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Why Graphical Model ?

« F 5 AR IAHe /7 (Representation)
o Gi— T HRI I B HIVE S Geb B F 7 i
o I EE LR R EE LR R

« S KHIHERR T AE /T (Inference)

o JEEVESVE, WM,

o [ EARHGHAR Y, d2 R BN B OB W P Sk
K. p(S=1w=1)=? p(R=1|W=1) =2
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P& 2] B (Learning)
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View of a family of distributions 43 FaiRBEIW =

> — Mg, —lans, AR —TEAER A,
Mxeds— im o An
= TR X MR AN S TR EEAT AL p(X, | Xoaw) FHEIRTRETE
X, BE—DMOMNES, BN M(g)

M(g)={p(x\/)3 p(x,)=]1 p(xv | Xpa<v>)}

V)=1V_i p(v|pa(v))

o —RRTTIR: WX R AT IR A AR AL B S iR
-M—%ﬂﬂﬁ,TU%TH%%@&%ﬁ—AQmﬁﬁO

p(C.RSW)=p(C)P(RIC)P(SIC)PWIRS) o as s
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o SEXT EARERAS AR A RABER (AR, TrAaE. FTE. BEE. D
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FIfRBIIE P ==

l P(h|x;8)

AN :>

P(x, h; 0) : Generative model,
e.g.GMMs,HMMs,FA, MRFs,LDA, ...

Human knowledge
+ Data

P(h|x;0) : Discriminative model,
e.g.Logistic Regression, CRFs,NNs, ...
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Basic concepts — undirected edge, neighbor

we have an undirected edge
between « and

a~f

If both ordered-pairs («, f) and
(5, ) belong to E

we also say that « and g are

neighbors, « is a neighbour of g,

or Ais a neighbor of «

the set of neighbors of g
<P B

ne(p)

ne(B)={a:a~p}
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Basic concepts — directed edge, parent, child

we have an directed edge from a | a > S

to 8

If (o, B)eE but (B, a) ¢E

we also say that « is a parent of
S, and that gis a child of «

the set of parents of a _
p p p PaA) | pa(p)={a:a—pB)
the set of children of « ch(a) (.
g g Ch(a)-{ﬁ.a—)ﬁ}
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Basic concepts — un/directed graph

we say D is a directed graph

If a/l the edges of a graph D are
directed

we say g is a undirected graph

If a/l the edges of a graph g are
undirected
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Basic concepts — family; boundary, closure

6'@

(&
GIRIE

Q'Q

the family of g
X JE

fa(p)

fa(f)=15;v pa(p)

Jolm &

Boundary of node «
RS

bd()

bd () =ne(«)

Closure of node «
Eika)

cl(a)

cl(a)=bhd(a)u{a}
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Basic concepts — path, trall

path M Bl o, 11— K AN RS, —FRAFAEN+1IA
4% 5] 45 MR T A ..,y s B (a4, ) €E,
I=1,....n.

o REREA R THIAS: SRR A I I T

we say that « leads to S WRAFAE— % Ma 2 g HIEE1E

a W2k B A p
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Basic concepts — cycle, DAG, trall

n-cycle ¥

Moyl e, 1]

R KON, SESRAFAEN AR S S

}&H@f?ﬁuap, an ’ E (Oli, Oli+1)EE, | — 1, ceey n'l’

(an’ 0(1) ek

acyclic graph

If it does not possess any cycles

directed acyclic graph
(DAG)

A directed graph which is acyclic

trail from a to g
;‘@I

Oy~ Oy |

Mo B o, K — 26K N)IZE, R FRAEEN+I D ANF] 45
RSP ..., oy » H a—a;, O a—>a q, OF

=1,....n.

s RIS H EAHAS

A LAE A A R T [ T AT
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Basic concepts — well-order of DAG

well-order of a FAT2T] LS — A DAGH 45 s ik T H R /1 9m =, M
DAG (Directed 15 A RA ik s 2 WK YR ) 45 5 38 ) = o
Acyclic Graph) FSIEE R EFHE—FHET RN BT

B TEHEN R T

predecessors of | pr(a) | EDAGI—"1RFH, dingmstt o /Mg S
node « BN o BIHT2ESS B

e Here is a well-ordering of the nodes
In the DAG
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Basic concepts — ancestors, non/descendants

