ln,i,k D Zl( pan[m] — i’Xn[rn]: k)
m=1
Nn,l K
— <
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--ﬂ-u-li.l

400 IR % HSk SR ATFE D :[[X[”],...,(X[“OO]D

z[1] z[400]

s B
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—l— ‘H — <
SHREEERE — & HIE

9={Wk,,uk,zk,k:1,...,|<} @ @
og p(xL:M],[L:M10) e o
:Zmllogp(x[m],z[m]|0) @ @

m
5[ 1og p(zm]|0)-+1og p(x{mijem]. )

m
522109 p(2Im] v, ) £ log N (XM Ly 2 g

K / kK 1M
>, >, logw, >, &>, logN (x{m]| 4. %)
k=1 m: z[m]=k k=1 m: z[m]=k
BIRUAR & 7 (400 FE AT R B BUSRE XK, mAR A X I
Wt = Nﬁ Nk/l\ﬁézwmm&mfs@,
M ZML
ﬁz [m] =k) M
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Parameter learning

— ML (Known structure, incomplete data)

Expectation-Maximization &%
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. 400 TEEME D =(x[],---, x[400])
AN E
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Homework3 em

raw data
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function [weight, meanwvec, stdwec] = EmEstimateix, iterrum)
% ® 1= the input obszerwvation, D-dim wectors = N

¥ 1terrmam i1z the giwven rumber for EM iterations



0 0
WIog p(X[L: M]|9)=Zm: MIOQ(EKZWKN (X[m]lﬂk,zk)j

k

B 1 %)
~ SN (5, o (;WKN(X[m]'““Zk)j
%Iog p(x[L:M]|0)= = ELR R
H:{Wk’/uk’zk’k =1 K}

o
—1log p(X[1:M]|0) =
0%, BT AE M TT A | 21



EM—A% 1118

s 10 X AEMEWNE, 12 z AL &
» BCE A p(x z]6)

6™ =argmaxlog p(x|6)

0

=log > p(x,2]0)

+ log p(§< | 8) is called the incomplete log-likelihood.
= KB p(x 2| 0) B RS 1T AR H

= logp(x,z|@)is called the complete log-likelihood.
= FIH

22



EME LimiA

v 2 AR, SRR EAIR R EL log p( X, 2| @) & z K EREL
o AEH SER XS UL B A I EE 7

o SERNTEUIIN R ZEL log p( X, 2| @) TEZ51 A p( 2|9, x ) NI HAEE

Q(9|9(°'d))=E[Iog p(x,210)[60°Y,x =" p(z]16°,x)log p(x,2]6)

« SRR 6 =arg maxQ(H | 9(°'d))

0
3L log p(x |6 ) <log p(x|6")
« EMEEZE —MAEE

| t=t+1
| Converged?

Choose 6© —{ E-Step 1 M-Step




Jensen Inequality : for convex m function f

EM’%’_;%.L[EHH ELT(U)]=<F(EV])

log p(x,z|6)=log p(x|8)+log p(z|6,x), V& applying E[... | 99, x]
E[Iog p(x,z|¢9)|9(°'d),x]: log p(x|0)+ E[Iog p(z|0,x)|6’(°'d),x], Vo

E[Iog p(x, Z| 9(°'d))|9(°'d),x] = log p(x|9(°'d))+ E[Iog p(z | H(°'d),x)| H‘O'd),x]

E[Iog p(x,z|9)|g<0'd),X] log p(x|0) E| log z|9 x) 0I0)
—E[Iog p(x,2]6°)] 0, J ~log p(x|6“?) (\z|¢9( 1d) X |

p(Z|(9,X) )|e(old)’x:|

Q(¢9|6’(°'d)): E[Iog p(x,z|6’)|¢9(°'d),x] <log E{ p(z|9‘°'d),x




EM Example: Learning with GMM
Q(616°)=E|log p(x,2]6)6°? x| @ @

» EARTEEEIE (X[1]...., Xx[M]) I | - ]

E[Iog p(x[l:M],z[l:M]IQ)IH(O'd),X[liM]} @ @

= > E[log p(x[m], 2[m] | 6)| 6, x[1: M]]
=>">" p(2Im]|6°, x[m])log p(x{m], z[m]| )

m z[m]

Y p(z[m] | g(old)’x[m]){mg p(x[m]| 6, z[m])+log p(z[m]] 6’)}

m z[m]

=23 p(2ml = k|0 x[m1) {log p(x[m]| &,2[m] = k) +log p (z[m] =k|0)}
max k]
Hic s 2 Y

w3 (0logN Gml 4, 3, + Ezym og

subject to: > w, =1
k

25



Posterior Probabilities .

