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Basic concepts — Marginal

o R x Ay AR, Hycx. g()hE XX ERREL,
W g () 7EY RS0 A

U ¢x Z ¢x % X

x\y X,

U, g (%) = maxgy (x)




— . Cluster-tree Elimination (#;EBE %)
— . Sum-product algorithm on factor graph
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Basic concepts — tree, leaf
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tree-decomposition/cluster-tree X
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tree-decomposition—example
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Cluster-tree elimination

+» Consider cluster-tree as a computational data-structure
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Cluster-tree elimination—all posteriors

o REZNRAERGE 504 ?  p(Alevidence), p(D|evidence),---?
o« HFZE—HE cluster-tree.

= UUAFcluster bR, 23 lBE T 7~ ARKITH S THA
EFH: p(a,b,c)g(b,c, f)g(ab,d)g(f,g)5(g=1)

-~
-~
~—
-~
-~
-~
-~
-
-
—
o
—

» Keyinsight: —&KiA EB— 1A R LELHEBERZZE—HRY!
= U (B TR ST cluster i S0 o6 K04 1)

11



Cluster-tree elimination—schedule
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+ Message protocol
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Z45). HMM's Forward-backward algorithm
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Cluster-tree elimination—history

» Pearl’s belief propagation (1988)
= for single-root query in poly-tree (i.e. DAG forest, e.g. HMM)

+» Shafer-Shenoy algorithm (1990)

= Variable elimination
= Probability propagation

» Hugin algorithm (1990)
= F.V. Jensen, S. Lauritzen, and K. Olesen
= Evolving from clique potentials to clique marginals

» Cluster-tree elimination (Dechter, 2005)
= Unifying

» Sum-product algorithm (McEliece 1997, Frey 2001)

= operates in factor graph

= Loopy sum-product
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— . Cluster-tree Elimination (%5 E %)
— . Sum-product algorithm on factor graph
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Sum-product algorithm on cycle-free FGs
BT 1, (%) fq ¢ (X0, %, %3) o (%, %,) fo (%, %) IR T IR .

f f
fa @ (_O< fo A X4 AQD\%E:—C ii
f (X
C

@ 7@ BT

T

TINEFE BAMA —1H o6
AR B4 S x Ao BAR Eeeluster:  y(C)={x}, w(C)={1}
W B S A 248 S cluster:  y(C)=arg(f), w(C)={f}

W RIP M5
MNAZ BB 4 ) bR B T R

/Ix3—>fc (XB) — ﬂ’fD—>x3 (X3)le—>x3 (XB)
M@%&éﬁﬁ%ﬂﬂ%iﬁﬁﬁﬁiﬁ 5

fc—>x3 ZZ f Xl X2’ X x1—>fC (Xl)ﬁ’xz—ﬁC (XZ)

X X

) 02 HAAR B pR AN ! 16



Sum-product algorithm on FGs with cycles
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— . Cluster-tree Elimination (#f;EB&E %)
— . Sum-product algorithm on factor graph
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Bayes net for a 4/7 Hamming code
» Probabilistic decoding: F&T up, X, vy EE )

G =argmax p (U | ¥y )

= p(u=0)=p(u,=1)=0.5 for k=1,2,3,4.
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P(X4| Uy) =0 (X4, Uy)
P(Xs | Uy, Uy, Uy ) =3 (X, Uy +U, +Uy)
P(Xs | Uy, Uy, Uy ) =6 (X, U +U, +U,)

)
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O]
O

p(X, [u,,Uz,u,)=3(X;,u, + Uy +U,)

2
i p(anXn)= = 2<3X|E>{(y”2x”)}for n=1,...,7




Bayes net for a 4/7 Hamming code
» Probabilistic decoding: F&T up, X, vy EE )

G =argmax p (U | ¥y )
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Factor graph for a 4/7 Hamming code
+ Probabilistic decoding: 3&F uy, X, v A S0 A0

Uuk p (u1:4’ Xl:?’ y1:7)

P(Y:1%)
= p(u=0)=p(u,=1)=0.5 for k=1,2,3,4.

= p(Xg|up)=6(xg, Uy f

P( X[ Uy ) = S(Xy, Uy)

P(X3| Uz ) = 0(X3, Uy)
P(X4| Uy) =0 (X4, Uy)
(X5 Uy, Uy, Uy ) =3 (X, Uy +U, +Uy)

P(Xs | Uy, Uy Uy ) =6 (X, Uy +U, +U,)

p(% [u,,u;,u,)

5 (%;,U, + Uz +U,)

2
zexp{—(y”_x")} for n=1,...,7

= p(Y, %)=
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Loopy sum-product for 4/7 Hamming decoding

At (Uy) = Z (Y, %) (XU )=p(y,lu)

ﬂ‘ul—>f5 (ul) = }“fﬁul (ul)ﬂ’fﬁ—ml (ul) p(ul)

2f5—>u1 (ul)
= Z ﬂ“u2—>f5 (uz)}“ug—n‘5 (us)}“xs—n5 (X5)5(X5’u1 +U, +u3)

/1x5—>f5 (X5) = p(Ys | X5)
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homework4 hamming

0/1 modulation, num-frame = 10000

BER
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Turbocodes: parallel concatenated convolutional codes
(Berrou et al, 1993)

@ @ The Bayes net for a rate Y2 Turbocode

s Consist of two constituent

@ @ @ convolutioal encoder

1) The lower is essentially the same

5] 5? @ 51 @ 1 as the systematic convolutional
' : coder described above.

Permuter

The only difference is that every
second LFSR output is left off.

2) The information bits also fed into
the upper coder, but in permuted
order.

Every second LFSR output is also
left off.

= So the rate is 1/2.
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A plot of bit error P,(e) versus noise level o for several codes
with rate near %2, using 0/1 signalling.
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= “TC-PP" = 1/2 Turbocode (K=65536) decoded by loopy sum-product.
“LDPCC-PP" = 32632/65389 LDPCC decoded by loopy sum-product.

LDPC coding (Gallager, 1963), LDPC decoding (Mackay et al, 1996)
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Cluster-tree elimination—'proof’
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