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Multiple Access for Near-Field Communications:
SDMA or LDMA?

Zidong Wu and Linglong Dai , Fellow, IEEE

Abstract— Spatial division multiple access (SDMA) is essential
to improve the spectrum efficiency for multi-user multiple-input
multiple-output (MIMO) communications. The classical SDMA
for massive MIMO with hybrid precoding heavily relies on the
angular orthogonality in the far field to distinguish multiple users
at different angles, which fails to fully exploit spatial resources in
the distance domain. With the dramatically increasing number
of antennas, the extremely large-scale antenna array (ELAA)
introduces additional resolution in the distance domain in the
near field. In this paper, we propose the concept of location
division multiple access (LDMA) to provide a new possibility
to enhance spectrum efficiency compared with classical SDMA.
The key idea is to exploit extra spatial resources in the distance
domain to serve different users at different locations (determined
by angles and distances) in the near field. Specifically, the
asymptotic orthogonality of near-field beam focusing vectors in
the distance domain is proved, which reveals that near-field
beam focusing is able to focus signals on specific locations
with limited leakage energy at other locations. This special
property could be leveraged in hybrid precoding to mitigate
inter-user interferences for spectrum efficiency enhancement.
Moreover, we provide the spherical-domain codebook design
method for LDMA communications with the uniform planar
array, which provides the sampling method in the distance
domain. Additionally, performance analysis of LDMA is provided
to reveal that the asymptotic optimal spectrum efficiency could
be achieved with the increasing number of antennas. Finally,
simulation results verify the superiority of the proposed LDMA
over SDMA in different scenarios.

Index Terms— Spatial division multiple access (SDMA), mas-
sive MIMO, extremely large-scale antenna array (ELAA), near-
field, location division multiple access (LDMA).

I. INTRODUCTION

TO MEET the dramatically increasing demand for data
transmission, spectrum efficiency has always been con-

sidered as one of the most important key performance indi-
cators (KPIs) for communications [1]. In the fifth generation
(5G) networks, by employing dozens or hundreds of antennas
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at the base station (BS) to simultaneously serve multiple
user equipments (UEs), massive multiple-input multiple-output
(MIMO) is the key enabler for achieving the remarkable
growth in spectrum efficiency [2], [3], [4]. In 5G mas-
sive MIMO communications, spatial division multiple access
(SDMA) is indispensable to support multi-stream transmis-
sions with multiple UEs. Through SDMA, different UEs
are able to establish parallel transmission links with BS
by exploiting different spatial resources, which significantly
boosts spectrum efficiency.

With the requirement of a 10-fold increase in spectrum
efficiency for future 6G communications, massive MIMO
technology will evolve into extremely large-scale antenna
array (ELAA) equipped with thousands of antennas. Thanks
to the significantly increased number of antennas, ELAA
is capable of further improving the spectrum efficiency by
orders of magnitude for 6G [5]. The research on ELAA has
attracted significant attention from academia and industry, and
the implementations of ELAA have been validated in over-the-
air channel measurement platforms [6], [7].

A. Prior Works

From MIMO for 4G, massive MIMO for 5G, and ELAA for
future 6G, people are seeking the improvement of spectrum
efficiency mainly by increasing the number of antennas to
support more parallel data transmissions under the SDMA
framework. For SDMA, precoding plays a central role in form-
ing high-gain beams and managing inter-user interferences to
enhance spectrum efficiency. There are plenty of fully digital
precoding techniques to realize SDMA in MIMO systems [8],
[9], [10], [11], [12]. Specifically, in [8], a matched-filter
(MF) precoding method was proved to be able to achieve
optimal spectrum efficiency with independently and identically
distributed channels for an infinite number of UEs. Then,
it was shown in [9] that the zero-forcing (ZF) precoding
could achieve higher spectrum efficiency than MF precoding
when the number of transmit antennas is much larger than
the number of UEs. To avoid the ill-posed inversion process
brought by the ZF precoding, regularized zero-forcing (RZF)
precoding scheme was introduced to improve the system
performance when the number of transmit antennas is not far
beyond the served UEs [10], [11].

With the increasing number of antennas, the power
consumption and hardware cost of fully-digital precoding
become overwhelming for massive MIMO and ELAA systems
[13], [14]. To significantly reduce power consumption, the
hybrid precoding architecture has been widely considered [15],
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where energy-efficient phase shifters are employed to realize
analog precoding to reduce the number of radio frequency
(RF) chains compared with fully-digital precoding. In hybrid
precoding architectures, SDMA is usually realized by the
joint design of analog and digital precoders. Since the analog
precoding is realized by phase shifters, the constant modulus
constraints of phase shifters impose difficulties on the analog
precoder designs, which has become the main challenge for
SDMA.

The analog precoder design methods to realize SDMA can
be mainly classified into two categories: Optimization-based
scheme and beam-steering-based scheme. In the first category,
optimization tools are employed to overcome the constant
modulus constraints to design analog precoders. Specifically,
an alternate optimization of the analog precoder and the ZF-
based digital precoder was proposed in [16] to maximize
the spectrum efficiency for SDMA. To further ensure the
convergence, RZF-based digital precoding was considered
in [17], and an alternate optimization was performed to opti-
mize the analog precoder and the compensation matrix, which
is a component of the digital precoder. Nevertheless, those
optimization-based schemes often involve high complexity,
which is difficult to be applied to practical wireless systems.

To reduce the complexity, the other category of beam-
steering methods usually employs the beam steering vectors
to construct the analog precoder [18], [19], [20]. By exploit-
ing the sparsity of massive MIMO channels, particularly at
high frequencies, the beam steering vectors corresponding to
directional beams can be directly utilized to design analog
precoders without complicated optimization tools, which could
also approach the optimal spectrum efficiency in single-user
scenarios [15]. Moreover, the near-optimal single-user hybrid
precoding design was generalized to the more general multi-
user cases in [18], where the authors pointed out that the direc-
tional beams can be also exploited to increase the spectrum
efficiency in SDMA, although some inter-user interferences
will be introduced.

To further eliminate the inter-user interferences, a practical
two-stage multi-user precoding scheme was proposed in [20]
to employ the steering beams to construct analog precoders.
In the first stage, the analog precoder is selected from a prede-
fined beam codebook to maximize the received signal power.
Normally, the discrete Fourier transform (DFT) codebook is
adopted to generate beams aligned with specific directions.
In this stage, different UEs can be partially distinguished
and served by different directional beams, and the inter-user
interferences can be partially alleviated. Then, in the second
stage, the digital precoder is designed to further eliminate
the remained inter-user interferences. Moreover, owing to the
asymptotic orthogonality of different directional beams in
the angular domain, the beam steering vectors adopted are
asymptotically orthogonal when the number of antennas tends
to infinity [19]. That is to say, the received signal power could
be maximized while inter-user interferences could be naturally
eliminated in SDMA for a large number of antennas [21]. Due
to the low complexity and asymptotic angular orthogonality
of beams, the beam-steering-based schemes are widely con-
sidered in 5G and are expected to be applied in future 6G.

Following such methods, to further enhance the spectrum
efficiency, communication systems commonly rely on the
consistent increase of the number of antennas to provide
thinner beams, where analog precoding could eliminate inter-
user interference more thoroughly. Although hybrid precoding
is considered to be energy-efficient, the dramatic increase of
antennas will bring unaffordable energy consumption. Besides
increasing the number of antennas only, is there any other new
possibility to significantly boost the spectrum efficiency?

B. Our Contributions

Inspired by near-field communications recently investigated
in [22], this paper tries to exploit the extra resolution in the
distance domain brought by near-field beams to enhance the
spectrum efficiency. Specifically, the transition from massive
MIMO to ELAA implies that many communications happen
in spherical-wave-based near-field regions, instead of classical
planar-wave-based far-field regions. Owing to the different
electromagnetic wave propagation models, unlike the far-field
beams focusing signal energy on a certain angle, near-field
beams are capable of focusing signal energy on a specific
location [23], which could be leveraged to mitigate inter-user
interference and therefore improve the spectrum efficiency.

In this paper, the concept of location division multiple
access (LDMA) is proposed, which provides a new possibility
to exploit spatial resources to improve spectrum efficiency per-
formance compared with classical SDMA.1 The contributions
are summarized as follows:
• The LDMA communication scheme is proposed in this

paper. The key idea is to exploit the energy-focusing
property of near-field beams to serve different UEs
located at different angles and different distances, i.e.
locations, to fully exploit the extra resources in the dis-
tance domain to improve the system performance. In clas-
sical SDMA, more antennas are required to increase
the angular focusing property of beams to suppress the
interference for spectrum efficiency improvement. On the
contrary, benefiting from the extra focusing property of
near-field beams in the distance domain [24], [25], UEs
located not only at different angles but also at different
distances can also be served by near-field beams without
serious interference. The proposed LDMA scheme poses
another dimension to improve the spectrum efficiency
compared with classical SDMA.

• Under the LDMA framework, similar to the asymp-
totic orthogonality of far-field beams in the angular
domain [19], the asymptotic orthogonality of near-field
beams in the extra distance domain is investigated. For
different array structures, we prove the property that as
the number of antennas tends to infinity, the correlation of
near-field beams focusing on the same angle but different
distances converges to zero based on Fresnel approxi-
mation. The extra asymptotic orthogonality of near-field
beams in the distance domain ensures the theoretical
feasibility of LDMA with large antenna arrays.

1Simulation codes are provided to reproduce the results in this paper:
http://oa.ee.tsinghua.edu.cn/dailinglong/publications/publications.html.
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• To efficiently utilize the extra orthogonality of near-field
beams in the distance domain proved above, a three-
dimensional (3D) near-field codebook for uniform planar
array (UPA) systems is designed to distinguish different
UEs. The classical far-field DFT codebook only per-
forms sampling in different azimuth and elevation angles.
In addition to the uniform angular sampling, the near-
field codebook could characterize the correlation of near-
field beams in the distance domain to perform efficient
distance sampling. Different from the uniform angular
sampling, we provide a non-uniform sampling criterion
in the distance domain for UPA systems.