A IH
ancestors (l1%5) of node S an(p) | an(p)={a:a— gbutnot g «af
descendants (J51t) of & de(a) | de(a)={B:a+> pbutnot g+ o}

non-descendants (3/51%) of & | nd(a) | nd(a)=V \(aude(a))

A & O
Q 9 nd(D) =
oO—0) (& oG
an(C) = G G
de(C) = @ Q
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Conditional independence (Cl)
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Definition

« XLY|Z
if and only if the following equivalent condition holds
= p(x|y,2)=p(x|2) if p(y,2)>0
= p(x|Yy, z) has the form a(x, 2) if p(y,z)>0
= p(x,y|2)=px|2)ply|2) if p(z)>0

= p(x,y|z)has the form a(x, z) b(y, z) if p(z)>0

= p(x,y,2)=p(x|2) ply|2) p(z)
{- p(x, y, 2) = p(x, z) p(y, 2) / p(2) if p(z)>0
= p(x, Y, 2) has the form a(x, z) b(y, 2)
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Properties of Cl—& &z tEriE &AM

» The ternary relation X LY | Z has the following

properties:
= Pl: Symmetry
IfXLY|Z thenY L X|Z

= P2: Decomposition
If X LY|Z and U is a function of X thenU LY |Z

= P3: Weak Union
If X LY|Z and U is a function of X then X LY|(Z U)

s P4: Contraction
IfXLY|Wand X1Z|(W,Y) then X L(Y,Z2)|W

= P5: Intersection (hold under certain conditions)
IfFXLY|[(ZW)and X LZ|(Y, W) then X L(Y,Z)|W

20



Properties of Cl - Example of P5 falls

« XLY|Zand X LZ|Y=?2XL(Y,Z)
= Define: p(X=Y=Z=1) = p(X=Y=2=0) = 0.5
Other configurations of X, Y and Z have 0 probability.
p(x z) ~ 0.5x5(x=12)

= p(x]z)= 0(7) oE =5(x=12) p(ylz)=6(y=2)
p(xy|2)= p(;(’(i/')z)=O'SX5(;5:y:Z):5(x=y=z)

=5(x=2)5(y=2)=p(xI2)p(y]2)
= Thisgives X LY |Z. Similarly, X LZ|Y .

. P(x|y=1z-1)- péz,yy;l,zz::l;) _ o.5xj(5x=1) _5(x=1)

p(x=0)=p(x=1)=05

XL (Y, Z)is not true. Given (Y, Z), we know X=Y=Z.

21



Properties of Cl - P5

» P5 is true when the distribution p is positive.
X LY[|(Z,W)

f
X LZ](Y,W)
then X L(Y,Z)|W
p(

and p(x,y,z,w)>0,Vx,y,z,w

= Proof: X,¥,Z,W)=9(x,z,w)h(y,z,w)

=k(x,y,w)l(y,z,w)
for suitable strictly positive functions g, h, k, I .
g(x,z,w)h(y,z,w)

1(y,z,w)

Thus, for all z we must have  k(x,y,w)=
Hence, choosing a fixed z = z,, we have

h(y,ze, W)
1(y,z,,W)
Thus, p(x,y,z,w)=7z(x,w)p(y,w)xI(y,z,w)=X L(Y,Z)|W

K(x y,w)=0g(x,2z,,w) z(x,w)p(y,w)

22
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Definition - (DF) property

R0 — Rk : REXMR, HRIFFT

s« BRS040 p(xy) B A EID AT T3] 73 i fi an R

)=TTP(x D) 9.°

(1L

DA A 7 A 35- 5 T — A s Mpe(D)
MDF (D) :{p(xv) : p(XV) :H p(xv | Xpa(v))}
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Definition - (DO) property
=41 p(xy) IRMAKE D 14 74 JyMarkov i,

in some given well- orderlng of the nodes (CDLS p73)

WRAEEDRIRAN R K, AL
vL pr(v)\ pa(v)| pa(v)

1 DI 1507 FrMarkovE % 5 7 — #4341 Mipo(D)

TEEANEFTR, s vLpr(v)\pa(v)|pa(v)
ﬂ Xt Pl R &6 s BuE R 2 A gl

V)=I1r(vIra(v))

4
EEERFT, Bor vLpr(v)\pa(v)| pa(v)

FREIRFTEHMCIEFE, %4#RADO




View of a family of distributions

WK EIDHY — WK EIDI
A ] 73 4 |7]-F FFMarkov{#
p(V):g/[ p(v] pa(v)) vL pr(v)\ pa(v)| pa(v)

