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Abstract: Hybrid precoding can reduce the
number of required radio frequency (RF)
chains in millimeter-Wave (mmWave) massive
MIMO systems. However, existing hybrid precoding based on singular value decomposition
(SVD) requires the complicated bit allocation
to match the different signal-to-noise-ratios
(SNRs) of different sub-channels. In this paper, we propose a geometric mean decomposition (GMD)-based hybrid precoding to avoid
the complicated bit allocation. Specifically,
we seek a pair of analog and digital precoders
sufficiently close to the unconstrained fully
digital GMD precoder. To achieve this, we
fix the analog precoder to design the digital
precoder, and vice versa. The analog precoder
is designed based on the orthogonal matching
pursuit (OMP) algorithm, while GMD is used
to obtain the digital precoder. Simulations
show that the proposed GMD-based hybrid
precoding achieves better performance than
the conventional SVD-based hybrid precoding
with only a slight increase in complexity.
Keywords: Millimeter-wave Massive MIMO;
hybrid precoding; geometric mean decomposition; bit allocation

I. INTRODUCTION
Millimeter-wave (mmWave) massive MIMO
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is considered as a promising technology for
the future 5G communications [1-6], since it
can substantially increase the system throughput. For the sake of low energy consumption
and hardware cost, mmWave massive MIMO
usually utilizes the hybrid precoding architecture [7-9], where the conventional high-dimensional fully digital precoder is split into
a high-dimensional analog precoder and a
low-dimensional digital precoder to reduce
the number of required radio frequency (RF)
chains.
How to obtain the optimal analog and
digital precoders is the most important issue
for hybrid precoding. In the pioneering work
[8], the hybrid precoder design problem was
reformulated as a sparse signal reconstruction problem, which is solved via a spatially
sparse hybrid precoding algorithm. In [10],
an alternating hybrid beamforming approach
is designed to optimize the achievable rate of
system. In [11], the energy-efficiency oriented
hybrid precoding is investigated, where an iterative algorithm is designed to maximize the
energy-efficiency of the system. All of these
works aim to seek a pair of analog and digital
precoders that are sufficiently close to the right
singular matrix obtained through the singular
value decomposition (SVD) of the channel
matrix. Such SVD-based hybrid precoding
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In this paper, a GMDbased hybrid precoding is proposed to
avoid the complicated
bit allocation in the
c o n ve n t i o n a l S V D based hybrid precoding.

can achieve the capacity-approaching performance with the optimal water-filling power
allocation in point to point-MIMO-systems
[8]. However, different sub-channels in SVDbased hybrid precoding usually have different
signal-to-noise ratios (SNRs). Therefore, complicated bit allocation, i.e., allocating different
modulation and coding schemes (MCSs) on
different sub-channels, is usually required.
Such procedure involves high coding/decoding complexity in practical systems [12].
In this paper, a geometric mean decomposition (GMD)-based hybrid precoding is proposed to avoid the complicated bit allocation
required in the SVD-based hybrid precoding.
Unlike the conventional SVD-based hybrid
precoding, the right semi-unitary matrix
obtained by GMD is treated as the optimal
unconstrained precoder, which can convert
the mmWave massive MIMO channel into
sub-channels with identical SNRs [19]. Therefore, the proposed GMD-based hybrid precoding is able to naturally avoid the complicated
bit allocation. Then, to find a near-optimal
solution to the GMD-based hybrid precoder
design problem, which is challenging due
to the non-convex constraint on the analog
precoder, we use a decoupled optimization
method to design the analog and digital precoder. Specifically, the analog precoder design
problem is solved via the orthogonal matching
pursuit (OMP) algorithm, while the digital
precoder is obtained by using GMD. Simulation results show that the proposed GMDbased hybrid precoding achieves better per-
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expectation, trace, transpose, conjugate transpose, pseudo-inverse, Frobenius norm, kth
column, and the element in the ith row and the
jth column of A , respectively.  is the set of
complex numbers. I Ns is the N s × N s identity
matrix. |  | is the cardinality of  . Finally,
 (0, I Ns ) denotes the complex Gaussian
distribution with expectation 0 and covariance I Ns .

II. SYSTEM MODEL
In this section, we introduce the concept of hybrid precoding for mmWave massive MIMO
and the widely used mmWave channel model
as well.