• Finally, by virtue of the asymptotic orthogonality of near-
field beams both in angular and distance domains, the
performance analysis is provided to reveal the asymptotic
optimality of the LDMA scheme. That is to say, when
the number of antennas tends to infinity, the spectrum
efficiency of LDMA could approach the interference-
free scenarios. Simulation results are also provided to
verify the superiority of the LDMA scheme compared
with classical SDMA by providing a new possibility to
enhance the spectrum efficiency.

C. Organization and Notation

The remainder of the paper is organized as follows.
Section II introduces the system model and near-field beam
focusing vectors for uniform linear array (ULA) and UPA
systems. Section III theoretically investigates the asymp-
totic orthogonality of near-field beams. In Section IV, the
LDMA scheme is illustrated and the spherical-domain code-
book design method is provided. The performance analysis
is detailed in Section V. Simulation results are provided in
Section VI, and conclusions are drawn in Section VII.

Notations: C denotes the set of complex numbers; [·]−1,
[·]T , [·]H and diag(·) denote the inverse, transpose, conjugate-
transpose and diagonal operations, respectively; ∥·∥F denotes
the Frobenius norm of a matrix; |·| denotes the norm of its
complex argument; ≲ denotes approximately less or equal to;
IN is an N × N identity matrix.

II. SYSTEM MODEL

In this section, we introduce the hybrid precoding architec-
ture for ELAA systems. The classical far-field and near-field
channel models are also investigated and compared.

A. System Model

We consider a narrowband time division duplexing (TDD)
ELAA single-cell communication scenario in this paper. The
BS is equipped with an N -antenna ELAA and NRF RF chains,
where the hybrid precoding architecture is employed and
NRF ≤ N is satisfied. The BS aims to simultaneously serve
K single-antenna UEs in the cell, which requires NRF ≥ K.
For analysis simplicity, NRF = K is assumed throughout
the paper. To enable the multiple access for different UEs,
the uplink and downlink transmissions are both consid-
ered. The downlink system model is first introduced and the

Fig. 1. Classical hybrid precoding architecture of massive MIMO commu-
nication systems.

uplink channel can be obtained by transposing the downlink
model according to the channel reciprocity [19].

A traditional massive MIMO millimeter-wave (mmWave)
communication system can be modeled as in Fig. 1. The
received signal for all K UEs can be represented as

yDL = HFAFDs + n, (1)

where yDL = [y1, y2, · · · , yK ]T denotes the K × 1 received
signals for all UEs, H = [h1,h2, · · · ,hK ]H denotes the
downlink channel matrix, and hk denotes the channel vector
between the base station and the kth UE. The signal vector
s satisfying the power constraint E[ssH ] = I is transmitted
to all UEs. The precoding matrices contain two separate
components, i.e., digital precoder FD and analog precoder
FA. Finally, n ∼ CN (0, σ2

nIK) is the additive white Gaussian
noise (AWGN), where σ2

n denotes the variance of the noise.
The overall spectrum efficiency could be expressed as

R =
∑
k

Rk =
∑
k

log2

(
1 +

pk|hHk FAfD,k|2

σ2
n +

∑
l ̸=k pl|hHk FAfD,l|2

)
,

(2)

where pk denotes the power allocated to the kth UE, fD,k
denotes the kth column of digital precoder FD.

B. Far-Field Channel Model

The wireless channel can be constructed by either the far-
field model [15] or the near-field model [24]. Rayleigh distance
is commonly adopted to identify the boundary between far-
field and near-field regions, which is defined as rRD =
2D2

λ [26].2 In 5G massive MIMO communications, since the
aperture of antenna array is not very large, the Rayleigh
distance is very limited. For instance, the Rayleigh distance of
a 32-element array at 30 GHz is 5 meters, which only covers a
little part of a cell. Therefore, the UEs are commonly located
out of the Rayleigh distance of BS, i.e. far-field region, where
the channels can be approximately modeled based on the far-
field planar-wave propagation model [26]. Owing to the sparse

2Apart from Rayleigh distance, recently several criteria have been proposed
to partition the far-field and near-field region more accurately, including
the effective Rayleigh distance [27] and Björnson distance [28]. To ensure
the conciseness of expressions, we adopt the classical Rayleigh distance to
characterize the near-field region in this paper.
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scattering environment of mmWave frequency [29], the far-
field channel can be modeled as

hfar
k =

√
Nα0a(θ0, ϕ0) +

√
N

L

L∑
l=1

αla(θl, ϕl), (3)

which contains one line-of-sight (LoS) path and L non-line-
of-sight (NLoS) paths. Parameters αl, θl, and ϕl denote the
complex path gain, elevation angle, and azimuth angle of the
lth path, respectively. The index l = 0 represents the LoS path,
while l ≥ 1 represents the NLoS paths. The complex gain for
the LoS path α0 can be expressed as α0 =

√
κ
κ+1 while the

channel gains for NLoS paths follow αl ∼ CN (0, σ2
α,l) for

l ≥ 1, where σ2
α,l = 1

κ+1 . The Rician factor κ denotes the
power ratio of LoS and NLoS paths. Due to the planar-wave
propagation model, the far-field steering vector a(θl, ϕl) is
only determined by the transmitting or receiving angles for a
fixed array structure. For the widely adopted ULA, the steering
vector corresponding to an N -element ULA along the y-axis
can be written as

aL(ϕ) =
1√
N

[
1, ejkd sinϕ, · · · , ejk(N−1)d sinϕ

]T
, (4)

where k = 2π
λ denotes the wavenumber, and d denotes the

spacing of adjacent antenna elements. It is worth noting that
changing the elevation angle θ does not influence the element
of ULA’s steering vector [15]. Thus, θ is omitted in the
arguments of aL(·) for simplicity. Similarly, for UPA with
N = N1 × N2 elements placed in the yz-plane, the steering
vector can be written as [30]

aP(θ, ϕ) = a(y)
L ⊗ a(z)

L

=
1√
N

[
1, · · · , ejkd(n1 sinϕ sin θ+n2 cos θ), · · · ,

ejkd((N1−1) sinϕ sin θ+(N2−1) cos θ)
]T
, (5)

where N1 and N2 denote the number of antenna elements on
the y-axis and z-axis, respectively.

The beam steering vectors above are based on the planar-
wave propagation assumption in the far-field region. However,
since the number of antenna elements significantly increases
in ELAA systems, the near-field region will also be enlarged.
Specifically, as the number of antennas scales up, the near-
field region determined by the Rayleigh distance rRD = 2D2

λ
for ELAA systems remarkably expands. For instance, the
Rayleigh distance of a 3200-antenna array in [31] can reach
about 200 meters. Most areas of a cell will be classified into
the near-field region, where the electromagnetic field has to
be modeled by spherical waves. Therefore, the classical beam
steering vectors in (4) and (5) are no longer valid for near-field
communications.

C. Near-Field Channel Model

To characterize the near-field channel for ELAA systems,
the near-field channel model adopting the point scatterer
assumption can be expressed as [24]

hnear
k =

√
Nα0b(r0, θ0, ϕ0) +

√
N

L

L∑
l=1

αlb(rl, θl, ϕl), (6)

Fig. 2. Near-field channel model for ULA communication systems.

where b(rl, θl, ϕl) denotes the near-field beam focusing vector,
which focuses the signal energy at the location indexed by
(rl, θl, ϕl). Again, l = 0 represents the LoS channel compo-
nent, and l ≥ 1 represents the NLoS components. To empha-
size the different properties of near-field beams, we term the
single-path near-field channel as the beam focusing vector,
which is opposite to the classical beam steering vector defined
in (4) and (5) in the far-field region.

As shown in Fig. 2, the near-field beam focusing vector for
an N -element ULA can be expressed as

bL(r, ϕ) =
1√
N

[
e−jk(r

(−Ñ)−r), · · · , e−jk(r
(Ñ)−r)

]T
, (7)

where r(n) denotes the distance between the scatterer (or
UE) and the nth antenna element, and r denotes the distance
between the scatterer (or UE) and the center of the array.3 The
maximum index is defined as Ñ = N−1

2 , and N is assumed to
be odd. The distance term r

(n)
l of the lth path can be rewritten

based on the spherical-wave propagation model as

r
(n)
l =

√
r2l − 2ndrl sinϕl + n2d2

(a)
≈ rl

(
1 +

1
2
ϵ2 − 1

8
ϵ2
)

(b)
≈ rl − nd sinϕl +

n2d2

2rl
cos2 ϕl

= rl + ψ
(n)
L,rl,ϕl

, (8)

where ϵ = − 2nd sinϕl

rl
+ n2d2

r2l
denotes the small quantity

compared with rl and ψ
(n)
L,rl,ϕl

= −nd sinϕl + n2d2

2rl
cos2 ϕl

denotes the difference of the propagation distance on the lth

path compared with the ULA center. Approximation (a) is
derived by the second-order Taylor series expansion

√
1 + x =

1 + x
2 −

x2

8 + O(x2). It has been proved in [33] that, when
communication distance exceeds Fresnel boundary rFR =
D
2

(
D
λ

)1/3
, the second-order expansion is commonly accurate

enough in the near-field region. Moreover, approximation (b) is
obtained by assuming that rl is much larger than nd even in the
near-field region, since communication distance is commonly

3Note that the polarization of each antenna also needs to be precisely
configured to realize alignments of signals at receivers [32]. Since this paper
mainly focuses on precoding designs, an ideal polarization configuration is
assumed. Therefore, the factor of polarization is omitted throughout the paper.
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Fig. 3. Near-field channel model for UPA communication systems.

larger than the array aperture. Therefore, we only keep the
first and second-order of nd

rl
, which could obtain a concise

but accurate approximation as [24].
Remark 1: When the Taylor series expansion only keeps

the first-order term as
√

1 + x ≈ 1 + x
2 , the distance r

(n)
l

becomes proportional to index n, which makes near-field beam
focusing vectors in (7) degenerate to far-field beam steering
vectors in (3). In other words, the linear phase of far-field beam
steering vectors is a special case of non-linear phase of near-
field beam focusing vector without higher-order information.

