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Negative capacitors and inductors in optical plasmonic nanocircuits
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Optical plasmonic nanocircuits are a heuristic route inspired by electronics for light manipulation in deep-
subwavelength scales at optical frequencies with lumped capacitors and inductors. Here, a class of negative
capacitors and inductors is discovered in the paradigm of optical plasmonic nanocircuits based on a modified
model of a plasmonic nanoparticle. In this model, the global electromagnetic response of a Drude-dispersive
plasmonic nanoparticle is imitated by a parallel pair of a capacitor and an inductor by involving the host
medium of the plasmonic nanoparticle. We theoretically and numerically demonstrated the performance of
such negative optical elements for extremely wideband impedance matching. A comprehensive lumped-element
map for optical plasmonic nanocircuits is thus constructed including positive/negative inductors/capacitors with
series/parallel configurations, which will inspire more possibilities in nanocircuit design.
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I. INTRODUCTION

Plasmonic materials with the intrinsic Drude-like disper-
sion provide a negative permittivity in optical frequencies for
light-matter interactions in deep-subwavelength scales [1–4].
Owing to the unprecedented abilities in light confinement and
scattering, a variety of plasmonic nanostructures has been
engineered for resonance and concentration [5–10], irregular
optical responses [11–13], light transmission [14–18], optical
lenses or nanoantennas [19–22], and other areas. Optical plas-
monic nanocircuits are fascinating applications of plasmonics
and introduce distinctive techniques originated in electronics
at optical frequencies [23]. Analogous to the circuit theory
in electronics, the plasmonic nanostructures are modeled by
lumped elements such as nanoresistors, nanocapacitors, and
nanoinductors. In contrast to traditional optical devices with
electrically large dimensions, these plasmonic nanocircuits
allow the modularization of light-matter interactions in deep-
subwavelength scales, thus making it possible to operate as
lumped circuits at optical frequencies. Therefore, versatile
applications are proposed in this paradigm of nanocircuits
by transplanting the classic techniques of electronics to op-
tics and photonics, such as optical inductors and capacitors
[24–26], optical filters [27–31], optical antennas impedance
matching [32–34], optical Wheatstone bridge [35], and pho-
toelectric computation [36].

The air background is applied in the resonance and scatter-
ing analysis of a plasmonic nanoparticle as a host medium
in plasmonic nanocircuits [23]. However, it is important to
include different host media in addition to air, considering the
different host platforms of plasmonic nanocircuits. For this
consideration, the general model of a plasmonic nanostruc-
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ture can be expanded to a comprehensive one with different
host media. As a result, the interaction between a plasmonic
nanoparticle and its impinging light is imitated with a parallel
capacitor and inductor pair, as shown in Fig. 1. Based on
this model, we find that the host medium introduces an extra
degree of freedom in light-scattering control and allows one
to obtain negative capacitors and inductors. Theoretical and
numerical verification was used to construct a map of lumped
circuit elements in optical frequencies with both capacitors
and inductors with positive/negative values and series/parallel
configurations. These elements expand the paradigm of opti-
cal plasmonic nanocircuits and provide more possibilities in
nanophotonic device design.

II. RESULTS

As the basic schema of optical plasmonic nanocircuits, a
plasmonic nanoparticle has a homogeneous relative permittiv-
ity of εe and is positioned in the air [23]. Figure 1 shows that
this nanoparticle is immersed in a host medium with relative
permittivity of εh instead of the air. This nanoparticle has a
deep-subwavelength dimension, which implies that the phase
of impinging light is nearly constant over the nanoparticle.
For the uniform incident electric field E0 = E0ẑ (the time
convention e−iωt is assumed), the electric potential inside the
nanoparticle is written as φin = −3εhE0|r| cos θ/(εe + 2εh ) in
spherical coordinates [37], where r is the position vector and
θ is the angle between the position vector and the z axis. The
nanoparticle’s impedance can be derived as

Z = 1

−iωπR(εe − εh)ε0/2
, (1)

where R is the radius of the nanoparticle. The detailed deriva-
tion of (1) is presented in the Supplemental Material [38]. The
impedance of the nanoparticle is clearly dependent on both
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FIG. 1. Comprehensive lumped circuit model for a plasmonic
nanoparticle. A Drude-dispersive nanoparticle immersed in the host
medium with εh is modeled as parallel lumped circuit element pair
of a capacitor (positive or negative depending on the host medium)
and a positive inductor.

