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Abstract— Terahertz (THz) communications have been widely
considered as one of the promising technologies for future 6G
wireless systems. In order to cope with the high path loss in
THz systems, reconfigurable intelligent surface (RIS) composed
of low-complexity reflecting elements can be deployed to generate
directional beams. In order to acquire the direction of user
equipment (UE) to send directional beams, the acquisition of
accurate channel state information (CSI) is very important. Beam
training is widely utilized to acquire the CSI. However, existing
beam training schemes have not taken the wideband beam split
effect into consideration, so the beam training accuracy decreases
a lot in wideband scenarios. To solve this problem, in this
paper, we propose an analytical beam training framework in
RIS-assisted wideband THz communication systems. Specifically,
we first propose a power distribution pattern (PDP) based
direction estimation scheme, where the exact value of the received
power is utilized to analytically calculate the UE direction. Then,
we design the analytical codebook for the proposed framework
based on the inherent parameters of the wideband THz system.
Simulation results show that the proposed framework can achieve
the near-optimal achievable rate performance with a lower beam
training overhead than existing schemes.

Index Terms— Terahertz communication, reconfigurable intel-
ligent surface, beam training, wide beam.

I. INTRODUCTION

TERAHERTZ (THz) communication is considered as one
of the promising technologies to satisfy the high data

rate requirement for future 6G systems. It is capable of
providing tens of GHz of bandwidth, which is much wider
than the bandwidth that millimeter communication can pro-
vide for 5G systems [1], [2], [3], [4]. However, due to the
high frequency of THz band, the THz signals suffer from

Manuscript received 7 March 2023; revised 18 July 2023 and 6 September
2023; accepted 6 September 2023. Date of publication 19 September 2023;
date of current version 19 December 2023. This work was supported in part
by the National Key Research and Development Program of China under
Grant 2020YFB1807205, and in part by the European Commission through the
H2020-MSCA-ITN META WIRELESS Research Project under Grant 956256.
The associate editor coordinating the review of this article and approving it
for publication was J. M. Jornet. (Corresponding author: Linglong Dai.)

Yuhao Chen, Jingbo Tan, and Linglong Dai are with the Department of Elec-
tronic Engineering, Tsinghua University, Beijing 100084, China, and also with
the Beijing National Research Center for Information Science and Technology
(BNRist), Beijing 100084, China (e-mail: chen-yh21@mails.tsinghua.edu.cn;
tanjingbo@tsinghua.edu.cn; daill@tsinghua.edu.cn).

Mo Hao is with the Tsinghua SEM Advanced ICT Laboratory, Tsinghua
University, Beijing 100084, China (e-mail: haom@sem.tsinghua.edu.cn).

Richard MacKenzie is with BT Networks, Adastral Park, IP5 3RE Ipswich,
U.K. (e-mail: richard.mackenzie@bt.com).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TCOMM.2023.3317291.

Digital Object Identifier 10.1109/TCOMM.2023.3317291

a severe path loss [5], which limits the coverage of THz
signals. Moreover, significant attenuation happens when THz
signals are blocked by obstacles such as buildings and trees.
Fortunately, reconfigurable intelligent surface (RIS) has been
proposed to overcome the above two problems [6], [7], [8],
[9], [10]. A RIS is composed of numerous low-cost reflecting
elements, each of which can reflect the incident signal with a
particularly designed phase shift or amplitude. The THz RIS
can be realized based on metal-oxide-semiconductor-based
chip tiles or electron gas structure [11], [12]. By designing
the frequency-independent phase shift of each element, a direc-
tional beam with high array gain can be generated to overcome
the high path loss of THz signals. In addition, deploying RIS
in communication systems can provide extra reflecting paths to
solve the blockage problem when the line-of-sight (LoS) path
from base station (BS) to user equipment (UE) is blocked, even
if the phase estimation is inaccurate [13], [14], [15], [16], [17].

In RIS-assisted communication systems, accurate chan-
nel state information (CSI) is required to realize accurate
beamforming. The CSI can be obtained either by explicit
channel estimation or by implicit beam training. Due to the
massive reflecting units needed to realize high array gain in
RIS-assisted THz systems, the dimension of the channel is
usually high. Thus, traditional channel estimation schemes
suffer from an unacceptable pilot overhead in RIS-assisted
THz systems [7]. To avoid obtaining the full CSI with high
dimension, various implicit beam training schemes have been
designed to realize the near-optimal achievable rate perfor-
mance without knowing the full CSI [18], [19], [20], [21].
In beam training, a codebook that consists of codewords cor-
responding to different physical directions in space is designed
at first. Then, the codewords in the designed codebook are
sequentially transmitted to search the whole space to obtain
partial CSI. The partial CSI contains the information of the
physical direction of UE, which is decided by the codeword
with the maximum received power. Therefore, the achievable
data rate performance only decreases slightly by transmitting
pencil beams to the UE direction [22].

A. Prior Works

Beam training has been widely studied in massive multiple-
input multiple-output (MIMO) systems and RIS-assisted
systems. A natural beam training scheme is to exhaustively
search all possible directions in space [23]. Specifically, a dis-
crete Fourier transform (DFT) codebook consisting of a set
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of narrow beams was pre-designed to cover the whole space.
After the training stage, the UE direction can be decided by
selecting the codeword with the maximum received power.

Unfortunately, as the number of antenna elements increases,
the number of candidate beams increases, and the beam train-
ing overhead increases accordingly. To cope with this problem,
several schemes have been proposed. One typical solution is
hierarchical search [24], [25], [26], [27]. In hierarchical search,
lower-layer codebooks consist of wider beams than higher-
layer codebooks. Accordingly, higher-layer codebooks have a
higher angular resolution than lower-layer codebooks. For each
layer, the beam with the maximum received power is chosen,
and which higher-layer codebook should be utilized in the
next layer is then decided. The searching range reduces and
the angular resolution improves as the layer becomes high. The
UE direction is finally decided after finishing the highest-layer
search. By hierarchical search, the beam training overhead can
be largely reduced, since wrong directions are excluded in the
lower-layer steps, which avoids a large amount of unneces-
sary high-resolution search. However, the hierarchical search
requires frequent feedback from the user to the BS/RIS, which
introduces an extra burden to the communication systems.
In addition, the hierarchical search is hard to be extended to
multi-user scenarios, since individual interaction between each
user and the BS/RIS is needed during the training process.

Another solution can handle the above two problems prop-
erly with a low beam training overhead, which simultaneously
searches multiple directions in space by generating multi-
directional beams [21], [28]. Specifically, the whole space is
divided into several disjoint subsets, each of which contains
several directions. During the searching procedure, in each
time slot, a multi-directional beam is generated to search
several directions corresponding to a certain subset. After a
round of scanning, the subset containing the UE direction is
selected according to the maximum received power. Then,
to identify the exact UE direction, a few more rounds of
scanning need to be conducted. In each round, the directions
contained in each subset are randomized and the subsets
which are corresponding to the maximum received power are
recorded. The UE direction is finally determined according to
the intersection of the recorded subsets. By multi-directional
search, the whole space is explored in a more efficient way,
since several directions can be simultaneously detected in
one time slot. Thus, the beam training overhead can be
significantly reduced. In addition, this scheme avoids frequent
interaction between the UE and BS/RIS, which makes it easier
to be extended to multi-user scenarios. In addition, data-driven
based schemes can be utilized to reduce the beam training
overhead [29], [30], which also avoid the frequent interaction
between the UE and BS/RIS.