For UPA with N = N1 ×N2 elements where antennas are
deployed in two perpendicular directions, the beam focusing
vectors are markedly different from those of ULA. Specif-
ically, the near-field beam focusing vector for UPA can be
obtained based on the spherical-wave propagation model as

bP(r, θ, ϕ) =
1√
N

[
e−jk(r

(−µ̃)−r), · · · , e−jk(r
(µ̃)−r)

]T
,

(9)

where µ̃ = (Ñ1, Ñ2), Ñ1 and Ñ2 are similarly defined as
Ñi = Ni−1

2 . As shown in Fig. 3, the distance between the
scatterer (or UE) and the (n1, n2)-element of the lth path
is expressed as in (10), shown at the bottom of the page,
where rl denotes the distance between the center of UPA and
the scatterer (or UE) of the lth path and ψ

(n1,n2)
P,rl,θl,ϕl

denotes
the difference of the propagation distance of the lth path
compared with the center of UPA. Again, the approximation
(a) is derived by adopting a similar approximation as in (8).

Remark 2: It is worth noting that, the far-field steering
vectors along the y- and z-axis can be decoupled. Thus, the far-
field steering vector of UPA can be expressed as the Kronecker
product of two steering vectors of ULA as in (5). While in
the near-field region where the spherical-wave assumption is
adopted, the phase term is coupled along the y- and z-axis
in (10), which brings fundamental distinction in the beam
codebook design method, which is discussed in Section IV-B.

To sum up, different from far-field channels based on planar-
wave assumptions in (4) and (5), the phase terms based
on (8) and (10) are related to both spatial angle and distance.
Therefore, the near-field channels for UEs located in the same
angle but different distances are remarkably different. The
UEs can be distinguished according to their spatial angle and
distance, i.e., their location on the 2D (3D) space for the ULA
(UPA) case, which is a fundamental change compared with
far-field communications. In the following section, the spatial
resolution of near-field beam focusing vectors in angular and
distance domains will be discussed.

III. ANALYSIS OF ASYMPTOTIC ORTHOGONALITY OF
NEAR-FIELD BEAM FOCUSING VECTORS

To further analyze the property of near-field beam focusing
vectors, the asymptotic orthogonality of near-field beam focus-
ing vectors is investigated in this section. The orthogonality
is revealed by investigating the correlation between differ-
ent beam focusing vectors. We first review the asymptotic
orthogonality of far-field beam steering vectors in the angular
domain. Then, we show that the asymptotic orthogonality
generalizes from the angular domain to both angular and
distance domains in the near-field region for ULA systems.
Finally, the proposition is generalized to UPA systems. The
asymptotic orthogonality reveals the fundamental differences
between far-field and near-field communications.

A. Analysis of ULA Systems

We first consider the far-field communications for ULA
systems. The correlation of steering vectors focusing on ϕl
and ϕm can be formulated as

∣∣aHL (ϕl)aL(ϕm)
∣∣ =

1
N

∣∣∣∣∣∣
Ñ∑

n=−Ñ

ejnkd(sinϕm−sinϕl)

∣∣∣∣∣∣
= |ΞN (kd(sinϕm − sinϕl))|, (11)

where ΞN (α) = sin N
2 α/(N sin 1

2α) is the Dirichlet sinc
function. According to (11), the correlation of steering vectors
achieves the maximum when ϕl = ϕm. If we consider two
single-path UEs located at the same angle, the channels of the
two UEs are identical and simultaneous transmissions can not
be established through precoding. Otherwise, the correlation
of steering vectors focusing on different angles tends to be
orthogonal with infinite antennas as [34]

lim
N→+∞

|aH(ϕl)a(ϕm)| = 0, for ϕl ̸= ϕm. (12)

Therefore, the spatial angular resolution of BS tends to
infinity as the number of antennas increases. Owing to the
angular orthogonality, BS is able to distinguish different

r
(n1,n2)
l =

√
(rl sin θl cosϕl)2 + (rl cos θl − n1d)2 + (rl sin θl sinϕl − n2d)2

(a)
≈ rl − n1d cos θl − n2d sin θl sinϕl +

n2
1d

2

2rl
(1− cos2 θl) +

n2
2d

2

2rl
(1− sin2 θl sin2 ϕl)−

n1n2d
2 cos θl sin θl sinϕl

rl

= rl + ψ
(n1,n2)
P,rl,θl,ϕl

. (10)
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channel components and multiplex different data streams to
different UEs. Therefore, the angular orthogonality of the far-
field beam steering vectors contributes to the SDMA or beam
division multiple access (BDMA) schemes [19]. In classical
massive MIMO communications, SDMA or BDMA schemes
have been thoroughly investigated. Nevertheless, the far-field
beam steering vector is no longer valid in the near-field
region, where the propagation model changes from planar-
wave models into spherical-wave models.

Based on the near-field channel focusing vector in (7), the
correlation of two beam focusing vectors corresponding to the
location of (rl, ϕl) and (rp, ϕp) is written as

∣∣bHL (rl, ϕl)bL(rm, ϕm)
∣∣ = 1

N

∣∣∣∣∣∣
Ñ∑

n=−Ñ

e
jk(ψ

(n)
L,rl,ϕl

−ψ(n)
L,rm,ϕm

)

∣∣∣∣∣∣,
(13)

where ψ(n)
L,rl,ϕl

and ψ(n)
L,rm,ϕm

are defined as in (8).
Unlike the far-field beam steering vectors which are only

dependent on spatial angles, the near-field beam focusing
vector is related to both spatial angle and distance. According
to Lemma 1 in [24], the correlation of two near-field beam
focusing vectors corresponding to the same angle but different
distances can be characterized with the following lemma.

Lemma 1: The correlation of near-field beam focusing vec-
tors can be approximated as follows

∣∣bH(rl, ϕ)b(rm, ϕ)
∣∣ ≈ ∣∣∣∣C(β) + jS(β)

β

∣∣∣∣, (14)

where β =
√

d2 cos2 ϕ
2λ | 1

rl
− 1

rm
|N , C(·) and S(·) denote

the Fresnel functions written as C(x) =
∫ x
0

cos(π2 t
2)dt and

S(x) =
∫ x
0

sin(π2 t
2)dt [26].

On a basis of Lemma 1, the asymptotic orthogonality of
ULA systems in the distance domain could be directly derived
as follows.

Corollary 1 (ULA Asymptotic Orthogonality in Distance
Domain): Near-field beam focusing vectors corresponding to
the same angle and different distances are asymptotically
orthogonal with the increasing number of antennas for ULA
systems, which is to say

lim
N→+∞

∣∣bH(rl, ϕ)b(rm, ϕ)
∣∣ = 0, for rl ̸= rm. (15)

Proof: According to (14), when the number of antennas
N tends to infinity, the numerator C(β)+ jS(β) converges to
0.5+0.5j and the denominator β tends to +∞ [35]. Therefore,
the correlation converges to 0, which proves the asymptotic
orthogonality in the distance domain.

To verify the asymptotic orthogonality in distance domain
with a numerical example, the correlation of beam focusing
vectors corresponding to (5 m, π/6) and (15 m, π/6) is plotted
in Fig. 4. The frequency is set to 30 GHz and the antennas
are half-wavelength spaced. It is shown that the correlation

Fig. 4. Correlation with increasing antennas for ULA systems.

significantly decreases as the number of antennas increases.
Moreover, (14) can well approximate the accurate correlation.4

Furthermore, we prove a more general 2D orthogonality in
both angular and distance domains in the near-field region for
ULA systems in the following corollary.

Corollary 2 (ULA Asymptotic Orthogonality in 2D
Domain): Near-field beam focusing vectors corresponding
to any different angles or different distances are also
asymptotically orthogonal with the increasing number of
antennas for ULA systems, which is to say

lim
N→+∞

∣∣bHL (rl, ϕl)bL(rm, ϕm)
∣∣ = 0,

for rl ̸= rm or ϕl ̸= ϕm. (16)

Proof: The proof is provided in Appendix A.
The corollary reveals that the angular orthogonality in the

far-field region generalizes into the 2D orthogonality in the
near-field region. The orthogonality indicates a stronger poten-
tial to establish simultaneous transmissions through precoding
in ELAA communications. Therefore, it brings possibilities
for a novel multiple access scheme, which will be discussed
in Section IV.

So far, only the ULA systems are investigated. The asymp-
totic orthogonality of beam focusing vectors for UPA systems
is discussed in the following subsection.

B. Analysis of UPA Systems

Different from near-field beam focusing vectors of ULA,
the last term in (10) indicates a coupling of the indices in
two directions. Based on the near-field beam focusing vector
of UPA systems defined in (9), the asymptotic orthogonality
could be similarly obtained through the following lemma.

Lemma 2 (UPA Distance Asymptotic Orthogonality): Near-
field beam focusing vectors focusing on the same elevation
and azimuth angle but different distances are asymptotically

4It is worth noting that the blue solid line in Fig. 4 is obtained with the
approximation of rl in (8). One may notice that when the number of antennas
tends to infinity, the near-field assumption does not hold anymore and the
approximation in (8) is no longer valid since higher-order terms of Taylor
series occur. However, we mainly focus on the asymptotic trends assuming
that near-field assumptions are valid, which is similar to the asymptotic
orthogonality in the angular domain in the far-field region [19].
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orthogonal with the increasing number of antennas in UPA
systems. Without loss of generality, when N1 →∞ we have

lim
N1→+∞

∣∣bHP (rl, ϕ, θ)bP(rm, ϕ, θ)
∣∣ = 0, for rl ̸= rm.