m M K M
%K%%i&ﬁ?ﬁ*fﬁ@iﬁzﬁgym(k)logN(X[m]|,uk,Zk) +r;a(k§;mz;ym(k)logwk

m KT Mk ™
Sea A T H br e = 2 D zm]=k)log N (x[m]| 4. %, ) D> 1(zIm]=k)logw,
k=1 m=1 k=1 m=1
1 . 1
'oé:.: : ® o 'o};:
Ps . 3 e _o L4
FCTERY: 3 4 sl GRE
> . .o’.. S ° ..0 .:' o.‘ P 00, P & ‘“.:‘ 00:' 0..
0.5 {p:'t'.‘{, P %}';,.' {05 .?,,".'1‘{.&.., "*.;{“J .
~...:}¢ - ':.s £, :. g ~“r ..: '.,'.0.'&. .O.o
S o e e
t 0'3‘.. '. o, . t.%:..:f' e o°
L. , > .
% 0.5 1 0 / 0.5 1

1 0.6
Hard assignment 0 Soft assignment I 0.39999
0 0.00001 26




EM Example: Learning with GMM

Choose 6©

7 (K)=

p(z[m] =k |6°?, x[m])

t=t+1
I | E-Step M-Step | Converged?
Zym )X{m] > 1(fm] = k)x[m}
_______ lle — ﬁkML — m=1
Z%n 21 [m] = k)
Zym (k)(x[m]- uk)(X[m] u)
o _
< Z%n
Z?/m x[m]x[m] o
- Z]/ /uk (/uk)
WIEoId)N (x[m] | luéold)’z(kold)) —/'m
| 27(k)
W, = -

= ZWlEold) N (X[m] | ﬂéOId) ’ Z(kold) )
k

M




EM Example: Learning with HMM

A=(x, A, B)

max log p(Yyr [4) ?

A" =argmax B[ 10g p(Yer Gur | 4)1 47, vir |

-

;
=argmax< +> E

A t=2

:
+> E

L =1

E[log p(a,|2)1 2.y, |

:|09 p(qt | 4, qt—l) | /ﬂt(t)’ Yir }

[1og p(y. 1 4,6)1 27, Y |

VvV~

'::

Iog p(yl:T’qlzT |/l)
— Iog p(ql | 2’)

)
+> log p(q,|4,9.,)
t=2

)
+> log p(y, 4.9,
t=1
28



From EM to SA
o 10 X NEEMNAE, d z vekRids
= K& p(x 2] 0)
6™ =argmaxlog p(x|6)

0
Q(«9|9‘°'d))=E[Iog p(x,2]0)6°, x| =Z p(z16°”,x)log p(x,2]6)

dlogp(x|0) alogp(x z|0)

Fisher Equality: Y = Ep(z1x,0) [

dlogp(z|x,6)
" Ep(z|x,6) 00 =

Problem: The objective is to find a solution 8 to Ey_((.g)[H(Y;0)] = a,
where 6 € R%, noisy observation H(Y;0) € R<.

Delyon, Lavielle, and Moulines. "Convergence of a stochastic approximation version of the EM algorithm."
Annals of statistics, 1999.
Zhijian Ou. “A Review of Learning with Deep Generative Models from Perspective of Graphical Modeling.”

arXiv:1808.01630. 29



UGM Semantics - Factorization property (F)

+ A probability distribution p(x,) is said to factorize according to g, if there
exist non-negative functions (called potential functions) @-(Xc) for all
cliques C such that

p(x)=7TTh () or p(x)=]Ta(x)

CeC CeC

where Z is the normalizing constant (partition function)

z=) 114(x)

X, CeC

= Potential functions @-(Xc) are not uniquely determined.

= Without loss of generality, define potentials over maximum cliques.

Hammersley-Clifford Theorem: If p is strictly positive, (F)<=(G).

30



UGMs and log-linear models

+ Let each clique potential be a log-linear function
logpc(xc) = 6( fe(xc)

where f-(x.) is a feature vector derived from the values of the variables x,
0. is the associated feature weight vector.

« The resulting joint has the form

1
Cc

This is known as a log-linear model or a Maximum Entropy model,

p(xy) =

It can be proved that the maxent distribution is the same as
the maximum likelihood distribution from the closure of the set of log-linear RF distributions.
S. D. Pietra, V. D. Pietra, and J. Lafferty, “Inducing features of random fields”, IEEE PAMI, 1997.

31



Relationship between UGMs and other models

UGMs / energy-based models

Log-linear
models

32



Feature-based potential representation in log-linear models

* Consider an edge potential ¢ ¢ (x5, x;) associated with two discrete variables
xs and x;, both of which can take K values.

* Define a feature vector of length K2 as follows:
fs,t(xs»xt) — [ 1(xs —]»xt k) ] ’ ]:k 1,---,K

with the associated weights:
e = [+1109 (95 Cts = e =), ], jk =1,k
* Then the tabular potential ¢ ¢ (x5, x,) can be represented as the log-liner form
b5, (x5, x¢) = exp[@ tfs e (xs) Xt)]

* Note: the log-linear form is more general because we can choose (or learn) the
features.