However, existing schemes above will suffer from severe
performance degradation in wideband RIS-assisted THz sys-
tems. The reason is that the beam split effect makes it
impossible to generate directional beams with high angular
resolution, which are the foundation of accurate beam training.
Specifically, beam split means that the beams will split into
totally different physical directions over different subcarriers
due to the large bandwidth and the narrow beam width [31],

[32], [33], [34]. As a consequence, only the subcarriers whose
frequency are close to the central frequency can be steered to
the target UE direction, while most subcarriers are steered
to other directions. That is to say, the angular resolution
of the generated beams decreases a lot compared to that
of narrowband systems. Some hardware modules such as
time-delayers can be introduced into the precoding structure
to provide frequency-dependent phase shifts [34], [35], [36],
[37], [38], thus generating beams with high angular resolution.
Therefore, in wideband massive MIMO systems, the beam
training accuracy of the above schemes is still high. Never-
theless, as has been mentioned above, due to the hardware
limitation, RIS can only provide frequency-independent phase
shifts for all subcarriers, making beam split effect an inevitable
problem in RIS-assisted wideband THz systems. To the best
of our knowledge, how to eliminate the consequence brought
by the beam split effect so as to improve the accuracy of
beam training in RIS-assisted wideband systems has not been
studied.

B. Our Contributions

To fill in this gap, we take advantage of the beam split
effect in RIS-assisted wideband THz systems to realize an
accurate beam training. We reveal that the beam split effect
in wideband systems makes the received power of a certain
beam varies in a particular power distribution pattern (PDP),
which actually carries the information of different directions
in space. This new observation inspires us that, unlike the
traditional way to estimate the UE direction by selecting the
angle corresponding to the codeword which has the maximum
received power, we can instead exploit the PDP to analytically
calculate the UE direction1. The specific contributions of this
paper are summarized as follows.
• We propose an analytical beam training framework

for RIS-assisted wideband THz communication systems.
In wideband THz systems, the beam split effect causes
the beam at different subcarriers to split into totally
different physical angles. This means that the received
powers at different directions vary in a particular PDP,
which contains the information of different UE directions
in space. Therefore, we abandon the traditional way of
selecting the beam which has the maximum received
power, since the accuracy of the estimated direction
decreases due to the low angular resolution caused by
the beam split effect. Instead, we exploit the PDP at
different physical directions to analytically calculate the
UE direction based on the value of the received power.

• Based on the proposed framework, we then elaborate the
analysis of the PDP at different physical angles for a
certain beam, which is related to the central frequency
and the bandwidth of the THz system. Then, to eliminate
the difference of received powers brought by different
distances, we design a beam pair for further analysis. The
beam pair consists of two beams with the same width,
which are adjacent to each other. A ratio metric based

1Simulation codes are provided to reproduce the results in this paper:
http://oa.ee.tsinghua.edu.cn/dailinglong/publications/publications.html.
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on the respective received powers of the beam pair is
then introduced. The analysis shows that the ratio metric
and the physical direction in space are in one-to-one
correspondence. Therefore, we can analytically estimate
the UE direction by the exact value of the received powers
of the beam pair.

• Based on the above PDP analysis, we design a codebook
for the proposed analytical beam training framework.
This codebook is designed based on the inherent param-
eters of the wideband THz systems such as the central
frequency and the bandwidth. During the beam training
stage, the codewords in the designed codebook are trans-
mitted sequentially, and the UE direction can be then
estimated based on the exact values of the received power
of different beam pairs. Finally, simulation results are
provided to validate the proposed analytical beam training
framework, which reveals that the proposed framework
can realize more accurate beam training and achieve a
higher data rate than existing schemes in RIS-assisted
wideband THz systems.

C. Organization and Notation

The remainder of this paper is organized as follows.
In Section II, we first introduce the system model of
RIS-assisted wideband THz communication systems. Then,
we introduce the traditional beam training framework based
on DFT codebook. In Section III, we first introduce the pro-
posed analytical beam training framework. Then we elaborate
the analysis of the PDP in the wideband THz systems and
introduce the corresponding PDP-based direction estimation
scheme, based on which we design the codebook for the
proposed analytical beam training framework. Section IV
shows the simulation results. Finally, conclusions are drawn
in Section V.

Notation: Lower-case and upper-case boldface letters repre-
sent vectors and matrices, respectively; (·)T , (·)H denote the
transpose and conjugate transpose, respectively; ∥·∥k denotes
the k-norm of a matrix; |·| denotes the absolute operator;
v [i] denotes the i -th element of a vector; M [:, i] denotes
the i-th column of a matrix, CN (µ,Σ) denotes the Gaussian
distribution with mean µ and covariance Σ; U(a, b) denotes
the uniform distribution between a and b.

II. SYSTEM MODEL AND BACKGROUND

In this section, we first introduce the system model of the
RIS-assisted wideband THz communication system. Then, the
traditional beam training framework based on DFT codebook
is reviewed.

A. System Model

We consider a downlink RIS-assisted wideband THz com-
munication system, as illustrated in Fig. 1, where both the BS
and the UE are equipped with a single antenna, and the RIS
is an N -element uniform linear array (ULA). Thanks to the
high array gain brought by RIS, the coverage of THz signals
can be extended and the proposed schemes can be utilized
in various communication scenarios. The BS uses orthogonal

Fig. 1. RIS-assisted wideband THz communication system.

frequency division multiplexing (OFDM) with M subcarriers
to serve the UE. The bandwidth of the system is denoted as
B.

We considered the ray-based channel model for wideband
THz channel [39]. Due to the severe loss incurred by the
scattering, THz communication heavily relies on the LoS
path [22], so we only consider the LoS path in this paper.
Specifically, the downlink channel at the m-th subcarrier
between the BS and the RIS hbr,m ∈ CN×1 with m =
1, 2, · · · ,M can be denoted as

hbr,m = gbr,me
−j2πτbr,mfmaN (φm) , (1)

where gbr,m and τbr,m denote the path gain and the time delay,
respectively, fm denotes the frequency of the m-th subcarrier,
which satisfies fm = fc + B

M

(
m− 1− M−1

2

)
with fc being

the central carrier frequency of the system, and aN ∈ CN×1

denotes the array response vector which satisfies

aN (φm) =
1√
N

[
1, ejπφm , e2jπφm , · · · , e(N−1)jπφm

]T
,

(2)

where φm denotes the spatial angle, which satisfies φm =
2d
c fm sin(γ) with γ being the physical angle, d is the antenna

spacing, and c is the speed of light.
Similar to the definition of hbr,m, the downlink channel at

the m-th subcarrier between the RIS and the UE hru,m ∈
CN×1 with m = 1, 2, · · · ,M can be denoted as

hru,m = gru,me
−j2πτru,mfmaN (ψm) , (3)

where gru,m, τbr,m, fm, and ψm denote the path gain, the time
delay, the frequency of the m-th subcarrier, and the spatial
angle, respectively. The spatial angle ψm satisfies ψm =
2d
c fm sin(ς), where ς is the physical angle of the UE. In the

following sections, we denote ϕ = sin(ς) for brevity.
According to (1) and (3), the channels in wideband THz sys-

tems are dependent on the frequencies of subcarriers. On the
contrary, for the RIS, each of the elements can reflect the
incident signal with a frequency-independent phase shift [40].
This mismatch makes the beams at different subcarriers split
into different directions. Let θn and βn denote the phase shift
and the amplitude of the reflection coefficient of the n-th RIS
element, respectively. The phase shift matrix Θ of the RIS can
be presented as

Θ ∆= diag
(
β1e

jθ1 , β2e
jθ2 , · · · , βNe

jθN
)
, (4)
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where θn ∈ [0, 2π) and βn ∈ [0, 1] for all n = 1, 2, · · · , N .
Eq. (4) reveals that the electromagnetic response of all the RIS
elements is frequency-independent. For simplicity, we assume
the phase can be shifted continuously, and βn = 1 for all
n ∈ {1, 2, · · · , N}.