2.1 Hybrid precoding for mmWave
massive MIMO
We consider a typical mmWave massive
MIMO system with hybrid precoding, where
the base station (BS) with N t transmit anto the user with N r receive antennas. We as-

5)FKDLQ

1W

sume that the BS and the user have N tRF and
N rRF RF chains, respectively, which satisfy
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formance than the conventional SVD-based
hybrid precoding with only a slight increase in
complexity.
The remainder of this paper is organized
as follow. The system model is briefly introduced in Section II. In Section III, we propose
the GMD-based hybrid precoding. Then, we
evaluate the performance of proposed GMDbased hybrid precoding through simulations in
Section IV. Finally, we conclude this paper in
Section V.
Notation: a , A , and  denote a vector, a
matrix, and a set. {A} , tr{A} , {A}T , {A}H ,
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received signal y ∈  Ns ×1 at the user can be
expressed as
=
y

Fig. 1. Comparison of two typical precoding structures. (a) The fully digital
pre=
coding; (b) The hybrid precoding.
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ρ W H HPs + W H n
ρ WDH WAH HPA PD s + WDH WAH n,

(1)
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where ρ is the average receive power,
(W∈
) is the hybrid precoder
P∈
(combiner), H ∈  Nr × N t denotes the channel
matrix, s ∈  Ns ×1 is the source signal vector,
and n ∈  Nr ×1 is the additive white Gaussian
noise (AWGN) vector following the distribution  (0, σ 2 I Nr ) , where σ 2 is the noise
N t × Ns

N r × Ns

power. In the hybrid precoding structure as
RF

illustrated in figure 1, we denote PD ∈  N t
RF

( WD ∈  Nr

× Ns

× Ns

) as the digital precoder (comRF

biner), and PA ∈  N t × N t

RF

( WA ∈  Nr × Nr ) as

the analog precoder (combiner), respectively
[13, 14, 16, 17]. To meet the constraint of transmit power, we have tr{PP H } ≤ N s [14]. Note
that the analog precoder/combiner is realized
through phase shifters [7]. Thus, all elements in
PA and WA should have the same amplitude:
=
| {PA }i , j |

1
=
, | {WA }i , j |
Nt

1
Nr

, (2)

where | ⋅ | denotes the modulus of a complex
number.

2.2 Channel model
For the mmWave MIMO channel, we adopt
the widely used Saleh-Valenzuela (SV) channel model for mmWave communications
[8,15,16], where the channel matrix H is
H

L −1
Nt Nr 
r
H
t
r
H
t 
 β 0 a r (ϕ0 )a t (ϕ0 ) + ∑ β i a r (ϕi )a t (ϕi )  ,
L 
i =1


(3)
where β 0 a r (ϕ0r )a t (ϕ0t ) is the line-of-sight
(LoS) component with β 0 presenting the
complex gain, ϕ0r presenting the angle of
arrival (AoA) at the user, ϕ0t presenting the

where λ denotes the wavelength, and d is
the antenna spacing. Due to limited scattering
characteristics in mmWave propagation, the
rank of the channel matrix H is much smaller
than the number of antennas, i.e., the number
of effective independent data streams N s that
can be exploited is limited. Therefore, we can
leverage only a small number of RF chains to
achieve the near-optimal performance in the
hybrid precoding structure [9].

III. PROPOSED GMD-BASED HYBRID
PRECODING
In this section, we first briefly review the fully
digital precoding. Then, we present the proposed GMD-based hybrid precoding in detail.

3.1 Fully digital SVD- and GMDbased precoding
The SVD of the channel matrix H can be denoted by
0   V1H 
Σ
H = UΣV H = [ U1 U 2 ]  1
 H 
 0 Σ 2   V2  (5)
= U1 Σ1V1H + U 2 Σ 2 V2H ,
w h e r e U1 ∈  Nr × Ns a n d V1 ∈  N t × Ns a r e
semi-unitary matrices containing the left N s
columns of unitary matrices U ∈  Nr × Nr and
V ∈  N t × N t , respectively, and Σ1 is an N s × N s
diagonal matrix with the largest N s singular
values σ 1 , , σ Ns on its diagonal. We assume
that the singular values are arranged in the
decreasing order. With P = V1 and W = U1 ,
the MIMO channel can be converted into N s