Linear-chain CRFs

for sequence tagging, e.g. POS tagging, shallow parser, Chinese word segmentation, ...

p(yl'T |X)mexp{zl//t(y“yt+l,x)+ti1:(//t(y“x)} Q\@ _

Log-linear representation of tabular potentials

p(yl:T |X)°C exp{izﬂﬁ fi (yt’ yt+1’X’t)+iZIUj fj (yt’X’t)}

t=1 i t=1 |

Transition/edge features
&5 (Yo Yea X ) = 4 -1(y, = prep, y,., =non)

State/node features
H; fj (yt’X7t)::uj '1(yt = prep, X :On)

wf(yxt) =, -1(y, =adv, x endsin ly)

34



Training of UGMSs in general

p(x;0) = exp[Q(x; 6)]

Z(0)
Normalization constant:

2(6) = ) explQ(x; 0)]

* Maximum likelihood (ML) training
The scaled log-likelihood of observed {x;,i = 1,--+, N}

N

1

=) QG 9)‘ — l0gZ(8)
i=1

al(6) 00Q(x; 6) 9Q(x; 6) .
W = Eﬁ(x) [T — Ep(x;H) T =0 Maximum Entropy
[T

N
1
1(6) 2 ) logp(xi;0) =
i=1

Expectation under Expectation under
empirical distribution p(x) = %Z?’zl 1(x = x;) model distribution p(x; 9)




Training of UGMSs - overview

* Roughly speaking, two types of approximate methods

* Gradient methods
= Make explicit use of the gradient: Gradient descent, conjugate gradient, L-BFGS.
= Stochastic approximation (SA)
» Stochastic maximum likelihood (SML)
= Persistent contrastive divergence (PCD)

* Lower bound methods
= Generalized iterative scaling (GIS)
= Improved iterative scaling (IIS)
= Mostly studied in the context of maximum entropy (maxent) parameter estimation of
log-linear models.

* In practice the gradient methods are shown to be much faster than the lower
bound methods

36



Comparison on learning CRFs

Div: the relative entropy between the fitted

model and the training data

Iter: Iteration number

Evals: the number of calculating log-
likelihood and gradient

Time: the total time.

T. Tieleman, “Training restricted
boltzmann machines using
approximations to the likelihood
gradient”, ICML 2008.

R. Malouf, “A comparison of algorithms
for maximum entropy parameter
estimation”, in Proc. Conference on
Natural Language Learning (CoNLL),
2002.

Dataset ~ Method Div. Tter Evals Time (secs)
rules gis 519x107% 1201 1202 23.04
iis 514x10°%2 923 924 42.48
steepest ascent 513x107%2 212 33 6.16
conjugate gradient (1) 5.07x10 2 74 196 3.74
conjugate gradient (prp) 5.08x1072 63 154 2.87
limited memory variable metric  5.07x 1072 70 76 1.44
lex gis 1.61x1073 370 371 36.29
1is 1.52x107% 241 242 102.18
steepest ascent 3.47x107% 1041 1641 139.10
conjugate gradient (i) 1.39x107% 166 453 39.03
conjugate gradient (prp) 1.62x103% 150 382 3246
limited memory variable metric 1.49x107> 136 143 17.25
summary — gis 183103 1446 1447 125.46
1is 1.07x<107% 626 627 208.22
steepest ascent 2.64x107% 1163 3503 227.30
conjugate gradient (fi) 1.01x107%* 175 948 60.91
conjugate gradient (prp) 7.30x107% 93 428 27.81
limited memory variable metric  3.98x 107> 81 89 10.38
shallow  gis 3.57x107% 3428 3429 27103.62
iis 350x10°2 3216 3217 71053.24
steepest ascent | — — — —
conjugate gradient (1) 291x1072 1094 6056 46958.87
conjugate gradient (prp) 4.13x107% 421 2170 16477.84
limited memory variable metric  3.26x1072 429 444 3408.30



Training of log-linear models

1
p(x; 9) = exp z Hgfc (x) where C indexes the cliques.
2" | £

al(8)

T Escolfc()] — Epeoylfc(x)] =0 Statistics matching
C

M~

Empirical statistics of features Expected statistics of features

* [(0)is convexin 8, so it has a unique global maximum which we can find using
gradient-based optimizers. ©

* The exact calculation of the gradient is intractable in general, involving high-
dimensional integration. ®
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R ET
- F—F BRERNRFER (2

= Semantics (DGM, UGM)
= HMM, CRF

- BTF BRERHEEER (4

« FEFAFER: variable-elimination, cluster-tree, triangulate

« BT E: Kalman
« SRAEEIEL: sampling
« 2243 4h: variational

- =8 BEAFEIHER (2

« 285 >]: maxlikelihoodEstimate, RFLearning, BayesEstimate

« Z5F% 3] StructurelLearning

pgm-1 semantics v

pgm-2 hmm-crf +

pgm-3 exact v

pgm-4 kalman

pgm-5 sampling v

pgm-6 variational ¥ |pgm-8 Bayesian

pgm-7 ML
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