Based on the channel model and the phase-shift matrix
mentioned above, the received signal ym at the m-th subcarrier
at the UE can be presented as

ym = hH
ru,mΘhbr,msm + nm, (5)

where hru,m,Θ, and hbr,m denote the channel between RIS
and UE, the phase-shift matrix of RIS, and the channel
between BS and RIS, respectively. sm denotes the transmitted
signal at the m-th subcarrier, and nm is the AWGN noise at
the m-th subcarrier obeying a Gaussian distribution CN (0, σ2)
with noise power σ2. We consider the scenario where the direct
link between BS and UE is blocked by obstacles. In practical
communication systems, if the direct link is not negligible,
we can carry out the beam training between BS and UE
individually by turning off the RIS and applying existing
frameworks.

B. Conventional Beam Training Framework

Due to the severe path loss of THz communication systems,
directional beams need to be generated by beamforming to
achieve high array gain to compensate for the severe attenua-
tion. Therefore, the CSI is crucial for accurate beamforming.
Beam training is a near-optimal framework to acquire the CSI
by estimating the best direction to transmit signals [18], [19],
[20], [21]. Considering the fact that the locations of the BS
and the RIS are fixed once deployed, the channel between
BS and RIS has a much longer coherence time than that
between RIS and UE, which can be treated as quasi-static [41].
Therefore, we suppose the channel hbr,m between BS and RIS
is known perfectly by the BS and the purpose of beam training
is converted into estimating the best beam direction between
the RIS and the UE.

Traditional beam training framework [23] usually applies
the DFT codebook with the beam training vectors being vn =
diag (aN (θn)), where θn is distributed uniformly over the
entire beam directions with θn = 2n−N

N , n = 0, 1, · · · , N − 1.
Specifically, the DFT codebook with size N can be represented
by

W =
[
aN (−1) ,aN

(
2−N

N

)
, · · · ,aN

(
N−2

N

)]

=


1 1 · · · 1

e−jπ ej
2−N

N π · · · ej
N−2

N π

...
...

. . .
...

e−jNπ ejN
2−N

N π · · · ejN
N−2

N π

 . (6)

During the beam training process, each column of W is
applied for beamforming to transmit pilots in different time
slots, and the UE can receive a series of pilots with the
received power being p = [p0, p1, · · · , pN−1], where pn =
|yn|2 =

∣∣hH
ru,mdiag (W [:, n])hbr,m

∣∣2. The index i that

achieves the largest received power is given by

i = arg max
0≤i<N

pi. (7)

The best direction θi = 2i−N
N can be decided accordingly.

Then, the system can transmit data with the beamforming
vector being aN

(
2i−N

N

)
.

The above beam training framework is based on the direc-
tional narrow beams achieved by DFT codewords. However,
in RIS-assisted wideband THz communication systems, con-
sidering the frequency-independent phase shift of RIS, there
exists the beam split effect, which means the spatial direction
φm varies at different subcarriers. This effect will lead to
the phenomenon that the beams at different subcarriers are
steered to different physical directions. Specifically, for the
beamforming vector vn = diag (aN (θn)), the beam at the
m-th subcarrier is actually steered to θn,m = (fc/fm) θn =
θn/ξm. In this scenario, narrow beams with high angular
resolution cannot be generated normally. As a consequence,
conventional beam training frameworks, if directly applied in
wideband systems, will experience severe performance degra-
dation since the angular resolution of the designed beams is
low. We can certainly carry out the beam training respectively
for each subcarrier, but this will lead to an unacceptable
beam training overhead and this method cannot exploit the
information that could originally be carried in the frequency
domain, which effaces the advantage of the large bandwidth of
THz systems. Therefore, an accurate beam training framework
for RIS-assisted wideband THz communication systems is
needed.

III. PROPOSED ANALYTICAL BEAM TRAINING
FRAMEWORK

In order to estimate the UE direction accurately in
RIS-assisted wideband THz communication systems, in this
section, we introduce the proposed analytical beam train-
ing framework. Specifically, we first give an overview of
our proposed framework. Then, we elaborate the analysis
of PDP and propose the PDP-based direction estimation
scheme. Finally, based on the PDP-based direction estimation
scheme, we design the analytical codebook according to
the inherent parameter of the THz system for the proposed
framework.

A. Overview of Proposed Analytical Beam Training
Framework

Traditional beam training schemes only utilize the max-
imum received power to choose the best direction from a
series of previously designed directions. This means that the
accuracy of traditional beam training schemes depends heavily
on the angular resolution of the generated beams. However,
as mentioned above, in RIS-assisted wideband THz systems,
generating beams with high angular resolution without extra
hardware costs is impossible, so the beam training accuracy is
limited. Luckily, the large bandwidth in THz systems actually
carries more information in the frequency domain. The authors
in [42] exploited the coupling between the freuqency and
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radiation angle of leaky-wave antennas to determine the UE
direction effectively. Although the structure and property of
leaky-wave antennas are different from those of the RIS
elements, this study provides us with the insight that the beam
split effect can be a merit rather than a demerit for beam
training.

Specifically, the beam split effect caused by the large
bandwidth makes the received power of a certain beam at
different directions in space vary in a particular pattern, which
is called the power distribution pattern (PDP) in this paper.
The PDP is caused by two aspects. For one thing, for each
subcarrier, the beam gain near the beam center is the largest,
while the beam gain near the edge of the beam gradually
decreases, which causes the power to vary in a particular
pattern. For another, due to the beam split effect in the
system, the beams at different subcarriers will deviate from
the central direction. The total power (i.e., the summation of
power from all subcarriers) near the central direction will be
the larger since a relatively greater number of subcarriers can
transmit signals to this direction. However, the total power
near the edge of the designed wide beam will be small
since only the subcarriers with the lowest / highest frequency
can transmit signals to these directions. If the PDP can be
analyzed specifically, the direction of the UE can be derived
according to the received power. Following this idea, we can
take advantage of the PDP brought by the beam split effect
in wideband THz systems to make this effect a benefit rather
than a drawback.