(17)

Proof: A proof sketch is provided in Appendix B.
Lemma 2 reveals a stronger conclusion compared with the

ULA cases discussed in Corollary 1. It indicates that in UPA
communications, as long as the number of antennas at one side
(N1 or N2) is very large, the orthogonality of two different
near-field beam focusing vectors can be guaranteed.

So far, we have revealed the asymptotic orthogonality for
both ULA and UPA systems. The asymptotic orthogonality
of beam steering (focusing) vectors generalizes from the
angular domain in the far-field region to both angular and
distance domains in the near-field region. The improved spatial
orthogonality in the 2D or 3D space, i.e., the interference of
the incoming electromagnetic waves radiated from different
angles or different distances is limited, could contribute to
interference suppression in multi-user ELAA communications.
Therefore, a novel multiple access scheme based on the UE
location is promising to increase the system performance in
ELAA communication systems.

IV. NEAR-FIELD LOCATION DIVISION
MULTIPLE ACCESS SCHEME

In this section, the LDMA scheme for ELAA communica-
tion systems is introduced. Then the near-field beam codebook
for the initial access procedure is proposed, which is critical to
maximize the received signal power and manage the inter-user
interference in the LDMA scheme.

A. LDMA Framework

As illustrated in Section III, the orthogonality of near-field
channels in both angular and distance domains reveals an
increased precision of beamforming. The near-field beamform-
ing is capable of focusing the energy on a specific location
rather than a specific angle. The fundamental change of beam-
forming property indicates that, the far-field steering beams
can be replaced by near-field focusing beams to improve the
received signal and suppress the interference from other UEs.

To achieve this goal, the concept of LDMA is proposed
in practical hybrid precoding communications. The core idea
is to employ near-field location-dependent beam focusing
vectors as analog precoders to serve different UEs located in
different locations. Compared with classical far-field SDMA
schemes [20], the proposed LDMA scheme is able to utilize
the focusing of near-field beams rather than the steering
property of far-field beams [22], providing a different method
to efficiently take advantage of spatial resources.

B. Codebook Design

In the proposed LDMA scheme, precoding is essential to
suppress the inter-user interference to enable parallel transmis-
sions for different UEs. Since the digital precoder is relatively
easy to design after acquiring the effective channel, a critical
problem is the design of analog precoder. To reduce the

overhead of initial access, a finite-size codebook is often
preferred to design the analog precoding.

The finite-size codebook design methods can be mainly
categorized into two classes, i.e. quantized beamforming
codebooks and beamsteering codebooks (although precisely
the focusing property is employed in near-field, we still
call it beamsteering codebook for consistency). Generally
speaking, quantized beamforming codebooks are designed
to minimize the quantized maximum correlation of codes
under specific distribution assumptions, such as Grassmannian
codebooks [36], random vector quantization (RVQ) code-
books [37], and generalized Lloyd codebooks [38]. Never-
theless, the complexity of designing quantized beamforming
codebooks significantly increases with the increasing number
of antennas. Also, the distribution for designing such code-
books is often hard to obtain, since the analysis of distribution
of near-field beam focusing vectors over the high-dimension
hypersphere is extremely complicated. Another category, i.e.
beamsteering codebook, is preferred to address the prob-
lem [20], where the beam steering vectors are employed to
construct the codebook. Since the beam steering vectors can
be viewed as the matched filters of the single-path channel,
the beamsteering codebook is quite suitable for designing the
analog precoder which aims to enlarge the received signal
during the transmission.

In massive MIMO systems, the DFT codebooks are often
adopted to perform analog precoding. The DFT codebook
is constructed with a series of selected steering vectors,
corresponding to angles that are uniformly sampled on the
sine function value over a specific angular range. However,
since the electromagnetic field changes from planar waves into
spherical waves, the far-field codebooks are no longer valid in
the near-field region. The mismatch of far-field codebook and
near-field channel seriously degrades beamforming gain [23].

To overcome the degradation, some near-field codebook
design methods have been proposed. In [39] a uniform sam-
pling grid on the x- and y-axis is adopted for designing
the dictionary channel matrix to perform compressive sens-
ing. Similarly, a uniform sampling method was performed
to construct the dictionary matrix for RIS-aided commu-
nications [40]. On this basis, the correlation of near-field
beams is proved to change non-uniformly along the distance
dimension in [24], where an efficient non-uniform sampling
method in the polar domain is proposed for near-field channel
estimation. However, the proposed codebook is based on ULA
structures and can not be directly applied to UPA systems.
To enable near-field communications with UPA, the near-field
beamsteering codebook sampled in the 3D space for UPA
systems is desired to be investigated.

First, if we consider a planar-wave propagation model, the
correlation of far-field beam steering vectors corresponding to
angles (θp, ϕp) and (θq, ϕq) can be expressed as

fl,m =

∣∣∣∣∣ 1
N

∑
n1

∑
n2

exp
(
jkn1d(cos θm − cos θl)

+ jkn2d(sin θm sinϕm − sin θl sinϕl)
)∣∣∣∣∣
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= |ΞN1(kd(cos θm − cos θl))|
× |ΞN2(kd(sin θm sinϕm − sin θl sinϕl))|. (18)

Therefore, the angular samples can be chosen as

cos θn1 =
2n1 −N1 + 1

N1
, n1 = 0, 1, · · · , N1 − 1

sin θn2 sinϕn2 =
2n2 −N2 + 1

N2
, n2 = 0, 1, · · · , N2 − 1,

(19)

which ensures the orthogonality of beam steering vectors.
Compared with the far-field DFT-based codebook which is
only determined by the elevation and azimuth angle, an addi-
tional problem arises in the near-field region, which is how
to perform sampling in the radius dimension. As illustrated
in Section III-B, the difficulties to design codebooks for
UPA systems lie in the three quadratic terms as in (10).
To resolve this problem, we first show that when N =
N1 × N2 is not extremely large, the bilinear quadratic term
n1n2d

2 cos θl sin θl sinϕl

rl
in (10) can be neglected. Thus, the

distance term in (10) can be approximated as

r̃
(n1,n2)
l ≈ rl − n1d cos θl − n2d sin θl sinϕl

+
n2

1d
2

2rl
(1− cos2 θl) +

n2
2d

2

2rl
(1− sin2 θl sin2 ϕl).

(20)

With the approximated distance term, the approximated
beamforming vector b̃(rl, θl, ϕl) can be constructed similarly
to (7). Next, we show that the performance loss of beam-
forming using approximated beamforming vector is negligible
through the following Lemma 3.

Lemma 3: The beamforming gain using approximated
beamforming vector without the bilinear quadratic term can
be written as

g̃ =
∣∣∣b̃H(r, θ, ϕ)b(r, θ, ϕ)

∣∣∣
=

1
N

∣∣∣∣∣∑
n1

∑
n2

exp
(
jkn1n2d

2 cos θ sin θ sinϕ
r

)∣∣∣∣∣
≈
∣∣∣∣1ηSi(η)

∣∣∣∣, (21)

where Si(x) denotes the sine integral Si(x) =
∫ x
0

sin t
t dt and

η = N1N2kd
2 cos θ sin θ sinϕ

4r .
Proof: With accurate distance term defined in (10) and

approximated distance term defined in (20), the only differ-
ence lies in the bilinear quadratic term. By assuming ς =
kd2 cos θ sin θ sinϕ

r , the beamforming gain can be formulated as

g̃ =
∣∣∣b̃H(r, θ, ϕ)b(r, θ, ϕ)

∣∣∣
=

1
N

∣∣∣∣∣∣
Ñ1∑

n1=−Ñ1

Ñ2∑
n2=−Ñ2

ejςn1n2

∣∣∣∣∣∣
(a)
≈ 1

N

∣∣∣∣∣
∫ N1/2

−N1/2

∫ N2/2

−N2/2

ejςn1n2dn1dn2

∣∣∣∣∣
=

1
N

∣∣∣∣∫∫ cos(ςn1n2)dn1dn2

+j
∫∫

sin(ςn1n2)dn1dn2

∣∣∣∣
=

1
N

∣∣∣∣[∫ sin(ςn1n2)
ςn1

dn1

−j
∫

cos(ςn1n2)
ςn1

dn1

]N2
2

n2=−N2
2

∣∣∣∣∣∣, (22)

Approximation (a) is obtained by replacing summation with
integral and the limit of integral is omitted for simplicity.
Owing to the odd function property of cos(x)

x , the latter
integral equals 0. Then, the approximated beamforming gain
is reformulated as

g̃ =
1
N

∣∣∣∣∣
∫ N1/2

−N1/2

2
ςn1

sin(ςÑ2n1)dn1

∣∣∣∣∣
=
∣∣∣∣1η
∫ η

0

sin(t)
t

dt
∣∣∣∣ = ∣∣∣∣1ηSi(η)

∣∣∣∣, (23)

which completes the proof.
Remark 3: Lemma 3 has characterized the beamforming

loss introduced by neglecting the intractable bilinear quadratic
term. We shall show that the beamforming loss is commonly
negligible with a numerical example. If we aim to ensure a
beamforming loss less than threshold ∆, using the monotonic
descent property of Si(η)

η in the range [0, π], the variable
η has to satisfy η < η(∆) where Si(η(∆))

η(∆) = ∆. Then,
according to the definition of η, a sufficient condition for
r is N1N2kd

2 cos θ sin θ sinϕ
4η(∆) ≤

√
3π

8λη(∆)N1N2d
2 ≤ r, which is

commonly less than Rayleigh distance rRD = 2(D2
1+D2

2)
λ . For

instance, if we consider a 256× 16 UPA operating at 30 GHz
and threshold ∆ = 5%, the minimum required distance is
7.24 m. This indicates that when communication distance
r exceeds 7.24 m, the beamforming loss by neglecting the
bilinear term is at most 5%. Therefore, the omission of the
bilinear term only introduces limited beamforming loss, but
it brings convenience to the UPA codebook design, which is
discussed as follows.