values of εe and εh. Specifically, when the relative permittivity
of the nanoparticle is described by the Drude model, i.e.,
εe = ε∞−ω2

p/ω
2 (ε∞ is the relative permittivity at infinite

frequency, and ωp is the plasma frequency), the nanoparticle’s
impedance is written as follows:

Z = 1

−iωπR(ε∞ − εh )ε0/2 − πRω2
pε0/(2iω)

= 1

−iωC − 1/(iωL)
. (2)

The plasmonic nanoparticle’s impedance could thus be
described as a parallel capacitor with a capacitance of
C = πR(ε∞ − εh)ε0/2 and a parallel inductor with an induc-
tance of L = 2/(πRω2

pε0) in the theory of optical plasmonic
nanocircuits [23], where the host medium is just air, and
one nanoparticle is modeled via only one specific lumped
positive capacitor or positive inductor. A more comprehensive
model is established for plasmonic nanoparticles in (2) by
incorporating the host media, which in turn provides a global
understanding of the light-matter interaction from low to high
frequencies. According to (2), the capacitance is dependent on
both the permittivity of the nanoparticle and the host medium,
which implies that the host medium provides a degree of
freedom to tune this impedance. Specifically, when ε∞ > εh,
the capacitor in this model is just a regular capacitor with a
positive capacitance. However, the capacitance has a negative
value for the case of ε∞ < εh, thus indicating a negative
capacitor achieved by this nanoparticle. Particularly, in such
a parallel pair, the capacitor leads the dominant response at
high frequencies while the inductor takes a major role at low

frequencies. Therefore, the lumped circuit model is reduced to
a single capacitor in the high-frequency region, while a single
inductor could present the model in the low-frequency region.
In the middle frequencies, these two elements both work
effectively with different responses from the single-element
model discussed previously [23].

Considering the practical integration of the optical plas-
monic nanocircuits, the subwavelength-thick slabs are em-
bedded in a certain host medium, as shown in Fig. 2. The
Supplemental Material [38] shows that this thin slab fol-
lows a similar model as (1), and its impedance can be
derived as

Z = 1

−iω(εe − εh)ε0t
, (3)

where t is the thickness of the slab. If the relative permittivity
εe of the slab is described by the Drude model, i.e.,εe =
ε∞−ω2

p/ω
2, then the slab’s impedance is

Z = 1

−iω(ε∞ − εh )ε0t − ω2
pε0t/iω

. (4)

Equation (4) also implies that the lumped circuit model is
equivalent to a parallel capacitor with a capacitance of C =
(ε∞ − εh)ε0t and a parallel inductor with an inductance of
L = 1/(ω2

pε0t ), which are also dependent on both permittiv-
ities of the plasmonic slab and the host medium. Specifically,
when the plasmonic slab (ε∞ = 3.7, without loss of gener-
ality) is embedded in the host medium with relatively low
permittivity, e.g., εh = εair, the parallel capacitor in this model
has a positive capacitance of C = (ε∞ − εair )ε0t . As Fig. 2(b)
depicts, in region I (low-frequency region), the slab is equiva-
lent to a single inductor. In region III (high-frequency region),
the positive capacitor gradually plays the dominant role. In
region II, however, the total susceptance (the imaginary part of
Z−1) of two elements passes across zero at a certain frequency,
which corresponds to inductor-capacitor (LC) resonance at
this frequency.

The situation would be totally different if the plasmonic
slab (ε∞ = 3.7) is immersed in a host medium with higher
permittivity, such as silicon (εSi = 11.9). In the model of a
plasmonic slab in a host medium of silicon, a negative capac-
itor with a capacitance of C = −(εSi − ε∞)ε0t is obtained,
as illustrated in Fig. 2(c). The negative capacitor and the
positive inductor both have negative susceptance. In fact, as
exhibited in Fig. 2(d), a single positive inductor and a single
negative capacitor play the dominant part of the lumped circuit
model in region I and region III, respectively. The two ele-
ments both work effectively in region II, and the susceptance
keeps negative without passing across zero, thus showing a
different response, as can be seen in Fig. 2(b). The two cases
above have different host media and therefore have different
electromagnetic responses. The susceptance of the plasmonic
slab is consistent between analytical and numerical results,
thus providing the validity of this modified dual-element cir-
cuit model of plasmonic nanostructures. As shown in the
derivation of Eq. (3), the circuit model is applicable when
the thickness of the plasmonic slab is far smaller than the