In practice, the received power decreases as the distance
between the UE and RIS increases, which leads to a lower
SNR, so the absolute value of the received power is meaning-
less. We introduce a pair of beams with the same width and
a ratio metric based on the respective received powers of the
two beams. The two beams have the same beam width and are
adjacent to each other. To eliminate the impacts of distances,
a ratio metric based on the respective received powers of
the two beams is also introduced. This ratio can normalize
the received power to make itself unrelated to the distance.
Additionally, this ratio and the direction in space are in one-to-
one correspondence, which means that the UE direction can be
analytically derived based on the received power of the beam
pairs. The proposed analytical beam training framework can
improve the accuracy of beam training, since we consider the
beam split effect during the analysis of PDP and analytically
calculate the best direction. In this way, the beam training
accuracy is independent of the angular resolution of the
generated beams.

Based on this, the proposed analytical beam training frame-
work can be described as follows. The BS transmits training
signals based on the proposed analytical codebook in different
time slots. Then, the UE selects the beam pair which has
the maximum normalized received power. Based on the exact
value of the received power, the best direction can be analyti-
cally calculated based on the proposed PDP-based direction
estimation scheme and then fed back to the BS, which is
utilized for future data transmission. The specific process of
the proposed analytical beam training framework is illustrated
in Algorithm 1, which consists of three stages.

Algorithm 1 Proposed Analytical Beam Training Framework
Inputs: Analytical codebook W, central directions of the

beam pairs µ; power normalization coefficient ζ; beam
training overhead P

Output: The estimated UE direction ϕ̂
1: Training stage:
2: for i = 1 to P do
3: Θ = diag (W [:, i])
4: Transmit beam training signals based on the Θ and save

the received power as p [i]
5: end for
6: Calculating stage:
7: p̃ = p⊙ ζ

8: Estimate the UE direction ϕ̂ by the PDP-based direction
estimation scheme based on p̃.

9: Date transmission stage:
10: Transmit data based on the estimated direction ϕ̂

Specifically, during the training stage, in the i-th time
slot, the BS transmits training signal with the RIS configu-
ration being Θ = diag (W [:, i]), which is selected from the
proposed analytical codebook W. The UE saves the corre-
sponding received power in each time slot in p. After the time
slots allocated for beam training are exhausted, the received
power is normalized by the power normalization coefficient ζ.
The reason for introducing the power normalization coefficient
is that the beam widths of different beam pairs differ, which
leads to the differences in the array gain since the total
transmit power is fixed. Then, in the calculating stage, the
beam pair which has the largest normalized received power p̃
is chosen, based on which the UE direction can be directly
calculated from the proposed PDP-based direction estimation
scheme, which is elaborated in the next subsection. Finally,
we transmit data according to the estimated direction in the
data transmission stage.

In the following two subsections, we will introduce in detail
the proposed PDP-based direction estimation scheme and the
design of our proposed analytical codebook.

B. Proposed PDP-Based Direction Estimation

In this subsection, we first introduce the method to generate
wide beams. Then, we analyze the PDP of the beam pair in
wideband THz systems. Finally, based on the above analysis,
we propose the PDP-based direction estimation scheme.

We first introduce the method that we apply to generate a
wide beam. When generating traditional narrow beams, the
beamforming matrices are designed as Θ = diag (aN (θ)).
The spatial width W = 2/N is inversely proportional to the
number of elements N on RIS. If N reduces, then the spatial
width of the beam will naturally increase. Therefore, we follow
the method in [43] where the RIS is divided into several sub-
arrays, where the traditional beamforming method is applied
to each of the sub-array. By organizing the direction of all the
sub-arrays to let them cover the target directions, we can form
a wide beam with the designed width.
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Fig. 2. Received power of the beam pair (a) Beam I. (b) Beam II.

Specifically, we divide the RIS into K sub-arrays, which
satisfies

2
Ns

×K ≥ ϖ, (8)

where Ns is the number of antenna elements in each sub-array,
and ϖ is the target width. Since K and Ns are two integers,
we have KNs ≤ N , which means K = ⌊ N

Ns
⌋ ≥ N

Ns
−1, so by

substituting K with N
Ns
−1, we get a sufficient condition for (8)

as

Ns ≤
√

1 + 2Nϖ − 1
ϖ

. (9)

In order to achieve enough array gain to compensate for the
serious path loss, we need Ns to be as large as possible
so that the array gain of each sub-array is high enough.
Due to the relaxation of K, the condition in (9) is not
tight. Therefore, we need to increase the Ns until it cannot
satisfy (8) to get the largest Ns, and K can be constrained
as K = ⌊ N

Ns
⌋.

After determining K and Ns, we need to specify the
directions of beams generated by different sub-arrays to make
them cover the target range. We denote the central direction of
the designed wide beam as µ. Since the beam width of each
sub-array is 2/Ns, the direction of the k-th sub-array can be
presented as

νk = µ+
2k −K − 1

Ns
, k = 1, 2, · · · ,K. (10)

Therefore, the phase-shift matrix of RIS can be written as

Θ [i(k, n), i(k, n)] =
1√
N
ejπ[(k−1)Ns+n−1]νkejϵk ,

k = 1, 2, · · · ,K + 1, n = 1, 2, · · · , Ns,
(11)

where i(k, n) = (k − 1)Ns + n denotes the index of the RIS
units, and ϵk is the phase compensation in order to avoid the
serration and guarantee enough array gain, which satisfies ϵk =
k∆ϵ, where ∆ϵ is presented as

∆ϵ=


(Ns − 1)π

Ns
+ π, N4

s sin2

(
π

2Ns

)
≥ 8,

2 arccos

(√
2

4
N2

s sin
π

2Ns

)
, N4

s sin2

(
π

2Ns

)
< 8.

(12)

The derivation of ϵk is elaborated in Appendix A.
Based on the generation of the wide beam, we then analyze

the beam gain of the sidelobe to prove the optimality of
selecting the beam pair with the maximum received power
for analysis. For each sub-array, the beamforming vector is
conjugate to the array response vector, which makes the beam
directed to a given angle. According to the Lemma 1 in [44],
the ratio of the gain of the sidelobe to the maximum beam
gain η satisfies η ≤

(
1

N sin 3π
2N

)
, which increases with the

increament of N , and η reaches its maximum when N reaches
its minimum. Since ϖ ≤ 2, Ns ≥

√
N . Taking the case

N = 1024 as an example, then η satisfies η < 0.213.
Accordingly, the maximum ratio of the received power of
the sidelobe to the beam center is no more than 0.05. This
property holds for all sub-arrays. Therefore, for the generated
wide beam, the power of the sidelobe is much smaller than
the power of the mainlobe, and thus can be neglected, which
guarantees the optimality of selecting the beam pair with the
maximum received power for analysis.