Lemma 4: If the approximated near-field beam focusing
vector is adopted, the correlation of two beam focusing vectors
focusing in the same direction but different distances can be
formulated as∣∣∣b̃H(rl, θ, ϕ)b̃(rm, θ, ϕ)

∣∣∣
=

∣∣∣∣∣∑
n1

∑
n2

e
jk(n2

1d
2(1−cos2 θ)+n2

2d
2(1−sin2 θ sin2 ϕ))( 1

2rl
− 1

2rm
)

∣∣∣∣∣
≈ |G(β1)G(β2)|, (24)

where G(β) = C(β)+jS(β)
β , C(·) and S(·) denote the Fresnel

functions written as C(x) =
∫ x
0

cos(π2 t
2)dt and S(x) =∫ x

0
sin(π2 t

2)dt. In addition, β1 =
√

N2
1 d

2(1−cos2 θ)
2λ | 1

rl
− 1

rm
|

and β2 =
√

N2
2 d

2(1−sin2 θ sin2 ϕ)
2λ | 1

rl
− 1

rm
|.

Proof: The proof is provided in Appendix C.
This lemma provides a distance sampling method, where

the correlation of two vectors concentrating on (rl, θ, ϕ)
and (rm, θ, ϕ) can be analytically approximated. Noting that
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Fig. 5. Numerical results of |Ḡ(β0)| against β0 for a 64× 64 UPA system
working at 30 GHz sampled at ϕ = π/6 and θ = π/3.

β1 and β2 share some common components for fixed spatial
angles (θ, ϕ), we define a new function as

Ḡ(β0) = G(β1)G(β2), (25)

where β0 =
√

d2

2λ |
1
rl
− 1

rm
|. Thus, β1 and β2 can be

determined by β0 as β1 = N1β0

√
1− cos2 θ and β2 =

N2β0

√
1− sin2 θ sin2 ϕ, respectively. To reveal the trend of

|Ḡ(β0)|, a numerical integration of |Ḡ(β0)| against β0 is
performed and the result is shown in Fig. 5.

Due to the descending trend of |Ḡ(β0)|, |Ḡ(β0)| ≤ ∆ can
be approximately ensured if β0 ≥ β∆, where Ḡ(β∆) = ∆.
Therefore, the correlation of beam focusing vectors focusing
on the same angle can be lower than a predefined threshold
∆ by controlling the sampling density

∣∣∣ 1
rl
− 1

rm

∣∣∣ as∣∣∣∣ 1rl − 1
rm

∣∣∣∣ ≥ 2λβ2
∆

d2
. (26)

It is worth noting that although G(·) can not be straightfor-
wardly calculated analytically, it can be numerically calculated
and stored for repeated usage. Therefore, even though β∆ has
to be searched for different θ and ϕ, we only need to calculate
G(·) once, which avoids repeatedly performing numerical
integral. Finally, an efficient distance sampling method can
be obtained with

rs(θ, ϕ) =
1
s

d2

2λβ2
∆

, s = 0, 1, 2, · · · , (27)

where s denotes the sampling index. The index s = 0 repre-
sents the beamforming vector focusing the energy on infinite
distance, where the near-field beamforming vector degenerates
into the far-field beamforming vector. Therefore, the far-
field UPA codebook can be viewed as a special case of
the proposed near-field spherical-domain codebook and is
contained in the proposed near-field codebook. When mixed-
field communications happen, i.e. users having near-field or
far-field channels are mixed, the proposed codebook could still
work by allocating near (far) -field beams to near (far) -field
users.

The proposed spherical-domain codebook design method is
summarized in Algorithm 1. To characterize the locations
of the samples, the location with s = 1 for each direction

Algorithm 1 Spherical-Domain Codebook Design Procedure
Input: Minimum allowable distance ρmin, threshold ∆,

antennas N1, N2, antenna spacing d, wavelength λ
Output: Near-field Codebook W
1: s = 0;
2: while s = 0 or max

n1,n2
rs(θn1, ϕn2) ≥ ρmin do

3: for n1 = 0, 1, · · · , N1 − 1 do
4: Select θn1 according to (19);
5: for n2 = 0, 1, · · · , N2 − 1 do
6: Select ϕn2 according to (19);
7: Search for β∆ satisfying Ḡ(β∆) = ∆;
8: Determine rs(θn1, ϕn2) = 1

s
d2

2λβ2
∆

by (27);
9: end for

10: end for
11: Ws = {b(rs(θn1 , ϕn2), θn1 , ϕn2)}ni=0,1,··· ,Ni−1;
12: S = s, s = s+ 1;
13: end while
14: W = [W0,W1, · · · ,WS ];
15: return W .

Fig. 6. An example of the sampling points according to the spherical-domain
codebook. The intersections of black lines in (a) denote the sampling points
corresponding to focusing position of near-field beams. The colored lines
and colored dots in (b), (c) denote the sampling angles and sampling points,
respectively.

is shown in Fig. 6, where a 64 × 64 UPA operating at
30 GHz is employed. In addition, each beamforming vector
of the designed codebook W is of constant modulus, which
coincides with the requirement of analog phase shifters in the
hybrid precoding architectures. Therefore, the near-field UPA
codebook is naturally applicable to analog precoding in multi-
user MIMO systems.

C. LDMA Communication Procedure

The detailed communication procedure of LDMA in TDD
systems is discussed in this subsection. The proposed LDMA
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Fig. 7. Diagram of the communication procedure for LDMA scheme.

scheme comprises three main stages, including: Initial access,
uplink equivalent channel estimation, and uplink/downlink
data transmission, which is shown in Fig. 7.

In the initial access procedure, BS could perform beam
sweeping by virtue of synchronization signal (SS) bursts
according to 3rd Generation Partnership Project (3GPP) spec-
ifications to establish a physical link connection to idle
UEs [41], [42]. The beam sweeping is usually performed
based on a predefined codebook [43]. However, as discussed
before, classical far-field DFT-based codebooks are no longer
suitable for near-field communications, a near-field codebook
design method has to be investigated. After establishing a
M -codeword near-field codebook W = [w1, · · · , wM ],
BS could select the codeword one in a SS block from the
predefined codebook periodically to search for the best beam.
Then, the UE could report the beam quality and beam decision
through random access channel (RACH) resources. Afterward,
the best beam could be employed at BS as the uplink combiner
or downlink precoder for subsequent channel estimation and
data transmissions.

After the classical beam sweeping in the initial access
procedure, we assume each served UE is scheduled with a
specific codeword as the analog combiner/precoder wk. Then,
the analog precoding for all connected UEs can be designed
as FA = [w1,w2, · · · ,wK ]. Afterward, in the uplink stage,
the BS could estimate the effective channel by non-orthogonal
pilots sent from all UEs as

hk = FHA hk + FHA nk, (28)

where nk denotes the noise corresponding to the kth UE.
Finally, the BS could design the digital precoder through
the estimated effective channel by weighted minimum mean
square error (WMMSE) as in [44] or zero-forcing (ZF) as

FD = H
H
(
H H

H
)−1

Λ, (29)

where H = [h1, · · · ,hK ]H denotes the effective channel of all
K UEs. The diagonal matrix Λ denotes the power allocation
for different UEs, which is designed to satisfy ∥FAfD,k∥2 = 1.
To sum up, the LDMA scheme can be summarized
in Algorithm 2.

It is worth noting that, the communication procedure pro-
posed in this paper is not the only way to realize LDMA. Fol-
lowing the idea of acquiring near-field channels and exploiting
the communication resources in the extra dimension, other
near-field channel estimations [24], [45], beam sweeping [46]

Algorithm 2 Location Division Multiple Access
Input: Multi-user channel H.
Output: Digital precoder FD and analog precoder FA

1: Codebook Design:
2: Constructs the near-field codebook W;
3: Initial Access:
4: BS performs beam sweeping and each UE performs beam

determination and reports the beam decision to BS;
5: BS selects the best codeword wk for kth UE from W and

construct the analog precoder FA = [w1,w2, · · · ,wK ];
6: Uplink Equivalent Channel Estimation:
7: Each UE sends uplink non-orthogonal pilots xpk;
8: BS estimates the effective channel for kth UE by (28);
9: BS designs digital combiner and precoder FD by (29);

10: Uplink/Downlink Data Transmission:
11: BS performs hybrid combining/precoding with FD and

FA;
12: return Digital precoder FD and analog precoder FA.

and precoding methods [47] can also be incorporated into the
LDMA scheme.

V. PERFORMANCE ANALYSIS

In this section, the performance analysis of LDMA is pro-
vided. We first show that the asymptotic spectrum efficiency
of proposed LDMA could achieve the ideal capacity without
multi-user interferences. Then, we explore the performance
gain under a special scenario where multiple UEs are located
within the same direction, which reveals that LDMA could
elaborately utilize the spatial resources to enhance system
performance compared with classical far-field SDMA.

A. Asymptotic Capacity of Single-Path Channel

To investigate the system performance of the proposed
LDMA, we first assume the single-path channel for each UE
for ULA systems for simplicity. Then, the channel model could
be rewritten as

hk =
√
Nαkb(rk, θk, ϕk), (30)

where αk, rk, θk and ϕk denote the complex path gain,
distance between the UE and the array center, and the elevation
and azimuth angle of the kth UE, respectively. Here we assume
that the BS acquires the perfect channel state information.
In addition, the infinite analog codebook is adopted, which
means no quantization of codebooks has to be performed
and the BS could perfectly select the conjugate transpose
of near-field beam focusing vector as the analog precoder.
Therefore, the optimal analog precoder for all K UEs can be
written as FA = B = [b(r1, θ1, ϕ1), · · · ,b(rK , θK , ϕK)]. For
analysis simplicity, we assume ZF is adopted for designing the
digital precoder. In addition, the large-scale fading is neglected
and thus different UEs share the same path gain. Then, the
spectrum efficiency R can be formulated through the following
lemma.