165410-2



NEGATIVE CAPACITORS AND INDUCTORS IN OPTICAL … PHYSICAL REVIEW B 106, 165410 (2022)

FIG. 2. Comprehensive lumped circuit model for a plasmonic slab with host media of air and silicon. (a), (c) Equivalent lumped circuits
for plasmonic slabs with Drude dispersion εe = ε∞−ω2

p/ω
2, in which ε∞ is chosen to be a typical value of 3.7, and the thickness t is set to

be 0.02λp. The slab is immersed in the host medium of air and silicon, realizing positive and negative capacitors in the circuit models. (b), (d)
Susceptance for the lumped circuits in the host medium of air and silicon; the model is reduced to a single inductor at low frequencies or a
single capacitor at high frequencies. The susceptance is normalized by Z−1

air , where Zair is the intrinsic impedance of air
√

μ0/εairε0.

operating wavelength. Therefore, as the frequency increases,
the error between the numerical and theoretical results gradu-
ally becomes larger, which can be seen in Figs. 2 (b) and 2(d).

As discussed above, the involvement of the host media
adds extra degrees of freedom to tailor the impedance of
the plasmonic nanostructures. Besides the positive capaci-
tors and positive inductors which have been proposed in
classical plasmonic nanocircuits, this model also indicates
a negative capacitor in Figs. 2(c) and 2(d). Similar to their
counterpart in electronics, negative circuit elements have a
susceptance that is the opposite of positive elements, which
can give them access to exotic functionalities for impedance
matching [39–42]. Here, we demonstrate the application of
negative circuit elements for extremely wideband impedance
compensation. For this issue, an intuitive method to match
a positive capacitor is to introduce a positive inductor. In
this case, the impedance matching is only achieved within a
narrow frequency range. The case will be different if we use a
negative capacitor instead of a positive inductor. To illustrate
this comparison, these two matching strategies are investi-
gated with numerical verification. Figure 3(a) shows that the
plasmonic slab behaves as a positive inductor with an induc-

tance of L = 1/(ω2
pε0t ) in the low-frequency region. As de-

picted in Fig. 3(b), the total susceptance of the positive capac-
itor and the positive inductor equals zero only at the resonance
frequency, which is expected to be 0.1ωp. As a result,
impedance matching is realized over a narrow frequency re-
gion around the resonance frequency.

However, for the same configuration but in the high-
frequency region, the plasmonic slab behaves as a negative
capacitor with a capacitance of C = −(εSi − ε∞)ε0t , as
demonstrated in Fig. 3 (c).It is noted that in the low-frequency
region, the plasmonic slab is effective to a single inductor and
does not make sense in the matching by a negative capacitor.
In this case, the total susceptance of the positive capacitor and
the negative capacitor is close to zero for the high-frequency
region from ωp to 3ωp, thus realizing impedance compensa-
tion within an extremely wide bandwidth, which is shown in
Fig. 3(d). It is notable that the required positive inductor or
negative capacitor could be analytically obtained in theoretical
formulas without full-wave numerical simulation for a given
positive capacitor, and the analytical design of the required
lumped elements is validated by the numerical verification in
Figs. 3(b) and 3(d). A detailed analysis is given in the Supple-
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FIG. 3. Performance of impedance compensation of the positive capacitor with positive inductors and negative capacitors. Sketch of the
positive capacitor with (a) positive inductor and (c) negative capacitor by introducing the slabs with Drude dispersion εe = ε∞−ω2

p/ω
2(ε∞ =

3.7). (b), (d) Susceptance of the corresponding circuits, showing the impedance compensation performance of the two methods. The
susceptance is normalized by Z−1

Si , where ZSi is the intrinsic impedance of silicon
√

μ0/εSiε0.

mental Material [38]. As shown in the derivation of Eq. (3),
the circuit model is applicable when the thickness of the
plasmonic slab is far smaller than the operating wavelength.
Therefore, as the frequency increases, the error between the
numerical and theoretical results gradually becomes larger,
which can be seen in Figs. 2(b) and 2(d). Therefore, the
wideband impedance matching would also collapse with the
frequency increases.