We consider a targeted UE at ϕ, where ϕ = c
2dfm

ψm as
defined in (3). For a wide beam steered to µ with width
2δ (both in spatial domain), and the subcarrier frequencies
ranging from f1 to fM , the directions of beams at each
subcarrier range from µ

ξM
to µ

ξ1
, where ξm = fm/fc. As a

result, for the m+-th subcarrier, where m+ satisfies

m+ ∈M+ =
{
m | µ

ξm
− δ ≤ ϕ ≤ µ

ξm
+ δ,m ∈M

}
,

M = {1, 2, . . . ,M} , (13)

the received power is greater than a threshold. While for the
m−-th subcarrier, which satisfies

m− ∈M− =
{
m | ϕ < µ

ξm
− δ ∥ ϕ > µ

ξm
+ δ,m ∈M

}
,

M = {1, 2, · · · ,M} , (14)

the received power is less than this threshold. Therefore,
while µ changes, the received power at UE changes, which
carries the information of the physical direction of the UE.
Actually, this is a kind of extra information compared to
traditional beam training schemes. Existing beam training
schemes mostly follow the idea of choosing, where the
best physical direction with the maximum received power
is chosen from a series of previously designed directions,
so the accuracy of beam training depends on the angular
resolution of generated beams. These schemes only utilize the
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Fig. 3. Designed beam pair and the corresponding beam training range.

information of the relationship between the received powers,
but the exact value of the received power has not been fully
exploited. The above property allows us to take advantage
of the exact values of the received power to improve the
beam training accuracy in wideband THz communication
systems.

We consider a pair of beams, as is illustrated in Fig. 2,
for beam I, the received powers of subcarriers indexed by
m+,I ∈ M+,I = {m | m̃ ≤ m ≤M} are greater than a
threshold, while the received powers of subcarriers indexed
by m−,I ∈ M−,I = {m | 1 ≤ m < m̃} are less than the
threshold. For beam II, the received powers of subcarri-
ers indexed by m−,II ∈ M−,II = {m | 1 ≤ m < m̃} are
greater than a threshold, while the received powers of sub-
carriers indexed by m+,II ∈ M+,II = {m | m̃ ≤ m ≤M}
are less than the threshold. This phenomenon results in
the difference in the received power corresponding to the
two beams at the UE. If we design the directions and
widths of the beam pair appropriately, we can use the
received power to analytically derive the physical direction
of the UE.

Next, we analyze in detail the PDP of the beam pair. The
PDP represents how the summation of beam powers from
all subcarriers vary in space. As is illustrated in Fig. 3, we
denote the central direction of the beam pair as µ̄. Since the
estimation of the direction is based on the received power,
the beam width of each beam pair needs to be the same
so that their array gain will be the same, which is fair for
further calculation. As is mentioned above, the beam steered
to µ covers an angular range from µ

ξM
to µ

ξ1
. This is the

direction range that carries the information brought by wide
bandwidth.Therefore, we set the width of the beam pair as
ϖ = 2δ = µ̄ (fc/f1 − fc/fM ) ≈ µ̄B/fc. As for the central
direction of each wide beam, we want to fully utilize the
channel information carried by each subcarrier, so for the m-th
subcarrier, if the received power is greater than the threshold
at beam I, it should be less than the threshold at beam II, and
vice versa.As a result, the difference in the central direction
of the two wide beams should equal the beam width, which
means µI = µ̄− δ and µII = µ̄+ δ. With this setting, UE in
[µ̄− δ, µ̄+ δ] is able to receive the signals of both wide beams
and the received power can be utilized to calculate the physical
direction of this UE.

Fig. 4. (a) The PDP of a beam pair. (b) The relationship between χ and the
estimated direction ϕ.

To analyze the PDP, we need to derive the power of a beam
at an arbitrary angle in space. For a UE at ϕ ∈ [µ̄− δ, µ̄+ δ],
the PDP of beam I can be presented as

|gI(ϕ)|2 =

∣∣∣∣∣
M∑

m=1

[
aH

N (ϕm) diag (Θ(µI))
]∣∣∣∣∣

2

≈ C
sin2

(
πNs(ϕ−µ̄+δ)

2

)
sin2

(
π(ϕ−µ̄+δ)

2

) , (15)

where ϕm = fc

fm
ϕ, C is a constant independent of ϕ and µI.

The derivation of (15) is elaborated in Appendix B.
Similarly, for the same UE at ϕ ∈ [µ̄− δ, µ̄+ δ], the PDP

of beam II can be presented as

|gII(ϕ)|2 ≈ C
sin2

(
πNs(ϕ−µ̄−δ)

2

)
sin2

(
π(ϕ−µ̄−δ)

2

) , (16)

where C is a constant independent of ϕ and µII. Since δ ≈
K/Ns according to (8), the numerators of (15) and (16) equal
to each other, thus the difference of received power relies on
the denominators.

Based on the received power of the beam pair, we then intro-
duce the proposed PDP-based direction estimation scheme.
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As illustrated in Fig. 4(a), the highlighted region represents
the angle range that this beam pair can accurately estimate.
It can be observed that the received power of the two beams
within the estimation range is unique, so for a certain UE at
ϕ, the relationship between p1 and p2 can be utilized to derive
the UE direction.

Considering the random noise and the unknown transmitting
distance, the absolute value of the received power itself
is meaningless. In order to obtain the direction estimator,
we need to choose the appropriate metric. For a certain beam
pair, the relative difference of these two received powers
eliminates the uncertain factors in the system and carries the
actual information of the channel. Therefore, we introduce the
ratio metric χ = χ(ϕ) as

χ(ϕ) =
|gI (ϕ)|2 − |gII (ϕ)|2

|gI (ϕ)|2 + |gII (ϕ)|2
. (17)

By applying (15) and (16), χ can be re-written as

χ(ϕ) =
sin2

(
π(ϕ−µ̄−δ)

2

)
− sin2

(
π(ϕ−µ̄+δ)

2

)
sin2

(
π(ϕ−µ̄−δ)

2

)
+ sin2

(
π(ϕ−µ̄+δ)

2

)
= − sin (π(ϕ− µ̄)) sin(πδ)

1− cos (π(ϕ− µ̄)) cos(πδ)
, (18)

where ϕ− µ̄ ∈ [−δ, δ]. The estimation of direction ϕ can then
be explicitly acquired by inverting the function χ(·), i.e.,

ϕ̂ = µ̄− arcsin

(
χ sin(πδ)− χ

√
1− χ2 sin(πδ) cos(πδ)

sin2(πδ) + χ2 cos2(πδ)

)
.

(19)

The relationship between the UE direction and the ratio metric
χ is demonstrated in Fig. 4(b), showing that χ and ϕ are in
one-to-one correspondence. Therefore, based on (19), we can
estimate the direction ϕ of UE.

Compared with traditional beam training schemes based on
choosing the best direction, the proposed PDP-based direction
estimation scheme considers the beam split effect in wideband
THz systems and analytically calculate the UE direction based
on the PDP of the beam pair, which makes full use of the
information that is carried in the frequency domain and makes
the beam split effect an advantage rather than a drawback.
Therefore, the proposed scheme improves the accuracy of
beam training since the beam split effect is considered during
derivation. In addition, the above derivation is also adaptive
to traditional narrowband systems and can improve the beam
training accuracy in narrowband systems. However, when the
bandwidth is small, the beam split effect no longer exists,
which means that the estimation ranges of the beam pairs are
small. As a result, the proposed scheme will suffer from a large
beam training overhead (i.e., proportional to the number of RIS
elements) in narrowband systems. As a result, the proposed
framework is more practical in wideband THz systems.