» Theorem: My(D) = Mys(D), 418 AM(D)

At the core of the graphical model representation
o (EEEAMEES T, RiGHg s — MR
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Three canonical DAG’s - Serial

» Serial connection (Markov Chain)

O=0=20

p(x,y,2)=p(x)p(yIx)p(z]y)
X1Z]|Y

= UM EENLIIR SATREME, S AR Z EEERY, U=
ATOLR Z KR A S ERRIRRE X Ko
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Three canonical DAG's - Diverging

» Diverging connection

JON

p(x,y.2)=p(xly)p(y)p(zly)
X1Z|Y

= A DEENLILR Y 2R WA BELILR X, Z FILFJERE, 4ERIY,
WX AN BELEIE R X, Z A ST
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Three canonical DAG's - Converging

» Converging connection

OWNO,

ol

p(x.y,2)=p(x)p(yIxz)p(2)

X1Z
X1Z|Y X

29



Three canonical DAG's - Converging

“Multiple, competing explanation” scenario

p(E=1) =0.1 p(B=1) =0.2
E B |p(A=1|E, B) p(A= 0|E B)
0 O 0.1 Q w
1 0 0.8
0 1 0.8
1 1 0.99 0.01

- pB=1|A=1)7? pB=1|A=1E=1) E1LB |AX

s YNNI EEWAEE IR E, Hh— N ERR RS T, 5
— N E B R AR AT Re MR explain away )

30



DAGHY1E X

— R 1B o AT

X

~

| MR

— R AT TR s B B
— MNDAGE /R — NN EFERIRER 041 (by definition)

0 AT RO R

o W R H A P Markov it
— R A

p(C,R,SW)=p(C)p(RIC)p(SIC)p(W|R,S)

R — 1 "DAG

N

31



I-map (Independency map)

o FE—DA p() Frgs & w2 /2R s CLAid N T(p)
P

(C,R,S\W)=p(C)p(RIC)p(SIC)p(W|R,S) ‘RLS|C O
FR—1BN D & —~r4i p ) I-map, Wik
I(M(D))<1(p) -

X, FATHAR AT p Al LR EID .

o RS p FTFR AT e, 8 D Fo5 T B/ 4 T
s JPAT p AT RAAT SRRSO R AT S RAE T D A (c)
3w

W1C|S R

N
Y~

= SN R E 2 ARG 1-map.

F—1BN D s&2—" A p i 583€ DI 28 R 7~ (P-map), 15
H(M( D)):H( p) 32



KF 3.4: From distributions to Graphs

P-mapHIF

o A NIAEA Te3E NI N RIR .
% (KF p.81 example 3.6)

= BRE=MURBEAAREX, Y, ZHan NS AT
1/12 xey®z=0

o(x y,z)={

(X LY)el(p)
(X LZ)el(p)
(YLz)el(p)
(X LY |Z)eI(p)
(XY LZ)eI(p)

1/6

Xeydz=1

/® ®\

XDy

P, |Oo|lo | X

R O |k, | O (I

O |k, | =] O

33



DAGHY1E X

— R 1B o AT

— R AR W 2RI i — A

— MNDAGE /R — NN EFERIRER 041 (by definition)
0 TR 0
o WA [ FFMarkov ik

— ANMER A A W] 22 o i — N DAG
n MWFRFMSIERIEE SRR B, SRR R ENI-map

» DAGE T BENLIA 2= 0] B A B . 52 5%
%,ﬁu%ﬁAﬁ%%*mL&@@

w I ] R A

34
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= S by AN (EpEETfis

B
w %

e
E

X2X3X4°';/-\ y1y2y3y4 . Sl U1U2U3U4...

\ 4

I
s

T
hg
7 N(O, 0?) BLEEfER . MAPH)

. G =argmax p(uly)
p(ylu=1)

B G AEER: K5 ST up N — A R URE X,
W EREG D, K=1, — MR EE LM, FIH Yot y2k+1 FI R
B LRl SEE 5 ARRIRCR 36




4/7 Hamming code

« NG B AR In L2 EREAT (parity-check bits) 2 hid

=(0,0,0)

B K=4, N=7 Hamming code Kb e H

110
(X11X21X31X4,X5,X6,X7) /A:E“}:"E%E]:{iG 1 1 1
1000110 101
0100111 —'> (X0 X0 Xg Xy, X, X5, %, )| O 1 1

=(U,,U,,U,,U
(1234)0010101 100
0001011 010
0 0 1

Hard decoding
n XHEE S ATy, FEATT TR V0. 58 ok, 4321 0y,
Algebraic decoding

o SHEEEH y,, MR e, AT Y, - H =0 ?

