Performance Analysis of Relay Assisted
Cooperative Non-Orthogonal Multiple Access
Systems

Jiayi Zhang, Member, IEEE, Linglong Dai, Senior Member, IEEE, Ruicheng Jiao, Xu Li and Ying Liu

Abstract—Non-orthogonal multiple access (NOMA) is a
promising multiple access technique for the fifth generation (5G)
wireless communications. In order to enhance the performance
gains of NOMA systems, a relay assisted cooperative NOMA
scheme is designed in this paper. In the proposed scheme, the
concept of NOMA is exploited to realize the transmission of the
source information in the second time slot. The destination can
only receives a single data symbol in conventional cooperative
systems, while the destination can reliably acquire two data
symbols in two time slots. Therefore, the proposed scheme
can achieve higher achievable rate performance than existing
schemes. Moreover, the complex power allocation algorithm can
be avoided to alleviate the complexity of cooperative NOMA
systems. For Rayleigh fading channels, we derive exact expres-
sions for two important performance metrics of the proposed
scheme, i.e., the outage probability and the achievable rate. In
addition, asymptotic results are presented in terms of simple
elementary functions to provide useful insights to guide the
practical implementation. Monte-Carlo simulations are provided
to demonstrate the performance of the proposed scheme and the
accuracy of the derived analytical results.

Index Terms—Non-orthogonal multiple access, cooperative re-
lay, outage probability, achievable rate.

I. INTRODUCTION

Non-orthogonal multiple access (NOMA) is one of the
most promising multiple access techniques to support massive
connectivity in future fifth generation (5G) wireless networks
[1], [2]. Compared to conventional orthogonal multiple access
(OMA) techniques, NOMA can serve multiple users using
the same resources in the time/frequency/code domain but
with different power levels, i.e., multiple users’ symbols are
multiplexed using superposition coding in the power domain
[1]. At the NOMA receiver, we can first decode the symbol
with the best quality, and then apply successive interference
cancellation (SIC) [3] to detect the remaining symbols.

On the other hand, cooperative relay transmission has been
shown to be able to significantly improve the transmission
reliability, network coverage, and achievable rate of cellular
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networks [4], [5]. Thus, the integration of NOMA and coop-
erative relaying has recently attracted increasing interests to
improve the throughput of future 5G wireless networks [6], [7].
Specifically, a cooperative NOMA transmission scheme was
proposed in [8], where the users with better channel qualities
can be severed as relays to improve the performance of the
users with poor channel qualities. More recently, NOMA with
a dedicated relay was proposed to improve the transmission
reliability for a user with poor channel qualities [9], while the
authors in [10] presented the outage behavior analysis of NO-
MA with multiple-antenna relays. Furthermore, a cooperative
relaying systems using NOMA (CRS-NOMA) was proposed
in [11], where only the relay transmits the decoded symbol
to the destination in the second time slot. However, most
of existing schemes have not considered to send the source
symbols in the second time slot, which fails to fully exploit
the NOMA principle for further performance enhancement. In
addition, power allocation with high complexity is required by
these schemes to realize high achievable rates.

In this paper, we propose a relay assisted cooperative NO-
MA scheme to fully exploit the NOMA principle to enhance
the performance gain further. Specifically, in the first slot, the
source transmits the same symbol to the destination and the
relay, respectively !. In the second time slot, unlike the existing
CRS-NOMA scheme [11], the source in the proposed scheme
can transmit symbols to the destination, and the destination
can use the SIC detection strategy to reliably decode the
symbols. Therefore, the proposed scheme can achieve higher
achievable rates than existing CRS-NOMA [11] and CRS-
OMA [4] schemes. Moreover, because each node transmits the
data symbol with its maximum power, the complicated power
allocation required by previous works is no longer needed
by the proposed scheme. Finally, the exact expression for the
outage probability as well as its high-SNR approximation are
derived to show that the diversity order of the proposed scheme
is the same as existing CRS-NOMA schemes.