C. Design of the Proposed Analytical Codebook

Based on the above derivation, we introduce the analytical
codebook design in RIS-assisted wideband THz communi-

cation systems. The codebook design can be divided into
two steps. The first step is to design the codeword for the
directions where the beam split effect is very weak, which
can be neglected. For this part, using traditional beam training
codebooks is enough. The second step is to design the code-
word for the directions where our proposed analytical beam
training framework works well. The framework on how to
design the codebook is summarized in Algorithm 2.

Algorithm 2 Proposed Analytical Codebook Design
Inputs: Number of units on RIS N ; bandwidth B, central

frequency fc; range parameter κ; dividing parameter β
Outputs: Central directions of the beam pairs µ; estimation

range ρ; power normalization coefficient ζ; designed
analytical codebook W

1: Initialization:
µ =

[
− 1

N ,
1
N

]
; ρ =

[
− 1

N ,
1
N

]
; ζ =

[
2
N ,

2
N

]
;

2: while Bµ [0] /fc > −β do

3: µ =
[
µ [0]− 2

N
,µ,−µ [0] +

2
N

]
;

4: ρ =
[
ρ [0]− 2

N
,ρ,−ρ [0] +

2
N

]
;

5: ζ =
[

2
N
, ζ,

2
N

]
;

6: end while
7: while ρ [0] > −1 do
8: µ̄ = − 2ρ[0]fc

2fc−κB ;
9: δ = B

2fc
µ̄;

10: µ = [−µ̄,µ, µ̄];
11: ρ = [−µ̄− κδ,ρ, µ̄+ κδ];

12: ζ =
[
Bµ̄

fc
, ζ,

Bµ̄

fc

]
;

13: end while
14: Generate the codebook W by Eq. (11) based on µ

15: return µ,ρ, ζ,W

Specifically, we need to generate the central direction of
the beam pairs µ, the estimation range ρ and the power
normalization coefficient ζ for beam training, based on which
we generate the analytical codebook. During the generation
process, we first introduce a dividing parameter β to divide
the directions where the beam split effect can be neglected
and the directions where the beam split effect is serious. For
the first part, we utilize traditional narrow beams to estimate
the optimal direction, so the difference in central direction
is 2/N . Traditionally, the directions of narrow beams are
equivalent to the estimation range, so ρ is equal to µ in
this part, and the power normalization coefficient ζ is equal
to the width of the generated narrow beams. For the second
part where the beam split effect is serious, we introduce the
range parameter κ. According to (19), as is illustrated in
Fig. 4(b), for a pair of designed wide beams, although we can
theoretically estimate the direction in range [µ̄− δ, µ̄+ δ], the
gradient near the boundary is approximately 0, which means
a slight difference in χ will result in a large deviation of ϕ.
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In practical communication systems, there exist various kinds
of noise, which is inevitable, so we need to introduce the
range parameter 0 < κ < 1 to limit the estimation range
in [µ̄− κδ, µ̄+ κδ] to improve the accuracy of estimation.

Based on the previous estimation range µ̄+ κδ, the central
direction of the next beam pair should satisfy

µ̄new − κ
B

2fc
µ̄new = µ̄old + κ

B

2fc
µ̄old = −ρ [0] ,

=⇒ µ̄new = − 2ρ [0] fc

2fc − κB
. (20)

Then, the central direction of the next wide beam is deter-
mined. We can extend the codebook until the estimation
range can cover all directions [−1, 1] in space. It is worth
noting that the array gains of the different wide beams are
different because the total transmission powers are fixed but
the width of wide beams vary. Therefore, we need to generate
a power normalization coefficient for each wide beam, whose
value is proportional to the beam width. After getting the
received power of each codeword p, we get the normalized
received power by p̃ = p ⊙ ζ. By choosing the maximum
element in p̃, we can determine which pair of wide beams
can estimate the direction of this user. Then the estimated
direction ϕ̂ can be obtained by (19). It can be observed from
the process of designing the analytical codebook that the
size of the proposed analytical codebook is related only to
the inherent system parameters such as the central frequency
and the bandwidth, which makes it highly adaptive to future
communication systems with massive antenna elements.

IV. EXTENSIONS OF THE PROPOSED ANALYTICAL BEAM
TRAINING FRAMEWORK

In this section, we discuss the extension of the proposed
analytical beam training framework to different scenarios.
Firstly, we extend the proposed framework to multi-user
scenarios. Then, the scenarios where the BS and the UE are
equipped with antenna arrays are discussed. Finally, we extend
the proposed framework to the scenarios where the RIS is a
uniform planar array (UPA).

A. Extension to Multi-User Scenarios

Similar to the existing multi-directional schemes, the pro-
posed framework is also applicable for multi-user scenarios
since the calculation stage can be conducted independently
at different UEs. Specifically, in the training stage, the BS
still transmits beam training signals based on the designed
analytical codebook Θ sequentially. At this stage, all users
in the communication system can simultaneously receive the
signals and record the received powers. Then, at the calculation
stage, the entire calculation process is conducted at each user
based on the pre-recorded received powers and the proposed
PDP-based direction estimation scheme independently. After
the calculation, the direction of multiple users are fed back to
the BS and RIS for the future data transmission stage.

B. Extension to MIMO Scenarios

To make the main idea of the proposed framework more
clear, we assume that the BS and UE are equipped with a

single antenna in the above sections. In THz systems, consid-
ering the high path loss of THz signals, it is more practical to
deploy antenna arrays at the BS or the UE. In this subsection,
we elaborate on how to extend the proposed framework to the
scenarios where the BS or the UE are equipped with antenna
arrays.

When the BS is equipped with an Nt-element ULA, the
downlink channel at the m-th subcarrier between the BS and
the RIS hbr,m ∈ CN×Nt with m = 1, 2, · · · ,M can be
denoted as

hbr,m = gbr,me
−j2πτbr,mfmaN (φm)aT

Nt
(ϑm), (21)

where aNt
(ϑ) represents the array response associated to the

BS and ϑm represents the spatial angle of the BS. Accordingly,
the received signal ym at the m-th subcarrier at the UE can
be presented as

ym = hH
ru,mΘhbr,mAsm + nm, (22)

where A ∈ CNt×1 denotes the precoding matrix at the
BS. As stated in Section II-B, considering the quasi-static
property of the BS-RIS channel, we suppose that the channel
hbr,m between the BS and RIS is known by the system.
The precoding matrix at the BS A can then be designed to
compensate for the high path loss of THz signals, which is
also known by the system. Therefore, (22) can be converted
to (5) by substituting hbr,m in (5) by h̃br,m = hbr,mA in (22).
The problem of estimating the UE direction when the BS is
equipped with an Nt-element ULA is thus converted to the
single-antenna case that is already solved above.

When the UE is equipped with an Nr-element ULA, the
downlink channel at the m-th subcarrier between the RIS
and the UE hru,m ∈ CN×Nr with m = 1, 2, · · · ,M can
be denoted as

hru,m = gru,me
−j2πτru,mfmaN (ψm)aT

Nr
(ωm), (23)

where aNr
represents the array response associated to the UE

and ωm represents the spatial angle of the UE. Accordingly,
the received signal ym at the m-th subcarrier can be presented
as

ym = hH
ru,mΘhbr,msm + nm, (24)

where ym ∈ CNr×1 represents the received signals at each
antenna of UE. In this case, the proposed framework can
still work if we analyze the received signals of each antenna
respectively or the summation of the received powers at all
antennas.