parallel sub-channels, where the sub-channel
angle of departure (AoD) at the BS, and
gains are σ 1 , , σ Ns , i.e.,
β i a r (ϕir )a t (ϕit ) denotes the ith non-line-of=
y
ρ W H HPs + W H n
sight (NLoS) component. In addition, $L$ is
(6)
=
ρ U1H HV1s + U1H n= ρ Σ1s + U1H n.
the total number of paths, a r (ϕir ) and a t (ϕit )
denote the array response vectors at the user
and the BS, respectively. For the widely used
uniform linear line antenna array (ULA) with
N elements, the array response vector is [8]
a ULA (ϕ ) =

1
N

T

2π
j ( N −1)
d sin(ϕ ) 
 j 2λπ d sin(ϕ )
λ
, , e
1, e
 ,



(4)
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In mmWave communications, the gain of
LoS component can be about 15 dB higher
than that of NLoS component [9]. Consequently, the singular values of channel matrix
H vary a lot, which results in significantly
different SNRs over different sub-channels as
shown in figure 2 (a). It should be pointed out
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that the water-filling power allocation will further aggravate the variations of the sub-channel gains, since it allocates more power on the
sub-channel with higher channel gain. If the
same MCS is adopted by all sub-channels, the
bit error rate (BER) performance will be primarily determined by the sub-channel with the
lowest
SNR, which is unexpected in practical systems. If the similar BER performance in all
sub-channels is expected, careful bit allocation
is required (i.e., allocating different MCSs on
different sub-channels), which will incur high
coding/decoding complexity [12].
To avoid the complicated bit allocations,
unlike SVD as shown in (5), we use GMD to
decompose the channel [19]:
*  Q H 
R
H
=
H GRQ
=
[G1 G 2 ]  01 R   1H  , (7)
2  Q 2 

N r × Ns
w h e r e G1 ∈ 
a n d Q1 ∈  N t × Ns a r e
semi-unitary matrices containing the left N s
columns of unitary matrices G ∈  Nr × Nr and
Q ∈  N t × N t , respectively, * is an arbitrary
matrix, and R1 is an N s × N s upper triangular
matrix with identical diagonal elements presenting the geometric mean of the largest N s
singular values ri ,=
i

1/ Ns

σ 1σ 2 σ N = r , ∀i ,
s

where ri , j denotes the element of R1 in the ith
row and jth column for simplicity. Employing
Q1 as the precoder and G1H as the combiner,
we can rewrite (1) as
=
y
=

*DLQV

ρ W H Hx + W H n
ρ G1H HQ1s + G1H n=

ρ R1s + G1H n.

 (8)
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Fig. 2. Intuitive illustrations of sub-channel gains: (a) SVD-based precoding; (b)
GMD-based precoding.
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figure 2 (b). Thus, we can naturally avoid the
complicated bit allocation caused by different
SNRs for different sub-channels in the existing SVD-based precoding. However, due to
the large number of required RF chains, the
energy consumption of fully digital GMDbased precoding is still high. This problem
can be resolved by the proposed GMD-based
hybrid precoding in the next subsection.

3.2 GMD-based hybrid precoding
In this subsection, we propose the GMD-based
hybrid precoding avoid the complicated bit
allocation required by the conventional SVDbased hybrid precoding. Note that we focus
on the design of hybrid precoders, while the
design of hybrid combiners can be realized in
a similar manner. We use Q1 , Q A , and Q D
to denote the unconstrained GMD-based precoder, the GMD-based analog precoder, and
the GMD-based digital precoder, respectively.
To obtain near-optimal GMD-based hybrid
precoders, we should seek a pair of analog and
digital precoders that are sufficiently close to
the unconstraint GMD precoder. Meanwhile,
the constraint on the analog precoder as shown
in (2) should be also considered. In addition,
the total transmit power can be bounded as

(

)

(

)

opt
=
Q opt
arg min || Q1 − Q A Q D ||F ,
A , QD

=
s.t. | {Q A }i , j |

1RLVH
SRZHU

D

with equal sub-channel gain rii as shown in

based hybrid precoder design problem can be
formulated as

/RZHVWVXEFKDQQHOJDLQ
DIWHU69'



utilize the successive interference cancellation
at the receiver [19] to obtain N s sub-channels

tr Q A Q D Q DH Q AH ≤ N s . To sum up, the GMD-

*DLQV



Since the equivalent channel after precoding and combining in the GMD-based precoding is an upper triangular matrix R1 , we can

QA ,QD

1
Nt

(

)

, tr Q A Q D Q DH Q AH ≤ N s .