The rest of the paper is organized as follows: Section II
introduces the system model of the proposed relay assisted
cooperative NOMA. In Section III, we provide a detailed
analysis for the outage probability and achievable rate of the
proposed scheme. Numerical results are provided in Section
IV to validate the theoretical analysis. Finally, Section V
concludes this paper by summarizing the key findings.

I'Simulation codes are provided to reproduce the results presented in this
paper: http://oa.ee.tsinghua.edu.cn/dailinglong/.
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Fig. 1. Two system models of different relaying protocols.

II. SYSTEM MODEL OF THE PROPOSED SCHEME

As illustrated in Fig. 1(b), we consider a simple coopera-
tive network where a source node, S, communicates with a
destination node, D, with the assistance of a fixed decode-
and-forward (DF) [4] relay node, R, which fully decodes, re-
encodes, and retransmits the source message to the destination
D. Moreover, the source S can also directly communicate
the destination D. We further assume the relay works in
the half-duplex mode, i.e., the relay cannot transmit and
receive a symbol at the same time. The general notation
ha, a € {SR,SD,RD}, is defined to denote the channel
coefficients of the link between S, R and D, respectively.
Without loss of generality, the fading gains in all involved
links are assumed to follow the Rayleigh distribution with the
probability density function (PDF) given by

fh, () = Qiexp (—;) , a€{SR,SD,RD}, (1)

where 2, denotes the average power, and the cumulative
distribution function (CDF) given by

Fp, (z) =1—exp (—;) , a€{SR,SD,RD}. (2)
a
The communication process for cooperative relay systems
consists of two consecutive time slots. During the first time
slot, the source S transmits a symbol x; with the power Pg
to both the relay R and the destination D. Accordingly, the
received signals at R and D can be expressed as

Taw, =V Pshezr1+n, a€ {SR,SD}, 3)

where n is the additive white Gaussian noise (AWGN) with
zero mean and variance o2. We assume that E{|z1|’} = 1
with E{-} denoting expectation. The received SNRs for sym-
bol z; at R and D are given by

_ Pslha* _
e

plha|®>, a€{SR,SD}, &

where p £ Pg/o? represents the transmit SNR.

In the second time slot, R forwards the decoded symbol
x1 with the power Pr to D, and S transmits another symbol
x5 with E{|z3/*} = 1 and the power Ps to D. While in
the CRS-NOMA scheme [11], only the relay transmits the
decoded symbol to the destination D as in Fig. 1(a). Then,
the received signal at D is given by

rp = \/Prhrpr1 + / Pshspxa +n. (5)

Usually, the fading gain hgp of the S-D link is smaller than
the fading gain hzp of the R-D link, ie., E{|hsp|’} <
E{|hrp|’}, due to the distance difference. This natural
characteristic of the channel difference between different
transceivers facilitates us to utilize the NOMA principle at the
second time slot. However, CRS-NOMA in [11] employs com-
plex power allocation at the source to distinguish two symbols,
i.e., power allocation coefficients a; and as. According to the
SIC-based NOMA scheme, the destination D firstly decodes
the symbol x; by treating the symbol x2 as a noise term. Then,
x1 is canceled from rp by using SIC to decode 5. Since we
are interested in the effect of channel gains on the outage
performance, we follow the typical assumption [11] that the
transmit power of S and R is the same as Ps = Prp = P.
Therefore, the received SNRs for symbols x; and zo are
respectively obtained as

N M (6)
U plhspP 17
YD .2y = plhsp|’. (7)

Since we utilize the fixed DF scheme at the relay, the end-to-
end SNR for the transmitted symbol z; with the aid of R can
be expressed as

Ye2e,x1 = min {’YD,wl 5 ’VSR,wl} . (8)

III. PERFORMANCE ANALYSIS

In this section, we derive analytical expressions for the
outage probability and achievable rate of the proposed relay
assisted cooperative NOMA system in Section II. In addition,
asymptotic high-SNR expressions are also presented to provide
useful insights into the effects of system and channel param-
eters on the performance. Finally, our derived result will be
compared with existing results.

A. Outage Probability

We first illustrate the outage probability of the relay assisted
cooperative NOMA system. The outage probability is defined
as the probability that the instantaneous received SNR ~ falls
below a pre-defined threshold ;. Thus, we can use the CDF



of the received SNR to readily evaluate the outage probability
as shown in the following Theorem 1.