C. Extensions to UPA Scenarios

The proposed framework can be extended to the scenarios
where the RIS is a uniform planar array (UPA). In the UPA
RIS system, both the azimuth angle and the elevation angle
of the UE need to be estimated. We consider the compact
allocated reflecting elements on the UPA RIS with N = N1×
N2 elements, where the antenna spacing d = ιλc

2 < λc

2 [45].
Accordingly, the array response vector should be modified as

bN (ϕp, θp) =
1√
N

[
e−jπ

2d
c fm sin(θp) sin(ϕp)n1

]
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Fig. 5. The extension of the proposed scheme to UPA RIS: (a) Estimate sin(θp) sin(ϕp) of UE; (b) Estimate cos(θp) of UE.

⊗
[
e−jπ

2d
c fm cos(θp)n2

]
, (25)

where n1 = [0, 1, · · · , N1 − 1], n2 = [0, 1, · · · , N2 − 1], θp

and ϕp denote the physical elevation angle and the physical
azimuth angle, respectively. We can observe from (25) that the
array response vector of the UPA is composed of two parts.
The first part is related to sin(θp) sin(ϕp) while the second
part is related to cos(θp), and the two part is corresponding
to the rows of elements on the UPA and the columns of
elements on the UPA, respectively. To extend the proposed
scheme to UPA RIS, we can conduct the proposed PDP-based
direction estiamtion scheme twice to sequentially estimate
sin(θp) sin(ϕp) and cos(θp).

Specifically, as illustrated in Fig. 5 (a), we firstly estimate
sin(θp) sin(ϕp). We can set the reflecting coefficients of the
elements at the same column as the same. The reflecting matrix
of the UPA RIS can be presented as ΘUPA = diag(w ⊗

1√
N2

1N2×1), where w represents a certain codeword in the
designed analytical codebook W and 1N2×1 represents an
all-one vector with size N2 × 1. Then, the array gain at the
m-th subcarrier can be derived as∣∣bN (ϕp, θp)diag−1 (Θ)|2

=
∣∣∣∣ 1√
N1

[
e−jπ 2d

c fm sin(θ) sin(ϕ)n1

]
w

⊗ 1
N2

[
e−jπ 2d

c fm cos(θp)n2

]
1N2×1

∣∣∣∣2
=
∣∣∣∣ 1√
N1

[
e−jπι fm

fc
sin(θp) sin(ϕp)n1

]
w

⊗ 1
N2

N2∑
n=1

e−jπι fm
fc

cos(θp)(n−1)

∣∣∣∣∣
2

. (26)

By adding up the received powers at all subcarriers, the
received power of a certain codeword can be derived as (27),
shown at the bottom of the page, where (a) ∼ (c) are
approximated similarly as Appendix B. According to (27),
the difference between the UPA case and the ULA case is
that the array gain is related not only to sin(θp) sin(ϕp) that
we aim to estimate, but also to cos(θp). However, for a certain
user located at (ϕp, θp), the last term in (27) is also a constant.
Therefore, the PDP of the UPA case is still the same as that
of the ULA case and sin(θp) sin(ϕp) can then be estimated.
Similarly, cos(θp) can be estimated as illustrated in Fig. 5 (b).
We set the reflecting coefficients of the elements at the same
row as the same. The reflecting matrix of the UPA RIS can be

|g(ϕ)|2
(a)
≈ 1

N2

M∑
m=1

∣∣∣∣∣
Ns1∑

ns1=1

ejπ(ns1−1)(ι fm
fc

sin(θp) sin(ϕp)−µ̄+δ)
N2∑

n2=1

e−jπι fm
fc

cos(θp)(n2−1)

∣∣∣∣∣
2

(b)
≈ 1
N2

M∑
m=1

∣∣∣∣∣ sin(Ns1π
2 (ι fm

fc
sin(θp) sin(ϕp)− µ̄+ δ))

Ns1 sin(π
2 (ι fm

fc
sin(θp) sin(ϕp)− µ̄+ δ))

sin(N2π
2 ι fm

fc
cos(θp))

N2 sin(π
2 (ι fm

fc
cos(θp)))

∣∣∣∣∣
2

(c)
≈ C

sin2
(

πNs1(ι sin(θp) sin(ϕp)−µ̄+δ)
2

)
sin2

(
π(ι sin(θp) sin(ϕp)−µ̄+δ)

2

) sin2
(

πN2(ι cos(θp))
2

)
sin2

(
π(ι cos(θp))

2

) . (27)
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Fig. 6. The achievable rate performance v.s. the SNR. The number of
elements of RIS is set to (a) 1024, (b) 2048.

presented as ΘUPA = diag( 1√
N1

1N1×1 ⊗w). Then, the PDP
can be derived similarly as (26) and (27), and the cos(θ) can
then be estimated.

V. SIMULATION RESULTS

In this section, simulation results are provided to verify
the performance of the proposed analytical beam training
framework. The parameters of the RIS-assisted wideband THz
communication system are set to NBS = 1, NUE = 1, fc =
100 GHz, B = 10 GHz, the number of subcarriers is set to
128. The UE direction is set to satisfy ϕ ∼ U

(
−
√

3
2 ,

√
3

2

)
. The

proposed framework is compared with the multi-directional
framework in [28], the DNN-based framework in [29] and the
exhaustive search framework, since these three schemes do not
need frequent interactions between the UE and BS/RIS.

Fig. 6 illustrates the achievable rate performance v.s. the
SNR. The achievable rate is calculated as

R =
1
M

M∑
m=1

log 2
(

1 +
Pt

σ2
hH

ru,mΘhbr,mhH
br,mΘHhru,m

)
,

(28)

where Pt denotes the transmission power at the BS and σ2

denotes the noise power. The reflecting vector Θ is obtained
based on the space-time block coding-based beamforming
scheme in [46] so that all subcarriers can transmit signals

Fig. 7. The achievable rate performance v.s. the beam training overhead.
The number of elements of RIS is set to (a) 1024, (b) 2048.

to the UE with the presence of the beam split effect. Here
we set the training overhead to 128. The parameter Q in
the multi-directional beam training framework represents the
number of beam directions in each time slot. The SNR (the
ratio of the received signal power to the received noise power)
increases from −20 dB to 20 dB to evaluate the performance
of the proposed framework in both the high SNR scenarios
and the low SNR scenarios. In Fig. 6(a), the number of
RIS elements is 1024, we can observe that the data-driven
scheme achieves a worse achievable rate performance than
the multi-directional scheme since the beam training overhead
is sufficient for multi-directional scheme. In Fig. 6(b), the
data-driven scheme achieves a better achievable rate perfor-
mance than multi-directional scheme since the beam training
overhead is no longer sufficient for multi-directional schemes
with the increament of the number of RIS elements. On the
contrary, the data-driven scheme, benefiting from a low beam
training overhead, can achieve a similar achievable rate per-
formance with the case when NRIS = 1024. However, the
existing schemes all neglect the beam split effect in the wide-
band THz systems. As a result, our proposed analytical beam
training scheme possesses the best achievable rate performance
in both cases.

Fig. 7 illustrates the rate performance of different frame-
works as the training overhead increases. Here the SNR is set
to 20 dB. The x-axis represents the beam training overhead.
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Fig. 8. The angle estimation error v.s. the beam training overhead.