Lemma 5: Assume that the single-path channel model is
adopted for all K UEs, and the BS acquires perfect channel
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state information. Then, with equal power allocation, the
downlink spectrum efficiency achieved by Algorithm 2 is
given by

RN =
K∑
k=1

Rk =
K∑
k=1

log2

(
1 +

P

Kσ2

N |αk|2

[BHB]−1
k,k

)
, (31)

where P denotes the total transmission power, [BHB]−1
k,k

denotes the kth diagonal entry of the matrix (BHB)−1, and
σ2 is the noise power at all the K users.

Proof: The proof is provided in Appendix D.
For multi-user downlink MIMO systems, an ideal com-

munication scenario is that multiple UEs could communicate
with BS without any interference. The ideal capacity could be
expressed as

R̂ =
K∑
k=1

log2

(
1 +

P

Kσ2
N |αk|2

)
. (32)

Due to the asymptotic orthogonality proved in Corollary 2,
the asymptotic spectrum efficiency could be shown to achieve
the ideal capacity according to the following corollary.

Corollary 3: Assume a fixed number of UEs K. If the
number of BS antennas N tends to infinity, then the spectrum
efficiency, as a function of N , approaches the ideal capacity
with probability one, i.e.,

P
[

lim
N→+∞

R = R̂

]
= 1. (33)

Proof: The proof is provided in Appendix E.
Therefore, as the number of antennas N tends to infinity,
the near-optimal spectrum efficiency performance could be
ensured.

B. Linear Distribution Analysis

Compared with SDMA, LDMA possesses extra resolution
in the distance domain, which is potential to distinguish UEs
in the same direction. The ability to serve single-path UEs
residing in the same angle could be viewed as a feature that
distinguishes itself from SDMA. As a result, we will inves-
tigate the spectrum efficiency improvement by considering a
special scenario where UEs are linearly distributed.

First, we investigate a simple ULA system, in which three
UEs are linearly distributed in a certain direction θ. The UEs
are located within the distance range of [rmin, rmax]. Without
loss of generality, we assume r1 ≤ r2 ≤ r3. Thus, the
channels can be expressed as h(ri, θ), i = 1, 2, 3. Accord-
ing to Lemma 5, the analog precoder can be obtained as
BTU = [b(r1, θ),b(r2, θ),b(r3, θ)]. The maximum spectrum
efficiency of the three UEs system can be obtained based on
the following assumptions:

(i) Single-path channel is adopted for each UE, and high
SNR is assumed.

(ii) The interference of non-adjacent UEs is neglected, i.e.
the interference of the 1st UE and 3rd UE is approxi-
mated by 0.

(iii) The analog precoder is determined by Algorithm 2, and
ZF digital precoder is adopted.

Then, we can obtain

T = BHB =

 1 δ∗21 0
δ21 1 δ∗32
0 δ32 1

, (34)

where δij = bH(ri, θ)b(rj , θ) denotes the inner product of the
ith and jth beam focusing vectors. Suppose the locations of
the first and third UE are fixed, then the maximum achievable
spectrum efficiency could be approximated by the following
Lemma 6.

Lemma 6: We assuming δ21 = g(x) and δ32 = g(r0 − x),
where g(x) is defined as g(x) : R+ → C, and |g(x)|2 is
monotonically decreasing and convex, satisfying 0 ≤ |g(x)| ≤
1. Predefined parameter r0 satisfies r0 > 0. Then the spectrum
efficiency defined in (31) satisfies

R(x) ≲ R(x)aub = 2 log2

(
1 +

P

Kσ2
n

N |α|2(1− 2g(x̂))
(1− g(x̂))

)
+ log2

(
1 +

P

Kσ2
n

N |α|2(1− 2g(x̂))
)
.

(35)

The equality holds when x = x̂ satisfying g(x̂) = g(r0 − x̂).
Proof: The proof is provided in Appendix F.

Remark 4: It can be proved that the envelope of G(β)
satisfies the monotonically decreasing and convex constraint.
Therefore, the maximum spectrum efficiency can be approxi-
mately obtained through Lemma 6 for a three-UE system. It is
worth noting that, this conclusion is drawn under the assump-
tion that interference from non-adjacent UEs is neglected.
Therefore, this lemma can be viewed as an approximated upper
bound, i.e., R ≲ Raub for real communication scenarios.

Under the three assumptions, the same conclusion of
Lemma 6 can be generalized into multi-user scenarios. Specif-
ically, we consider a system where multiple UEs are linearly
distributed. If we investigate any adjacent three UEs, the
middle UE indexed by i must be located in the position
that makes the same interference on the two adjacent UEs to
maximize the spectrum efficiency, which is to say |bHi bi+1| =
|bHi bi−1| for i = 2, 3, · · · ,K − 1. Otherwise, the system
spectrum efficiency can be further enhanced by adjusting the
location of the middle UE. Then, when K UEs are placed
satisfying this condition, the maximum spectrum efficiency of
multiple UEs linearly distributed can be obtained through the
following lemma.

Lemma 7: The approximated upper bound of the spec-
trum efficiency of multiple linearly distributed UEs can be
expressed as

R ≲ Raub =
K∑
k=1

log2

(
1 +

P

Kσ2
n

N |αk|2

γk

)
, (36)

where γk is determined by

γk =
(χ1x

k−2
1 + χ2x

k−2
2 )(χ1x

K−k−1
1 + χ2x

K−k−1
2 )

χ1x
K−1
1 + χ2x

K−1
2

, (37)

and x1, x2 are solutions to x2 − x + |δ|2 = 0, and
χ1 = − x2

1
x2−x1

, χ2 = x2
2

x2−x1
, |δ| is defined as the
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Fig. 8. Spectrum effciency achieved under different assumptions.

min-max correlation between different UEs as |δ| =
min

r1,··· ,rK

max
i̸=j

|bH(ri, θ, ϕ)b(rj , θ, ϕ))|.

Proof: The proof is provided in Appendix G.
The approximated upper bound of the spectrum efficiency

will be further verified in the following section.

VI. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
LDMA scheme through numerical simulations. A single-cell
communication scenario is considered, where multiple single-
antenna UEs are served by one BS equipped with an ELAA.
The carrier frequency is set to 30 GHz and the array is half-
wavelength spaced. Thus the spacing is d = λ/2 = 0.5 cm.
The 512-element ULA and 256×16-element UPA are consid-
ered in simulations. To reveal the comprehensive performance
of the LDMA scheme, two scenarios are considered for both
ULA and UPA systems, including the uniformly distributed
UEs and linearly distributed UEs.

A. Linear Distribution Scenario for ULA Systems

To validate the conclusion of the approximated upper bound
of spectrum efficiency for linearly distributed UEs, we first
conduct a simulation where the UEs are aligned along the
spatial angle ϕ = 0. Each UE is located within the range
of [rmin, rmax], where rmin = 4 m and rmax = 150 m. The
number of UEs varies in [1, 14]. SNR is set to be 12 dB. The
infinite-size codebook and single-path channel are adopted as
introduced in Section V-A.

The spectrum efficiency with increasing number of UEs is
plotted in Fig. 8. The red line and blue line represent the
situation where UEs are placed to minimize the interference
from adjacent UEs without and with non-adjacent (NA) inter-
ference, respectively. The red line denotes the approximated
upper bound derived in (36) neglecting the NA interference,
which is unreachable since NA interference is neglected.
A reachable performance for the same user position is plotted
in blue. An exhaustive search is performed to search for the
reachable maximum spectrum efficiency, which is plotted in
green. It shows that the approximated upper bound in (36) is

Fig. 9. Comparison of the proposed LDMA and classical far-field multiple
access under the linear distribution assumption.

tight for small number of UEs. Therefore, Lemma 6 provides
a relatively accurate estimation of ideal spectrum efficiency.

In addition, the orange line denotes the spectrum effi-
ciency for randomly and linearly distributed UEs. The black
dashed line denotes the spectrum efficiency employing far-field
SDMA. In classical far-field SDMA, only one UE could access
to the BS since UEs are linearly distributed and thus the single-
path channels are constructed based on the same steering
vector. Therefore, since the large-scale fading is omitted, the
spectrum efficiency becomes a constant in SDMA scheme.
It shows that even randomly distributed UEs with LDMA also
outperform far-field SDMA when the number of UEs is not
very large.

We consider a more realistic multi-path model with ULA
where both the LoS and NLoS components exist. The UEs are
located within the range of [rmin, rmax] where rmin = 4 m
and rmax = 100 m. The number of UEs is K = 4 and the
number of NLoS paths is L = 5. The near-field polar-domain
codebook introduced in [24] is adopted for initial access as
in Algorithm 2. The baseline is the far-field DFT codebook
adopted in [20] as classical far-field SDMA. Both ZF and
WMMSE are considered for designing digital precoders for
LDMA and SDMA. The spectrum efficiency against SNR is
shown in Fig. 9. It can be shown that the proposed LDMA
outperforms SDMA on both ZF and WMMSE scenarios. The
WMMSE-based LDMA and ZF-based LDMA achieve about
60% and 240% performance gain compared with WMMSE-
and ZF-based SDMA at SNR = 20 dB, respectively.

In addition, ZF-based fully-digital precoder assuming a
perfect channel state information is also considered to reveal
the performance upper bound. It can be shown that ZF-based
fully-digital precoding scheme outperforms all other schemes
in high SNR scenarios. Also, we consider a hybrid precoding
method that approximates the fully-digital precoder as in [48].
The hybrid precoding is slightly worse than the fully-digital
scheme, but it is hard to reach since perfect channel esti-
mation is hard to obtain. The WMMSE-based LDMA also
outperforms the ZF-based fully-digital SDMA in low SNR
scenarios since ZF enlarges the noise. It is worth noting that
the high spectrum efficiency in simulations is achieved through
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Fig. 10. Comparison of the proposed LDMA and classical SDMA under the
uniform distribution assumption.

multi-stream parallel transmissions with multiple users. The
spectrum efficiency for each user is several bps/Hz, and
therefore could be supported with current protocols.