Theorem 1. For the relay assisted cooperative NOMA system,
the outage probabilities P, , and P, ., for symbols x1 and
o are respectively given by

_JYth 1 1
2w ) e (e )

pQsp YenS2sp + Qrp

P,y =1—exp <

__Jth 1 1 1
Qrpe 7 (“RD +95R+QSD)

€))
Qrp ( Vth Vth >
—————exp | — -—— . (10)
YnQsp+Qrp T\ pQsp prD
Proof: Employing the definition of outage probability
P, =Pr (v <vum) =Fy (%), (11)

we can directly derive the outage probability of z; in the S-D
link, P, ., as

YerSlsp + Qrp
Poa, =1

Pspy, =1—exp (— PZ;:D> . (12)

To derive the outage probability of =1, the CDF of 7,5, should
be obtained at first. With the help of (1), (2) and (6), the CDF
of vp 4, is given by [12, Eq.(2)]

Fo ()= | Ty 29+ 1) fy () dy

>~ 1 1
:17/ exp( zy+1)  y
o Psp

1 QrpD . ( z )
=] - ———  __ex — ,
2Qsp + QrD P PQRD

— 2 \dy
Prp  Qsp )

13)
where X 2 plhrpl?, Y £ plhgp|?, and Z £ VDo, - In fixed
DF relaying systems, an outage event occurs if either one of
the two-hop links cannot decode ;. Using (13), the outage
probability can be expressed as

Pese oy (vin) = Fouy (Vin)
£ Fpa, (ven) + Fspozy (Ven) = Fpozy (Ven) Fsp oy (Ven)

_Jth 1 1
Qrpe 7 (QRD+QSR>
7en2sp + Qrp

The selection combining technique is used at the receiver, and
the total outage probability of x; is given by

=1 (14)

Po,ml = PS’D,asl (’Yth) PeQe,xl (lyth) . (15)

Substituting (12) and (14) into (15) and after some alge-
braic manipulations, we can attain (9). Moreover, follow-
ing similar steps in [13], the outage probability of z5 in
the S-D link, P,,,, can be obtained as P,,, = 1 —
P (YD, > Yth, YDz, > Yen). With the help of (6) and (7),
the proof is finished. u
To investigate the impact of fading parameters on the outage
performance, we present the asymptotic outage probability
expressions at the high SNR regime in Lemma 1 as follow.

Lemma 1. The achievable diversity order of each symbol are
the same as one.

Proof: In the high-SNR regime, the outage probabilities
of x1 and z2 can be approximated as

2
e’} fYth
Py, = , (16)
(ven2sp + Qrp) p
o Yen§lsp Yer (rp + Qsp) (17
o,r2 ~ ’

YrnQsp +Qrp  pQsp (enlsp + Qrp)

where we have used the approximation of e=” = 1 — x when
x — 0 [14, Eq. (1.211.1)]. The proof is concluded by defining

the diversity order as lim _llog Po 1. ]
e og p

It is remarkable that the high-SNR outage probability of
x1, Pg”‘;l, is independent of gp, while Pg’;l is an de-
creasing function of Qgp and Qrp. Note that the outage
probability of zo is lower bounded by a fixed value of
Ynsp/(venlsp + Qrp) as p — oo. The outage perfor-
mance can be improved by adopting a low threshold .
Moreover, both outage probabilities are monotonically de-
creasing functions of the transmit SNR p. Unlike the legacy
DF scheme where the diversity order is two, the diversity order
of our proposed fixed DF based scheme is one. This is due
to that fixed DF requiring the relay to fully decode the source
information limits to the performance of direct transmission
between the source and relay [4].