(9)
It is worth pointing that this norm minimization problem formulation (9) can also be
interpreted as a mutual information maximization problem formulation for GMD-based
hybrid precoding based on similar approximaChina Communications • May 2018

tions in [8].
However, solving the optimization problem (9) is challenging, since Q A and Q D are
coupled, and the constraint | {Q A }i , j |= 1/ N t
is non-convex [8]. To this end, we fix Q D
while designing Q A , and vice versa. Note that
the main challenge lies in the design of the
analog precoder Q A due to the non-convex
constraint. To effectively design the analog
precoder Q A , we first introduce the following

to match up these two ``basis’’, i.e., leveraging
the A t to serve as Q A . Besides, A t also satisfies the constant modulus constraints. However, rigorously speaking, A t cannot be directly
utilized as the analog precoder Q A , since A t
has L columns while Q A has N tRF columns.
Note that in hybrid precoding structure, N tRF
is usually assumed to be smaller than L [8,
16]. Therefore, we need to select the ``best’’
N tRF columns from A t to form Q A . In this

way, the analog precoder design problem beLemma 1.
comes
L e m m a
1 .
L e t
t
t
t
T arg min || Q1 − A t TQ D ||F ,
A t = a t (φ1 ), a t (φ2 ), , a t (φL )  is an N t × L =
T
(11)
matrix containing all L steering vectors at the
s.t. || diag(TT H ) ||0 = N tRF ,
BS side. Then, the columns of A t is able to
where T is a selecting matrix with only N tRF
span the column space of Q1 .

Proof: We observe that the columns of V1
form an orthogonal basis of the row space for
H , while the columns of A t also span the
row space of H according to (). Consequently, the columns of A t can span the column
space of V1 . Additionally, to implement GMD
based on SVD, a reduce and conquer method
is used in [19], which successively adjusts the
diagonal element in Σ to r through permutations and Givens transformations. Such GMD
implementation procedure (which is called
“GMD procedure” in this letter) can be expressed as
Q1 V=
U=
STL Σ1S R ,  (10)
=
1S R ; G1
1S L ; R1
where S R and S L are N s × N s unitary matrices, which is the product of a series of permutation matrices and Givens matrices [19].
From (10), we observe that if the columns of
an arbitrary matrix Ω spans the column space
of V1 , they can also span the column space of
Q1 , since multiplying by S R does not change
the column space of V1 . Therefore, the columns of A t can span the column space of Q1 .
Recalling the objective function in (9), we
find that the form of hybrid precoders Q A Q D
can also be interpreted as treating the analog
precoder Q A as a basis and using the digital
precoder Q D as the combination coefficients.
Therefore, based on the Lemma 1, it is natural
China Communications • May 2018

non-zero rows. Since the number of RF chains
is smaller than the number of paths in hybrid
precoding, and we only pick up the steering
vectors with the highest correlations to the
optimal precoder Q1 , T will be a sparse matrix, where only a small number of elements
is non-zero. Thus, we can leverage the sparseaware algorithms, such as the orthogonal
matching pursuit (OMP) algorithm [8] to solve
(11). Note that we remove the power constraint on the precoders in (11), since it can be
fulfilled through normalization on the digital
precoder.
After the analog precoder is determined,
the digital precoder design problem becomes a
Frobenius norm minimization problem:
=
arg min || Q1 − Q A Q D ||F ,
Q opt
D
QD
(12)
s.t. tr Q A Q D Q DH Q AH ≤ N s ,

(

)

where Q A is the determined analog precoder
obtained by solving (11). The optimal solution
to (12) has a least square form [16]. So the
digital precoder can be designed as
Q D = {Q A }† Q1 , (13)
and the power constraint in () can be satisfied
through normalizing Q D .
The proposed GMD-based hybrid precoding
algorithm has been summarized in Algorithm
1, which is mainly composed of two parts. The
first part including steps 4-9 corresponds to
the construction of the analog precoder Q A ,
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mmWave massive MIMO system at 28 GHz,
where an N t = 256 -element ULA with the

Algorithm 1. The proposed GMD-based hybrid precoding algorithm.
Input: Channel matrix H
Output: Precoding matrix Q A and Q D
1.