To summarize, the performance gain of LDMA is regarded
to originate from two aspects. First, the BS could harvest the
extra orthogonality in the distance domain to accommodate
more users without significant interferences, which has been
shown in Fig. 8. Second, the near-field beamforming tech-
niques could form higher beamforming gain compared with
far-field beamforming, consequently improving the spectrum
efficiency [24]. Both effects are coupled to contribute to the
performance gain of LDMA.

B. Uniform Distribution Scenario for ULA Systems

Next, we consider a more general scenario where UEs
are uniformly distributed in the cell. The UEs are assumed
to be uniformly distributed in an area with a radius range
[4 m, 100 m] and spatial angle range [−π/3, π/3], which is
commonly adopted for one sector. The multi-path channel
model is adopted with the number of NLoS paths L = 5.
The number of UEs is set to K = 10. As in the linear
distribution scenario, both the ZF and WMMSE are adopted
for designing the digital precoder. The simulation results are
shown in Fig. 10, where the WMMSE-based LDMA achieves
nearly 90% improvement in spectrum efficiency at SNR =
20 dB compared with classical WMMSE-based SDMA. Also,
since the near-field precoding could be leveraged to manage
inter-user interferences, the performance gap between LDMA
with far-field SDMA increases as SNR increases.

To validate the performance of LDMA with different system
parameters, we also conduct simulations adjusting the number
of paths, Rician factor, and number of antennas. The spectrum
efficiency against number of NLoS paths is plotted in Fig. 11.
It is shown that the performance of LDMA and SDMA both
decrease as L increases. The reason lies in that the analog
precoding is designed based on the match-filter principle,
which prefers the sparse channel model. In addition, LDMA
outperforms SDMA for different L, which illustrates the
robustness of LDMA for different scattering environments.

Fig. 11. Comparison of the proposed LDMA and classical SDMA for
different number of NLoS channels.

Fig. 12. Comparison of the proposed LDMA and classical SDMA for
different κ of Rician channel.

Furthermore, the spectrum efficiency against different κ
is shown in Fig. 12, where LDMA always outperforms
SDMA for different κ. Since the analog precoder is based on
the single-path channel, the spectrum efficiency performance
increases as κ increases, which results in a stronger LoS path
component.

To show the trend of performance when the channel
model changes from far-field to near-field, we perform a
simulation where the number of antenna elements changes
from 64 to 512. The simulation results are shown in Fig. 13.
It is shown that ZF- and WMMSE-based far-field SDMA
deteriorates as the antenna array is enlarged, which contributes
to a stronger near-field effect. The simulations show the
necessity of employing LDMA in ELAA systems. In addition,
the performance of near-field LDMA obtains a slight increase
with the increasing array aperture, which is due to the stronger
interference management of near-field focusing beams.

C. Performance of UPA Systems

To verify the effectiveness of the proposed codebook and
the effectiveness of LDMA in UPA systems, we consider an
N1 × N2 = 256 × 16 UPA working at 30 GHz. According
to [49], the multi-path components and angular spread in
the elevation domain are limited. Therefore, the number of
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Fig. 13. Comparison of the proposed LDMA and classical SDMA for
different number of antenna elements.

Fig. 14. Comparison of the proposed LDMA and classical SDMA for UPA
systems.

antennas along the elevation axis is less than the azimuth
axis. Similar to ULA systems, UEs are assumed to be linearly
or uniformly distributed in the space of θ ∈ [π/3, 2π/3],
ϕ ∈ [−π/6, π/6], and r ∈ [4 m, 50 m], with L = 5 and κ = 8.
Threshold ∆ = 0.55 is employed to design the spherical-
domain codebook. The spectrum efficiency for 4 UEs is shown
in Fig. 14.

The simulation results draw a similar conclusion that the
proposed LDMA outperforms classical SDMA under linear

or uniform UE distribution scenarios. The proposed LDMA
could achieve about 150% and 50% performance gain at
SNR = 20 dB over ZF-based SDMA under linear and uniform
distribution scenarios, respectively. In addition, the uniform
sampling method in [39] is employed to construct the near-
field codebook for comparison. To ensure a fair compari-
son, the size of the spherical-domain codebook and uniform
sampling codebook are kept the same. It also shows the
effectiveness of the spherical-domain codebook over other
near-field codebooks.

VII. CONCLUSION

In this paper, the concept of LDMA is first proposed, which
leverages the near-field beam focusing property to mitigate
interferences and significantly enhance spectrum efficiency.
Similar to the asymptotic angular orthogonality of far-field
beam steering vectors, the asymptotic orthogonality of near-
field beam focusing in the distance domain is investigated.
A spherical-domain sampling method is proposed for the UPA
codebook design. Based on the near-field codebook, the novel
LDMA scheme is investigated. Simulation results verify the
superiority of proposed LDMA on spectrum efficiency over
uniform and linear distribution scenarios. We hope the LDMA
scheme could provide a new possibility for spectrum efficiency
enhancement compared with classical SDMA in hybrid pre-
coding. The proposed LDMA can contribute to fulfillments
of the 10-fold increase in spectrum efficiency for future 6G
ELAA systems. For future research, since the polarization of
signals also needs to be carefully tuned to realize constructive
superposition at receivers, a more practical precoding design
considering spatially varied polarization settings at antennas
needs to be investigated [32]. In addition, the relationship
between the number of users and the increasing rate of the
spectrum efficiency curve in large SNR conditions, which
reveals the available spatial degrees of freedom in the near-
field region, is also an important future research topic [28].

APPENDIX A
PROOF OF COROLLARY 2

By assuming η1 = kd (− sinϕl + sinϕm) and η2 =
kd2

(
cos2 ϕl

2rl
− cos2 ϕm

2rm

)
, the correlation of near-field beam

focusing vectors focusing on (rl, θl) and (rm, θm) is expres-
sed as∣∣bHL (rl, ϕl)bL(rm, ϕm)

∣∣
=

1
N

∣∣∣∣∣∣
Ñ∑

n=−Ñ

e
jk

(
ψ

(n)
L,rl,ϕl

−ψ(n)
L,rm,ϕm

)∣∣∣∣∣∣
=

1
N

∣∣∣∣∣∣
Ñ∑

n=−Ñ

e
jknd(− sinϕl+sinϕm)+jkn2d2

(
cos2 ϕl

2rl
− cos2 ϕm

2rm

)∣∣∣∣∣∣
=

1
N

∣∣∣∣∣∣
Ñ∑

n=−Ñ

ej(η1n+η2n
2)

∣∣∣∣∣∣. (38)
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Then, we adopt the limitation of N → +∞ as

lim
N→+∞

|bHL (rl, ϕl)bL(rm, ϕm)|

= lim
N→+∞

1
N

∣∣∣∣∣∣
Ñ∑

n=−Ñ

ej(η1n+η2n
2)

∣∣∣∣∣∣
(a)
≈ lim

N→+∞

1
N

∣∣∣∣∣
∫ Ñ

−Ñ
ej(η1n+η2n

2)dn

∣∣∣∣∣, (39)

where approximation (a) is obtained by replacing summation
with integral. By assuming η2 ̸= 0 and substituting n + η1

2η2
with t, we can obtain

lim
N→+∞

|bHL (rl, ϕl)bL(rm, ϕm)|

= lim
N→+∞

1
N

∣∣∣∣∫ ∞

−∞
ejη2t

2
dt
∣∣∣∣. (40)

According to the Fresnel function [26], the limitation of the
integral can be expressed as∫ ∞

−∞
ejη2t

2
dt = 2

∫ ∞

0

(
cos(η2t2) + j sin(η2t2)

)
dt

=
√

π

2η2
(1 + j). (41)

Therefore, adopting a similar process as in Corollary 1,
we can derive the limitation of the correlation of two near-
field beam focusing vectors as

lim
N→+∞

∣∣bHL (rl, ϕl)bL(rm, ϕm)
∣∣ = lim

N→+∞

1
N

√
π

η2
= 0.

(42)

Otherwise, if η2 = 0, it means the condition cos2 ϕl

2rl
=

cos2 ϕm

2rm
is satisfied. Recall that we assume rl ̸= rm or

ϕl ̸= ϕm. If rl ̸= rm, then ϕl ̸= ϕm can also be ensured with
cos2 ϕl

2rl
= cos2 ϕm

2rm
. Therefore, ϕl ̸= ϕm is ensured if η2 = 0,

where the correlation can be rewritten as

lim
N→+∞

∣∣bHL (rl, ϕl)bL(rm, ϕm)
∣∣

= lim
N→+∞

1
N

∣∣∣∣∣∣
Ñ∑

n=−Ñ

ejη1n

∣∣∣∣∣∣
(b)
= lim

N→+∞

1
N
|ΞN (kd(− sinϕl + sinϕm))| = 0, (43)

where (b) is obtained according to (11). Therefore, whether
η2 = 0 or not, the correlation converges to 0, which completes
the proof.