B. Achievable Rate

Achievable rate is a key performance metric for wireless
communication systems, so we now focus on the achievable
rate performance of the proposed relay assisted cooperative
NOMA systems. According to the NOMA and fixed DF relay
scheme, the total achievable rate of z; is given by

1 .
Rﬁ?l = 5 min {logZ (1 + ’YD,-'L'l) 710g2 (1 + ’YSR,M)}

Rc,zq
1
-1

+3 (18)

0gs (1 +7vsD,z, )5

RD,zl

where Rc,, denotes the achievable rate of z; transmitted
through R, and Rp ., denotes the achievable rate of x;
transmitted directly from S to D. The parameter 1/2 is due
to using two time slots in relaying systems.

By substituting (1) into (18), we can readily derive Rp ,,

as
L /Ooe < :c )ln(lJr )d
_ xp [ — x)dx
2In2pQsp /o P pPQsp

1 1 -1
- i 1
2In2 P (stp) B (PQSD> ’ 19

where Ei(-) is the exponential integral function [14, Eq.
(8.211.1)], and we have used the integral identity [14, Eq.
(4.337.2)]. The achievable rate of x5 can be derived as R,, =
Rp ., by using the same method to derive z;. Moreover, we
evaluate Rc ., by presenting the following Theorem 2.

RD,xl =

Theorem 2. For the relay assisted cooperative NOMA system,
the approximated achievable rate of x1 transmitted through R



can be obtained as

BT 1
Ly~ wiflape # (mp tmem

2In2 &~ (14 ) (21.Qsp + Qrp)’

Roa, = (20)

where N is the number of integration points, the abscissas xy,
and the weights wy, are defined as

2k —1
T = tan {Z cos ( 5N w) + ;j , 21
oo (2k—1
we — 71'2 Sin (Wﬂ') (22)
k= 2 [z 2k—1 LA
4Ncos [4 cos( N 7r) + 4]
Proof: Please see Appendix. [ |

Although the expression of R, ,, presented in Theorem 2 is
given in terms of sum series, we only need a few terms (e.g.,
N < 60) as verified by extensive Monte-Carlo simulations to
get a satisfactory accuracy (e.g., smaller than 10~°) for all
considered cases. Combining the aforementioned results (19)
and (20), we derive the total achievable rate of x; and x5 as

R

_ %k 1 1
1 i wpQdrpe * (QRD+QSR)

~ 2In2 Pt (14 2x) (2xQsp + QrD)

1 —1
—er¥spE1L
(PQSD>

Because the exact analytical results above cannot directly
provide physical insights, we now focus on the high-SNR
regime and present the Lemma 2 as follows.

(23)

Lemma 2. In the high-SNR regime, the asymptotic achievable
rate of (23) is given by

E,
R = log2p — m + 1OgQQS'D
N
1 wrQRD
+ . (24)
2In2 ; (14 k) (z6Qsp + QrD)

Proof: As p — oo, we can apply the approximations of
Ei(—z) ~ E.+ Inz [14, Eq. (8.212.1)] and ¢* = 1 + x
when x — 0 [14, Eq. (1.211.1)] on (23). After some algebraic
manipulations, (24) can be obtained to finish the proof. [ |

From (24), it is obvious that, as the transmit SNR p in-
creases, the achievable rate R°° improves. Moreover, a higher
value of Qgsp/Qrp will decrease the achievable rate, which
means that the short distance of the R-D link benefits the rate
performance of the relay assisted cooperative NOMA system.
It is worthy to mention that the proposed scheme can achieve
the rate scaling of log, p, while the rate scaling of conventional
CRS-OMA [4] and CRS-NOMA [11] is logTﬂ’. This advantage
is obtained by exploiting the second time slot and the NOMA
principle in the proposed scheme. in the second time slot, the
source S can send symbol x5 to the destination D. Thanks to
the NOMA principle, the destination D can decode symbols
z;1 and z2 by employing the SIC principle.

IV. NUMERICAL RESULTS

In this section, we provide numerical results to validate
the outage probability and achievable rate results obtained
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Fig. 2. Outage probability against the transmit SNR p, where different values
of Qrp are considered but Qgp is fixed as 10 and -y, is fixed as 0 dB).
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Fig. 3. Achievable rate against the transmit SNR p, where different values
of Qrp are considered but Qgp is fixed as 10.

in Section III. We also provide some insights into the sys-
tem performance. To validate the accuracy of the aforemen-
tioned expressions, comparisons with complementary Monte
Carlo-simulated performance results are also presented. More
specifically, 10° realizations of Rayleigh distribution random
variables are generated. The distances of all links can be
represented by the average power. Furthermore, a typical
simulation scenario illustrated in Fig. 1 is considered with an
normalized distance parameter of the S — D link as Qgp = 1.