Fig. 9. The achievable rate performance of each user v.s. the SNR when the
BS is a 128× 1 ULA.

The beam training overhead is increasing from 32 to 1024.
We can observe from Fig. 7 that the proposed analytical
beam training framework can achieve near-optimal achievable
rate performance and outperforms the existing frameworks
no matter how high the beam training overhead is. It is
worth noting that when the training overhead is limited (the
scanned angles are limited), the achievable rate performance
is much better than the existing frameworks. This is because
our proposed framework can significantly reduce the training
overhead when the UE is far from 0◦ where the beam split
effect is severe. By scanning the space from 90◦/−90◦ to 0◦,
we can accurately estimate a large proportion of directions
with a very low training overhead.

To intuitively reveal the beam training accuracy, we compare
the angle estimation error of different schemes v.s. the beam
training overhead in Fig. 8. The beam training SNR is set
to 20 dB. The number of RIS elements is 1024. The beam
training overhead increases from 32 to 1024. It is illustrated
that the proposed framework can realize the estimation with
the lowest estimation error with a low beam training overhead
since the beam split effect is exploited. The angle estimation
error of the multi-directional frameworks and the exhaustive
search framework is a little higher than the proposed frame-
work since the beam split effect leads to a lower the angular
resolution. The DNN-based framework, despite the low beam
training overhead, has the worst angle estimation performance.

Fig. 10. The achievable rate performance v.s. the SNR when the RIS is a
64× 64 UPA.

Fig. 11. The achievable rate performance v.s. the SNR with quantized phase
shifts.

We extend the proposed framework to the multi-user sce-
narios, where the BS is equipped with a 128 × 1 ULA.
The beam training overhead is set to 128. The SNR is
increasing from −20 dB to 20 dB. It can be observed
from Fig. 9 that the proposed beam training scheme can
still reach the near-optimal achievable rate performance
for each user. The existing schemes, however, suffer from
a performance loss with the presence of the beam split
effect.

We also compare the achievable rate performance v.s. the
SNR when the RIS is a 64 × 64 = 4096 UPA in Fig. 10.
The beam training overhead is set to 256. When the number
of RIS elements increases, the beam training overhead for
multi-directional frameworks is not sufficient, which leads to
a low achievable rate. The DNN-based framework, benefiting
from the low beam training overhead, can reach a higher
achievable rate. Since the beam split effect is taken into
consideration, our proposed scheme can still reach the highest
achievable rate.

Considering the hardware limitation of the phase shifters,
we also demonstrate how the limited RIS quantization bit
may affect the performance of the proposed framework in
Fig. 11. We compare the achievable rate performance of
the proposed framework when the phase shifts of the RIS
elements are consecutive (Ideal RIS), quantized with 2-bit
and quantized with 1-bit. The number of RIS elements is
1024. The beam training overhead is set to 128. The SNR
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is increasing from −20 dB to 20 dB. We quantize the phase
shift of the RIS according to the nearest neighbour criterion.
We can observe from Fig. 11 that when the RIS quanti-
zation bit is 2-bit, the proposed framework realizes nearly
the same achievable rate performance as the ideal RIS case.
When the RIS quantization bit is 1-bit, the achievable rate
performance only decreases 10%, which verifies the effective-
ness of the proposed framework in systems with hardware
limitations.

To sum up, the proposed analytical beam training framework
can reach the near-optimal achievable rate performance with
a low training overhead as long as there exists beam split
effect in the system, and can be easily extended to multiple
scenarios.

VI. CONCLUSION

In this paper, we investigated the beam training problem in
RIS-assisted wideband THz communication systems. We pro-
posed an analytical beam training framework to improve
the beam training accuracy in wideband communication sys-
tems,. Specifically, we first analyzed the PDP of the beam
pair in RIS-assisted wideband THz systems and proposed
a PDP-based direction estimation scheme, which converted
the traditional idea of choosing the best direction to the
new idea of analytically calculating the best direction. Based
on this scheme, we designed an analytical codebook for
the proposed analytical beam training framework according
to the inherent parameters of the THz systems. Since the
proposed framework considered the beam split effect in wide-
band communication systems and took full advantage of the
relative values of the received power, it could improve the
beam training accuracy in future communication systems.
Simulation results showed that the proposed framework out-
performed the existing beam training framework and can
obtain the near-optimal achievable rate performance with a
low beam training overhead. For future works, we will further
investigate the beam training problem in wideband near-field
scenarios.

APPENDIX A
DERIVATION OF THE PHASE COMPENSATION IN (11)

The array gain of the k-th sub-array at ν̄ can be presented
as

|g(k)|2
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where (a) is explained by Lemma 1.
Lemma 1:∣∣∣∣∣
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Proof:∣∣∣∣∣
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We consider the value of f(p) =

∣∣∣∣∣ sin Nsπ
2
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2p−2k−1
Ns

∣∣∣∣∣
2

, p =

1, 2, · · · ,K + 1, due to the symmetry of this function, when
p = k + 1/2, f(p) reaches its maximum value 1. However,
since p is an integer, the actual maximum value of f(p) is
reached when p∗ = k and p∗ = k + 1. If p is not the two
maximum points above, we have

f(p)
f(p∗)

≤ sin2 π/2Ns

sin2 3π/2Ns

, (32)

where Ns is relatively large, so we have f(p)
f(p∗) ≤ 1/9, thus

these terms can be neglected. By reserving the two maximum
points of f(p), the lemma can be proved.

According to (29), the total array gain at ν̄ can be presented
as

P = |g(k)|2 + |g(k + 1)|2

= C
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where C = 1

N2N2
s sin2 π

2Ns

is a constant independent of ϵ. It is

easy to see that the two terms have the same structure, in order
to avoid the serration and guarantee enough array gain, we set

Authorized licensed use limited to: Tsinghua University. Downloaded on December 20,2023 at 05:52:44 UTC from IEEE Xplore.  Restrictions apply. 



7438 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 71, NO. 12, DECEMBER 2023

P = N2
s /N

2, which is the designed array gain of each sub-
array, thus we have∣∣∣∣ej
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For simplicity, we only derive the equation for the first term,
due to the same structure, the equation for the second term
is similar as (34). Therefore, the phase compansation ϵ must
satisfies

∆ϵ =


(Ns − 1)π

Ns
+ π N4

s sin2

(
π

2Ns

)
≥ 8

2 arccos

(√
2

4
N2

s sin
π

2Ns

)
N4

s sin2

(
π

2Ns

)
< 8,

(35)

where ∆ϵ = ϵk+1 − ϵk for all k = 1, 2, · · · ,K. We might as
well set ϵ as ϵk = k∆ϵ. Thus the phase-shift matrix of RIS
can be obtained by (10), (11) and (35).

APPENDIX B
DERIVATION OF (15)
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According to Lemma 1, the expression can further be approx-
imated as
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where k1 = ⌊ (ϕm−µ̄+δ)Ns+K+1
2 ⌋, k2 = ⌈ (ϕm−µ̄+δ)Ns+K+1

2 ⌉.
Here, (a) and (b) are the phase compensation, so the two items

can be merged. Therefore, we have
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