Construct A t , perform GMD of the channel matrix: [G1 , R1 , Q1 ] = GMD(H ) ;

2.

Initialize the residual matrix Q res = V1 , and the index set 1 = ∅ ;

3. Repeat:
H
4.		 j = argmax l =1,, L ( A tH Q res Q res
A t )l ,l ;
6.		 Υ = Ξ†Q1 ;
Q1 − ΞΥ
;
7.		 Q res =
|| Q1 − ΞΥ ||F
8.

Until ( | 1 |== N

9.

Construct Q A = Ξ ;

 (0,1) , while the NLoS path gains β i follow the distribution  (0,10− µ ) , where µ is

);

a power normalizing factor to adjust the power distribution between LoS component and
NLoS component [8, 15]. The AoA and AoD
of each component are uniformly distributed
in [ −π / 2, π / 2] [8, 15]. For the modulation

10. Construct Q D = {Q A }† Q1 ;
11. Normalize Q D = N s

QD
;
|| Q A Q D ||F


where we use the OMP algorithm to greedily
select the N tRF BS steering vectors and store
them in Ξ . The second part including steps
10-11 is the construction and normalization of
the digital precoder Q D based on (13).
Finally, we analyze the complexity of the
proposed GMD-based hybrid precoding, which
is composed of three parts in general. The first
part is implementing GMD based on SVD,
whose complexity is (( N s + N t ) N s ) [19],
since only an N s × N s matrix S R is multiplied
on V1 . The second part is the construction of
the analog precoder based on the OMP algo-

(

)

rithm, whose complexity is  ( N tRF ) 2 N t N s .
The third part is the computation of the
digital precoder, of which the complexity is
( N tRF N t N s ) , as we need to compute the
pseudo-inverse matrix of Ξ . Hence, the
overall complexity of GMD-based hybrid pre-

(

(

)

)

coding is  N t N s ( N tRF ) 2 + N tRF + 1 + N s2 ,
which is comparable to the conventional SVDbased precoding [8, 10].

IV. SIMULATION RESULTS
In this section, we evaluate the performance
of the proposed GMD-based hybrid precoding
through simulations. We consider a typical
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d = λ / 2 is employed at the user [8, 15]. Both
RF
RF
BS and the user adopt N=
N=
4 RF
t
r
chains. For the mmWave channel, there are
one LoS path and 4 NLoS paths. Additionally,
the LoS path gain β 0 follows the distribution

1 ∪=
j , and Ξ {a t (φ jt )}, j ∈ 1 ;
5.		 =
1

RF
t

antenna spacing d = λ / 2 is employed at the
BS, while an N r = 16 -element ULA with also

scheme, we adopt the 16QAM modulation on
all sub-channels after SVD/GMD to guarantee
the same complexity and compare the performance of different precoding methods.

4.1 Performance comparison under
perfect CSI
In this subsection, we evaluate the performance of the proposed GMD-based hybrid
precoding with the assumption that perfect
channel state information (CSI) is available at
both the transmitter and the receiver.
Firstly, we consider an LoS environment
in the mmWave propagations [15]. Figure 3
shows the results of BER performance comparison, where µ = 1.5 (the power of LoS
component is 15 dB higher that of NLoS
component). We can observe that the proposed
GMD-based precoding (including the fully
digital GMD-based precoding and the GMDbased hybrid precoding) can achieve better
BER performance than the conventional SVDbased precoding (including the fully digital
SVD-based precoding and the SVD-based
hybrid precoding [8]). Since the GMD-based
precoding converts the mmWave massive
MIMO channel into several sub-channels
with identical SNR, we can naturally avoid
the severe BER performance degradation in
sub-channels with very low SNRs in SVDbased precoding. Furthermore, the perforChina Communications • May 2018

the LoS paht and the NLoS paths. The result
is given in figure 4, where we find that the approximation performance of hybrid precoding
to fully digital precoding degrades, since the
power of the channel disperses onto several
paths which cannot be collected via a limited
number of RF chains. In addition, we also
observe that the performance gap between the
GMD-based precoding and SVD-based precoding becomes smaller, because the gains of
sub-channels after precoding and combining
tend to be more similar in an NLoS environment. Nevertheless, the proposed GMD-based
hybrid precoding can still outperform the conventional precoding schemes.