APPENDIX B
PROOF OF LEMMA 2

Following the approximation in (10), the correlation of two
beam focusing vectors focusing on the same direction defined
in (17) can be rewritten as∣∣bHP (rl, ϕ, θ)bP(rm, ϕ, θ)

∣∣
=

1
N1N2

∣∣∣∣∣∑
n1

∑
n2

ej(ζ1(n1−ζ2n2)
2+ζ3n

2
2)

∣∣∣∣∣, (44)

where ζ1, ζ2 and ζ3 are determined by

ζ1 = kd2
(
1− cos2 θ

)( 1
2rl

− 1
2rm

)
ζ2 =

sin θ cos θ sinϕ
1− cos2 θ

ζ3 = kd2
(
1− sin2 ϕ

)( 1
2rl

− 1
2rm

)
. (45)

Then the limitation of the correlation can be approximated
when N1 → +∞ as

lim
N1→+∞

∣∣bHP (rl, ϕ, θ)bP(rm, ϕ, θ)
∣∣

(a)
≈ lim

N1→+∞

1
N1N2

×

∣∣∣∣∣
∫ Ñ1

−Ñ1

∫ Ñ2

−Ñ2

ej(ζ1(n1−ζ2n2)
2+ζ3n

2
2)dn1dn2

∣∣∣∣∣
(b)
= lim

N1→+∞

1
N1N2

∣∣∣∣∣
∫ Ñ2

−Ñ2

[∫ Ñ1−ζ2t2

−Ñ1−ζ2t2
ejζ1t

2
1dt1

]
ejζ3t

2
2dt2

∣∣∣∣∣
(c)
= lim

N1→+∞

1
N1N2

√
π

2ζ1

∣∣∣∣∣(1 + j)
∫ Ñ2

−Ñ2

ejζ3t
2
2dt2

∣∣∣∣∣
(d)

≤ lim
N1→+∞

1
N1

√
π

ζ1

[
1
N2

∫ Ñ2

−Ñ2

∣∣∣ejζ3t22∣∣∣dt2] = 0, (46)

where approximation (a) is derived by replacing summation
with integral. Equality (b) is derived by substituting
n1 − ζ2n2 and n2 with t1 and t2, respectively. Owing
to the property of Fresnel function that

∫ +∞
0

sin(π2 t
2)

dt =
∫ +∞
0

cos(π2 t
2)dt = 1

2 , it can be proved that

limN1→+∞
∫ Ñ1−ζ2t2
−Ñ1−ζ2t2

ejζ1t
2
1dt1 =

√
π

2ζ1
(1 + j). Therefore,

equation (c) can be obtained. Approximation (d) is obtained
by |

∫
xdx| ≤

∫
|x|dx, which completes the proof.

APPENDIX C
PROOF OF LEMMA 4

First, by substituting r̃
(n1,n2)
l with the approximation in

(20), we can obtain∣∣∣b̃H(rl, θ, ϕ)b̃(rm, θ, ϕ)
∣∣∣

=

∣∣∣∣∣∑
n1

∑
n2

e
jk(n2

1d
2(1−cos2 θ)+n2

2d
2(1−sin2 θ sin2 ϕ))( 1

2rl
− 1

2rm
)

∣∣∣∣∣,
(47)

where n1 and n2 are chosen from the range [−Ñ1, Ñ1] and
[−Ñ2, Ñ2], respectively. Then, if we replace the summation
with the integral and adopt the approximation Ñi = Ni−1

2 ≈
Ni

2 for i = 1, 2, the complicated summation in (47) could be
approximated as∣∣∣∣∣∑

n1

∑
n2

e
jk(n2

1d
2(1−cos2 θ)+n2

2d
2(1−sin2 θ sin2 ϕ))( 1

2rl
− 1

2rm
)

∣∣∣∣∣
≈
∫ N1/2

−N1/2

e
j π

2

√
2n2

1d
2(1−cos2 θ)( 1

rl
− 1

rm
)
2

dn1
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×
∫ N2/2

−N2/2

e
j π

2

√
2n2

2d
2(1−sin2 θ sin2 ϕ)( 1

rl
− 1

rm
)
2

dn2

(a)
=
∫ β1

0

ej
π
2 t

2
1

β1
dt1 ×

∫ β2

0

ej
π
2 t

2
2

β2
dt2, (48)

where (a) is derived with β1 =
√

N2
1 d

2(1−cos2 θ)
2 ( 1

rl
− 1

rm
) and

β2 =
√

N2
2 d

2(1−sin2 θ sin2 ϕ)
2 ( 1

rl
− 1

rm
).

Finally, according to the definition of Fresnel functions
C(x) =

∫ x
0

cos(π2 t
2)dt and S(x) =

∫ x
0

sin(π2 t
2)dt, each

integration in (48) could be further rewritten as∫ β1

0

ej
π
2 t

2
1

β1
dt1 =

C(β1) + jS(β1)
β1

= G(β1), (49)

where G(β) = C(β)+jS(β)
β . Therefore, we can obtain∣∣∣b̃H(rl, θ, ϕ)b̃(rm, θ, ϕ)
∣∣∣ ≈ |G(β1)G(β2)|, which completes

the proof.

APPENDIX D
PROOF OF LEMMA 5

Owing to the single-path assumptions, the optimal analog
precoder is FA = B = [b(r1, θ1, ϕ1), · · · ,b(rK , θK , ϕK)].
Employing ZF digital precoder, the effective channel gain is
written as

|hHk FAfD,l| = [HFAFD]k,l

=
[
H H

H
(H H

H
)−1Λ

]
k,l

= [Λ]k,l . (50)

Since matrix Λ is diagonal, the inter-user interference could
be perfectly eliminated and the channel gain for the kth UE
is expressed by Λk,k. Λ is determined by ∥FAfD,k∥22 = 1,
which can be rewritten as

∥FAfD,k∥22 = Λk,:(HH
H

)−1HFHA FAH
H

(HH
H

)−1Λ:,k

= Λk,:(D∗)−1(BHBBHB)−1BHB

×BHBBHB(BHBBHB)−1D−1Λ:,k

= [Dk,k]
−2 [Λk,k]

2 [(BHB)−1
]
k,k

, (51)

where D =
√
Ndiag[α1, · · · , αK ]. To meet the power con-

straint ∥FAfD,k∥22 = 1, the diagonal entities of Λ could be
expressed as

Λk,k =

√
N

[(BHB)−1]k,k
|αk|. (52)

Substituting Λ into (2), we can obtain (31), which completes
the proof.

APPENDIX E
PROOF OF COROLLARY 3

From equation (31), the spectrum efficiency is determined
by the diagonal elements of (BHB)−1. We first show that
when the number of antenna elements tends to infinity,
BHB = I with probability one. The off-diagonal (i, j)
element of BHB is written as bH(ri, θi, ϕj)b(rj , θj , ϕj).

Assume the random variable (r, θ, ϕ) is uniformly distributed
within a 3D sphere with arbitrary radius rcell. According to
Corollary 2, the correlation of different beam focusing vectors
are asymptotically orthogonal, leading to

lim
N→∞

bH(ri, θi, ϕj)b(rj , θj , ϕj)
a.s.= 0, ∀i ̸= j. (53)

Consequently, limN→∞BHB a.s.= I can be ensured, which
results in that limN→∞R

a.s.= R̂. This completes the proof.

APPENDIX F
PROOF OF LEMMA 6

With T defined in (34), we omit the variable x and use g1,
g2 to represent |g(x)|2 and |g(r0 − x)|2, respectively. Then,
the diagonal elements of [BHB]−1 can be written as

[BHB]
−1

1,1 =
1− g2

1− g1 − g2

[BHB]
−1

2,2 =
1

1− g1 − g2

[BHB]
−1

3,3 =
1− g1

1− g1 − g2
. (54)

Substituting the diagonal elements in (54) into (31) and defin-
ing PN

Kσ2
n

as τ , the spectrum efficiency could be rewritten as

R = log2

(
1 + τ

1− g1 − g2
1− g2

)
+ log2 (1 + τ(1− g1 − g2))

+ log2

(
1 + τ

1− g1 − g2
1− g1

)
(a)
≈ log2

(
(1− g1 − g2)3

(1− g1)(1− g2)

)
+ log2(τ

3), (55)

where approximation (a) is obtained based on the high SNR
assumption log2(1+x) ≈ log2(x). To search for the maximum
spectrum efficiency, we focus on the function inside the
logarithmic function L(x) = (1−g1−g2)3

(1−g1)(1−g2) . The derivatives of
L(x) can be written as

dL
dx

=
(g1 + g2 − 1)2

(g1 − 1)2(g2 − 1)2
[
g′1(g2 − 1)(−2g1 + g2 + 2)

+ g′2(g1 − 1)(g1 − 2g2 + 2)
]
. (56)

Note that g1(x) = g2(r0−x) holds and g1(x) is monotonically
decreasing. If x̂ satisfies g1(x̂) = g2(x̂), the equation g′1(x̂) =
−g′2(x̂) also holds. Therefore, dL

dx |x=x̂ = 0 can be ensured.
Owing to the convexity of g(x), x̂ is one local maximum
point, which completes the proof.

APPENDIX G
PROOF OF LEMMA 7

For multiple linearly distributed UEs, the correlation matrix
T can be written as

T = BHB =


1 δ∗

δ 1 δ∗

δ
. . . . . .
. . . . . . δ∗

δ 1

, (57)
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where δ denotes the correlation of any adjacent UEs as
δ = bHi bi+1 for i ∈ {1, 2, · · · ,K − 1}. According to the
conclusion of the inversion of a tridiagonal matrix [50], the
kth diagonal element of T can be written as

[T]−1
k,k = γk =

θk−1θK−k
θK

, (58)

where θk follows θi = θi−1 − |δ|2θi−2, θ−1 = 0 and θ0 =
1. Derived from the recurrence formula, θi has the general
solution as θi = χ1x

i−1
1 +χ2x

i−1
2 where χ1 = − x2

1
x2−x1

, χ2 =
x2
2

x2−x1
. x1 and x2 are solutions to the equation x2 − x +

|δ|2 = 0. Since |T| = BHB ≥ 0 should be ensured for
any K, |δ|2 ≤ 1

2 is constrained, which ensures that x1 and
x2 are real. Substituting the expression of θi, the equation
of (37) could be obtained. Moreover, it can be proved that
[T]−1

k,k is monotonically increasing as |δ| increases. Therefore,
the spectrum efficiency is maximized when |δ| is minimized
for all K UEs as |δ| = min

r1,··· ,rK

max
i̸=j

|bH(ri, θ, ϕ)b(rj , θ, ϕ))|.
This completes the proof.
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