The outage probability performance is presented in Fig. 2
against the transmit SNR p when different values of Qpp are
considered. We can observe that the simulation results provide
a perfect match to the analytical results obtained in Section III.
In addition, as the quality of the R-D link increases, the outage
probability P, ., in (9) for the symbol z; also improves.
However, the gap between the corresponding curves decreases
as (lpp increases from 10, 30 to 50, which implies that
its effect becomes less pronounced. Moreover, it is obvious
from Fig. 2 that the high-SNR approximations are sufficiently



tight at moderate SNRs and become exact at high SNRs.
Additionally, its accuracy improves for small values of Q2pp.
Note that P, ., reduces to a constant value related to 2rp as p
increases, which means the outage probability of x5 is limited
to the average power of the R-D link. The diversity orders
of x; and x4 are one, which has been accurately predicted in
Lemma 1.

Fig. 3 depicts simulation results, analytical result (23), and
high-SNR approximation (24) of the achievable rate against
the transmit SNR p for the relay assisted cooperative NOMA
system. It can be observed that the analytical curves are
consistent with the simulation ones. In the high-SNR regime,
the asymptotic expression derived in (24) is well matched with
the exact one proving this asymptotic approximation to be
accurate enough, and becomes tight as Q2pp increases. The
proposed scheme is also compared to existing CRS-NOMA
[11] and CRS-OMA [4], respectively. From Fig. 3, we can find
that the proposed scheme provides outstanding performance
gains over CRS-NOMA and CRS-OMA. This is because we
use SIC at the destination, and enable the transmission of o
during the second phase. Thanks to the relay node, the fading
gain of x; is also enhanced by shorting the distance of the
R-D link (e.g., larger values of QQrp). Moreover, it is worth
mentioning that the rate scaling of log, p is achieved by the
proposed scheme, while CRS-NOMA and CRS-OMA can only
achieve the rate scaling of IOgT”’. In contrast to CRS-NOMA,
the proposed scheme can also achieve a higher achievable rate
in the low-SNR regime.

V. CONCLUSION

In this paper, we have proposed a relay assisted cooperative
NOMA scheme. Analytical expressions of outage probability
and achievable sum rate were derived. More specifically,
the outage probability was given in closed-form, while an
efficient numerical expression for the achievable sum rate
was also obtained. Furthermore, the high-SNR asymptotic
expressions for both performance metrics were presented to
get better insights into the impacts of system parameters on the
performance. Our analysis validated that larger average power
of the R-D link has a beneficial effect on system performance.
Finally, the proposed scheme outperforms conventional CRS-
NOMA and CRS-OMA schemes in terms of achievable sum
rate in whole SNR regime.

APPENDIX
The achievable rate R¢ ,;, can be expressed as [15, Eq. (24)]

L /oo (14 2) fou, (r)de

Rep =
G 21n2

*1—Foyu
_ / Carr () 4 (25)
2In2 J, 1+z
Substituting (14) into (25), we have
B — /Oo QrDp
C,xy —
2In2 0 14+ 22Qsp + Qrp
T 1
X ex | =+ = | dz. (26)
p( p (QRD QSR))

Unfortunately, the involving integral is very difficult to be
solved in a closed form. However, by changing the variable
of the integration in (25) as « = tan(f), Rc, ,, can be written
as

Rc oy = ec?0do.

1 /;' 1—Fcy, (tan) 27

2In2 1+ tané

Then, we can use an efficient N-point Gauss-Chebyshev
formula [16, Eq. (25.4.39)] to numerically derive

N
1 1-— FC,xl (a?k)
2In2 ;w’“

1+ xp
where xj and wy are given by (21) and (22), respectively.
Substituting (14) into (28), the proof can be concluded.

R, = ; (28)
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