10-1

10-2

BER

mance gap between the fully digital GMDbased precoding and the proposed GMD-based
hybrid precoding is negligible, which implies
that the proposed GMD-based hybrid precoding is able to approach the performance of the
fully digital GMD-based precoding.
We also consider the NLoS environment
in the performance comparison [18], where
µ is set to zero to indicate the same power of

10-3
SVD-based hybrid precoding [8]
Fully digital SVD-based precoding
Proposed GMD-based hybrid precoding
Fully digital GMD-based precoding

10-4
-10

hybrid precoding). For the channel estimation
schemes, we adopt a hierarchical codebook
[21, 22] to estimate the AoA, AoD, and complex gain for a path through analog beam
training, and the number of estimated paths is
equal to the number of RF chains.
Figure 5 presents the BER performance
comparison in an LoS environment where

China Communications • May 2018
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Fig. 3. BER performance comparison in the LoS environment with µ = 1.5 .

10-1
SVD-based hybrid precoding [8]
Fully digital SVD-based precoding
Proposed GMD-based hybrid precoding
Fully digital GMD-based precoding

4.2 Impacts of low-rank CSI

10-2

BER

In practical mmWave massive MIMO systems,
acquiring perfect CSI is very challenging due
to the high dimension of the channel matrix.
Therefore, it is important to evaluate the performance of the proposed GMD-based hybrid
precoding under imperfect CSI. In mmWave
MIMO systems, a low-rank channel estimation is usually conducted instead of a fullrank channel estimation to save the signaling
overhead [21], where only a limited number
of paths are estimated (e.g., estimating the 4
paths with the highest power instead of the
whole 10 paths when N RF = 4 to enable the

-5

10-3

10-4
-20

-15

-10

-5

0

5

10

SNR (dB)

Fig. 4. BER performance comparison in the NLoS environment with µ = 0 .

µ = 1.5 . From the figure, we can observe that
using the low-rank CSI to precode the signals
will suffer from an obvious performance loss
when the channel presents an LoS characteristic. This is because omitting the weak paths
in channel estimation will make the singular
values corresponding to the weak paths much
smaller, which obviously lowers the geometric mean value of these singular values, i.e.,
235

BER

10

the performance gap between precoding with
full-rank CSI and precoding with low-rank
CSI becomes smaller. On the one hand, the
singular values of the channel matrix are more
robust when there are several paths with similar power. On the other hand, the performance
of the beam training method becomes better
when estimating the paths with relative higher
power.

-1

10-2

10-3
-10

V. CONCLUSIONS

GMD-based hybrid precoding with full-rank CSI
Fully digital GMD-based precoding
GMD-based hybrid precoding with low-rank CSI

-5

0
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10

15

20

SNR (dB)

Fig. 5. BER performance comparison between precoding with full-rank CSI and
precoding with low-rank CSI in the LoS environment.

10-1

GMD-based hybrid precoding with full-rank CSI
Fully digital GMD-based precoding
GMD-based hybrid precoding with low-rank CSI

BER

10-2

10-3

In this paper, a GMD-based hybrid precoding
is proposed to avoid the complicated bit allocation in the conventional SVD-based hybrid
precoding. We have found that with the help
of GMD, the mmWave MIMO channel can be
converted into several sub-channels with identical SNRs, thus naturally avoiding the complicated bit allocation. Furthermore, we have
proposed to decouple the design of the analog
and digital precoders, where the analog precoder is designed using the principle of basis
pursuit, while the digital precoder is obtained
by using GMD. Simulation results verify that
the proposed GMD-based hybrid precoding
can achieve better performance than the conventional SVD-based hybrid precoding.
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Fig. 6. BER performance comparison between full-rank CSI and precoding with
low-rank CSI in the NLoS environment.

the gain of each sub-channel after GMD. In
addition, the performance of the analog beam
training also degrades when the estimating the
NLoS paths with very small power in the LoS
environment, which further aggravates the
performance loss.
We also evaluate the impact of channel
estimation in the NLoS environment in figure
6, where µ = 0 . In this figure, we find that
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