37



Bayes net for a 4/7 Hamming code

(Exact) Probabilistic decoding: T uy, xy; v, HIBES S

G, =argmax p(u, | Y,;)

Uk :O,l

® p(u=0)=p(u=1)=0.5 for k=1,2,3,4.

B p(x
p( X,
P( X3
P( X,

P(Y,IX,)=

up ) =o(x,
u,) =o(x,,
Us) = 0 (X3,

Uy ) = O (X,

Uy, Uy, Uy ) =
Uy, Uy, U, )

U,, Uy, U, )

270

u)
u,)
Us)

, Uy)

5 (s, u+u+u)
S5 (Xs, U, +U, +U, )
S (

X, Uy + Uy +U, )

(o}

ex —(y”_x")2 for n=1
> P 2 2 CERES)

38
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= FRANRRIEL

T fe A A
—NEER R T EE R AT

H 2] MR

BRI A AT RN B A
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Definition - (G) property

FR—A0 A0 p(xy) IR E

X

gl 4= i Markovit, I BT A

AT =45 T74 (A B,S), P SEEET A

B, AL

X, L Xg | Xg

K B gl 4= fiiMarkov {4 1

Xa

753 1 R4 Mg(0)

Xs

Xg

SFEES T AFIB: MAZ B ML - KBEHET SHER L



Basic concepts — clique

clique #%

maximal clique &

Kk

C

MR— G5 T RCONE, IRCH 4 SAEE
14 79 A <18
AEAE TR — AR %

41




Definition - Factorization property (F)

%Ax—/l\ﬁﬁﬁ p(xy) ARMAK B g o e,  an St B A Al
%C, ﬁfg/\ﬁlliﬁ?’ﬁ&ﬂxc) FRONF R, H15

H¢ g5 P (%) [ (%)

CeC ceC

Hiz BRI b Z= ZH¢(XC)
Xy CeC

= CERMIaHNES

L EORE B REBAAAENE . X R B R ME— T E )
B AR, AE AR mOKE B

W gi eSS 1 — oA T Mg(9)

The fundamental theorem of random fields (Hammersley & Clifford)

Theorem: M(g) = M(Q)

42




UGM Example




UGMAYIE X

—AEEOR T ERFRREE 3 A
A 2 R

R I RN B

—MNUGMER R — N EFEIIM 25745 (by definition)

0 TR T fEE
n /Wj/% Markov’ ri

— LR AR WR] 2 7~ i — - NUGM
o MM HERIEE R A E, FHRR AT EE R ERI-map



KF 4.3.3: From distributions to Graphs
P-mapBIfFE 4
» NRFR— NI AMEE ERA M BRI,

#il-F (KF p.122 example 4.8)

o FEEABENAREX, Y, Z HEIVIERER) DU X 28 Fr AR 1) 44 p,
WS LD E, 1EnAE p R A RERZHIT-map

OENO

hol
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UGMAYIE X

—AEEOR T ERFRREE 3 A
A 2 R
— A A T F R B

—MNUGMER R — N EFEIIM 25745 (by definition)

0 TR T fEE
n /Wj/% Markov’ ri

— LR AR WR] 2 7~ i — - NUGM
o MM RIEE R AR F, FHR AR ERI-map

UGMi& H] TR LA 2R A5 e 2, 38 JR) 30 ek 250
] A A SR 3Rk [ S A )
o R ko) TRBL SR HDAS X HUE O AL AL "




Image de-nOiSing (PRML p387)

Given the noisy image, to recover the original clean image
» X : original clean image pixel e{-1, 1}, i=1,...,N?
» Y : observed noisy image pixel e{-1,1}
)zl:Nz - argx Mmax p(Xl:N2 | y1:N2)

N2

p(Xl:N2 ’ y1:|\|2 ) =7

Bages'