III. DISCUSSION

In this context, we established a comprehensive dual-
element model via Eq. (2) using a capacitor with a capacitance
of C = πR(ε∞ − εh )ε0/2 and an inductor with an inductance
of L = 2/(πRω2

pε0), which is different from the model of
the elements in plasmonic nanocircuits reported previously
[23]. Importantly, this modified model could be reduced to
a single-element model at different frequency regions, as
demonstrated in Fig. 2. As another interesting property, it is
also possible for the model to be reduced to a single element
at a fixed frequency, which agrees with the basic elements of
classical optical nanocircuits. For example, for the plasmonic
nanoparticle with relative permittivity of εe = ε∞−ω2

p/ω
2 and

the host medium of εh, the capacitor in the parallel pair equals
zero if ε∞ = εh, i.e., εe − εh = −ω2

p/ω
2, and only the induc-

tor is left over the entire frequency range. A nonplasmonic
nanoparticle with a constant relative permittivity of εe, i.e.,
εe − εh = const., behaves as a single capacitor in this model.

To further investigate the feasible circuit designs of opti-
cal plasmonic nanocircuits, a comprehensive map of possible
lumped elements is displayed in Fig. 4, including capacitors
and inductors with positive/negative values and series/parallel
configurations. A nanoparticle with a relative permittivity of
εe and the host medium of εh has an element type that is
dependent on the relative permittivity difference of �ε =
εe − εh. Starting from the existing parallel positive capacitors
and inductors with �ε = const. > 0 and �ε = −ω2

p/ω
2 < 0

in classical optical plasmonic nanocircuits [23], we next im-
plement the parallel negative capacitors by �ε = const. <

0 and the negative inductors by �ε = ω2
p/ω

2 > 0, which
are exactly symmetrical to the positive elements. Further-
more, as the duality form of the parallel inductors/capacitors,
the series capacitors/inductors could be obtained by replac-
ing permittivity with permeability. According to the duality
theorem [37], for the nanoparticle with a relative permeabil-
ity of μe and the host medium of μh, the series element

165410-4



NEGATIVE CAPACITORS AND INDUCTORS IN OPTICAL … PHYSICAL REVIEW B 106, 165410 (2022)

FIG. 4. Map of the lumped elements in optical plasmonic nanocircuits, including realizations of positive and negative lumped elements for
series or parallel configurations for expanded optical plasmonic nanocircuits.

type is dependent on the relative permeability difference
of �μ = μe − μh. Concretely, the series positive inductors
are realized by �μ = const. > 0, while the series posi-
tive capacitors are realized by �μ = −ω2

m/ω2 < 0, where
ωm is supposed to be magnetic plasma frequency. For the
same relations, the series negative inductors and capacitors
are obtained by �μ = const. < 0 and �μ = ω2

m/ω2 > 0,
respectively, which are also symmetrical to the series pos-
itive inductors and capacitors. Therefore, a complete map
of possible lumped elements in optical plasmonic circuits is
established with corresponding material properties, as listed
in Fig. 4.

To conclude, we investigated a modified but compre-
hensive circuit model for the plasmonic nanostructures by
considering the host medium in optical plasmonic nanocir-
cuits. The role of the host medium makes it possible to
achieve negative capacitors or inductors, which are theo-
retically and numerically demonstrated for the extremely
wideband impedance matching. Finally, a map of possi-
ble lumped elements for optical plasmonic nanocircuits is
discussed with positive/negative capacitors/inductors with se-
ries/parallel configurations. Such a system exhibits exciting
potential for the wideband impedance matching of antennas
or circuits in optical frequencies.

IV. METHODS

A. Full-wave simulation

The theoretical results in Fig. 2 were derived by the soft-
ware MATLAB. The numerical results in Fig. 2 and Fig. 3 were
obtained using the frequency-domain solver of the commer-
cial software CST STUDIO SUITE. The tetrahedral meshing was
used with the meshing cells per max model box edge set to
10 for the model and 1 for the background. In the simulation,
the waveguide ports were adopted to provide impinging light,
and the numerical boundary setup for Fig. 2 and Fig. 3 was
magnetic boundaries along the magnetic field and electric
boundaries along the electric field to mimic light propagating
in an open system.

The simulation data that support the findings of this study
are available from the corresponding author upon reasonable
request [38].
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