Theorewa

- ———

original clean x noisy observation y

47



Ising model

» Consider a lattice of binary RV’s, x.e{-1,1}

p(xlzNz ) oc exp{;gﬁ(xi,xi )} = exp{ﬂ;xixj} B>0

= SR MR EBCHEME B AT REPE R
= B BURIFI{E I Ising model iy BE AL R A 45 5

Ul

CP—O—@—@

C?—@—@—@
C?—@—@—@
GO—B—0—®

48



Image de-nOiSing (PRML p387)

1BE 5 A 7

\HARSRE %, x BB
vy 5 ox BUE R RERTH AR W

p(X, y)ocexp{,Binxj +nyiyi} B>0,7>0

il

Compute X =argmax p(x|y) ?
Ba-aa.s'

Theorewa

original clean x noisy observation y estimate g 49




Graph semantics

Joln

50



Definition— Jc o] BB F 4 &R

- R AN A EN AT p(xy) IR Bl i, i
X$@ﬂ%ﬁm£,ﬁ%%#¥kﬁ (X)) — BN ER

W, 81
- [1o() oy (0
s P(X mII¢<; O
CeC @
oz R Es Z=) []4(x) P (% a0 %,)
x CeC
« CREDEERES
o RELRAE L3R BUNAEIENE . IR bR BT 2 M — B E 1
o AR, A SRR L

51



Definition— Fc[a) [BAYP,L, G4 &R

o FR— RIS plxy) TR o 2
(P) #& Eg A%t Markovd: (pairwise Markov property)
RN ElgHEEAAHD RIS S o, B, AL @'@
al |V \{a, B} (

p(X1’X21X31X4)
(L) &K gi) miMarkovi®: (local Markov property)

MR EgH LRSS & oo, AL
a LV \cl(a)|bd(a)
(G) & EgrY 4= K Markovft: (global Markov property)

o S Rl QP AT 2 ARSI =AM 2 F4E (A B, S), LR SIES T A BB, FoL
A1B|S

LA B .



Properties on undirected graphs

+ For undirected graph g, (F)=(G)=(L)=(P),
if the probability distribution p(x,) is positive.

» The set of probability distributions is denoted by IV(g) .

(F)=(G)=(L)=(P)

If p(X,) is positive

Example 3.10 in Lauritzen’s book p.37 P5 fail example
53



Graph semantics

A T E

54



Definition—DAGHJ(DF) 4 &

o R AN BRI p(x) T S

an R

63

p(XV)=£/[ p(xv | Xpa(v))

%

p(Xl,XZ,Xg,X4)

DHIAT [7] 3 1L

55



Definition—DAGHJ(DO)(DL) % &

o M2 EM AT plxy) TR
(DO) 1 EDKIA M1 FFMarkovi4: (directed ordered Markov property ) ,
MRAEDWFEANRF T, WO

vL pr(v)\pa(v)|pa(v)
(DL) kDR In) R Markovd: ( directed local Markov property) ,
MR EDH RS v, FOL o
vLnd(v)\pa(v)|pa(v) KD
() (%)
(%)

p(X11X2’X3’X4)

56



Definition —DAGHI(DG) 4 &

w MR NZARERI AT p(xy) AR IEIDIA 7] 4 s Markov

M (directed global Markov property ) , IR XTE

=AM = R TS

7 AR B, R&oT

A1B|S

5%

p(Xsz

Xa %)

= (A, B, S),

HH
S/

DFE

RKGE

0 S A AR

57



Definition: d-separation
o Wk L ARATIZ: A AEBYSS A4S 17 WG 85 (d-separated),
0 5 MAZIBH A 725 (all trails) &R #%SA a1 i (d-blocked)

« FRMNGS aBlgh 5o — ki r ¢ 45 546 S A bR

g NI — ARG,

O Bx LEE-AGEE yer, ye S, FHL » E5 Sy IET LA B VIERE

@ ir bHEE-AGEE yer, ¥ SERAENRE S ¢ S, FHHTE 7 E4
sy A ET Sk R VIERR

S={r}

S={r}
& ®
@ﬂ@

S=¢

58



Properties on DAG

(DF)<=(DG)<(DL)<=(DO)

S

X, L X5 [ {X;, Xg} 2

© r LA per, pe S, JEELTE 7 ELE iy M SR R VIR
© Hir Lfete A yer, y SERIFEIGARLE S ¢ S, I Hilk 7 fE4h
By A B B Sk RV -



» BB BB FIRR

Semantics (DGM, UGM)

iR (2)

60



