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Data

o AT pOun | G, 6) HI— AN REA i BeRE A S o
D = (x[1]...., x[M])
s AR g n[m] = (% [m], %,[m], ..., xy[m])

s ST [E A KRR (IID) @ assume X[1],..., Xx[M] are Independent
and Identically Distributed ~ p(x| g, 6) .

« Hbr: M D=(X[1],..., x[m],..., x[M]) Hf&itH g, 0

p(%, 1% =k)=N (x| 1, %, )
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Data—complete, incomplete

E'szigéj\%ﬁ: p(X11 X2|g1 (9)’ :/H\:EF' Wk:p(x1:k) p(x2|x1:k):N(X|,uk,Zk)
Xq
LKA @ e1l:K X[1] 2

. 400 WEEGR R H LR, D = (x[1],..., x[400])

s SEREYE: AR ST EHITRE
s AR
latent/hidden variables: £ H e A4r & i HUE A H



The learning problem
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Known structure | Unknown structure
Complete .
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Parameter learning

— ML (Known structure, complete data)
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s AURSEE T (MLE)

25 € — MR A 25k k=0 (parametric form)
iEHN pe(x) BL p(x| 6)
ML [FE AT REAEE D = (X[1],..., X[M]) Hfhit =% 02

= Xxe{l,2,...,K} is discrete r.v. ‘
s 0,=p(x= k) 1<k <K, is the parameters, 0={6, |1<k <K}

= XIS Gauss r.v. X ~ N(y, X)
s 0= (uX) is the parameters




s AURSEE T (MLE)

25 € — MR A 25k k=0 (parametric form)
iEHN pe(x) BL p(x| 6)
MIST [FE AT REAEE D = (X[1],..., X[M]) Hfhit =% 02

= RO NI RATE L
s O —ET/AEI 6« FEASER R (x[1],..., x[M])

M
FAGE XM T, ofims p(x[1:M116)=] | p(xIm]|0)

m=

/ \
o MR AR ISR R L
http://en.wikipedia.org/wiki/Likelihood_function

REZHAN, MR REY FREBUEYRIERE CERD 5 p(y | 1) N
AR EY FrEBUEy ~, SEARNAME
BRORBAG T E UA R E BEk 0™ (x[1: M]) =arg max p(x[1:M]|6)
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Multinomial distribution

= Xxef{l,?2,...,K}is discrete r.v.
= 0= p(x=k), 1<k <K, is the parameters, 6={6, |[1<k <K]}

o WS ATEEASE D = OQL]..... M])
. FI 0 7 g° O

M K
s p(x[L:M110)=]]p(xImllo) = ] ]6™
m=1 k=1

N, : EREACHE T x[m] =k I

Y N
ARG T " =

7 (N4, ..., N¢) are
>N, sufficient statistics

=1
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Sufficient statistics

« Gt E: FEAREE D= (X[1],..., x[M]) (I3t Rk
= Neyman Factorization theorem
—A Gt s(D), i.e., s(x[1],..., x[M]) R Sit=
4 HAX = LR pR ] LR 79 i -
p(D16) = g(6:5(D))-h(D)
SRS REAR R SR 2 ABI FE 0 Gt B R AR

K

p(D|0) Hp (xim110) =] ]6.™

k=1

N, : FEREAE G x[m] =k H AR EL
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Gauss distribution

= XIS Gauss r.v. X ~ N(y, )
s 0= () is the parameters
= BLEARSL R AR ALE D = (X[L] ..., xIM])
« FELHI O 7 (101 exp[_%(x_ﬂf 2_1(X_ﬂ)}
X LA IR PR 2
log p(x[1:M]]| 1, %) ilog p(x[m]| %)

maX Md

oy 100(2) ool (£ ) ()2 (71|

(272')d/2 |Z|1/2

1
<8,u M
oL :_M.{—Z+i+(ﬁ—,u)(ﬁ—,u)T}=O j‘>{2|$| (x[m]- z2)(xIm] - )"
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Learning parameters for BNs (complete data)

o HETTREE X ={X, Xy, ..., Xy}
fieis: A pi | pay), p(Xalpay), ..., pxy| pay)
HRERMESHAO, O ..., OF -0

s IIDFEAEE D = (X[1]...., x[M]) LR ek %k
m NALY
p(D|6) Hp (xm]]6) HHp (x,[m]| pa,[m].6,) =] K] [ p(x.[m]| pa,[m],6,)

o AR ol pa) AR IS G, P

M

—arg max | | p(x,[m]| pa,[m], 4, )

jg(;g CE o O &S O

<1,1,1, 1> CA«P

<1011>
2y c D)

ad M
)ép (Dl9) =Hp E[m][6,) p(BIm1| &, )p(AIm]| E[m], B[m],6;) p(C[m]| Alm], 6, )

m.
d
X

AT p(EImIg %Hp eim] 0,) 1T | p(AIm] Elm] B[, ) E{Hlp C[m]|A[m],e4)}14
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0 ={W,, 14,2 k=1-,K} @ @
og p(x[L:M1.z[1:MT10) e & l
=Zm:|09p(x[m],2[m]|9) @ @

m
52 [10g p(zIm]|0)-+1og p (x{ml|zlm]. o)

S|

m
%; log p(z[m] | w, )+ Z log N (X[M]| £,y o)

K /

K T
> > logw, Z)a(z log N (X[m]| &, %, )
k=1 m: z[m]=k k=1 m:z[m]=k
B AR = 7 400 M REAS R IR0 EbLARME XTERkEE, =R E x HY
Wt = NV Nk/l\ﬁézwmm&mfs@,
1w ,Uk ZML

= -2 A(zm]=k)

m=1
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Parameter learning

— ML (Known structure, incomplete data)

Expectation-Maximization &%
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SRKT st p(zx)=p(z)p(x|2)
XJI_L[UF\IHIEH% gé& HZ{Wk,IL[k,Zk,k:]_,...,K}
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Homework3 em
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function [weight, meanwec, stdwec] = EmEstimateix, iterrum)

% ® 1= the input obszerwvation,

D-dim wectorz * N

¥ 1ternum 1z the given rumber for EN iterations
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logp(x[2:™M11¢ T T e

e 66

m
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EM—& 18

« 18 X NEMWNE, id z AR s
» BXE A p(x z]|0)

6" =argmaxlog p(x|6)

0

=log > p(x,2]06)

+ log p(§< | 0) is called the incomplete log-likelihood.
= LA p(x 2| 0) M RFRSARIFI A

+ logp(x,z|@)is called the complete log-likelihood.
= R
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lnh{: N e A

EM E—/ZE :}EEI ]ZIS.

vz R E, SERNEUIAREL log p(Xx, 2| 0) /& z FI— R
o AT SRR RTEUIAIR BRI EE

o SR AEUSR E log p(X, Z| 6) 1E4AF4 i p( 2|60, x) T i

Q(8|9(°'d))=E[Iog p(x,210)[60°Y,x |=>"p(z]16°?,x)log p(x,2]6)

« SRR 0 =arg maxQ(@ | 49(0"”)

0
3L log p(x |6 ) <log p(x|6")
« EMEIER— PSR

t=t+1
| Converged?

Choose 6© |—{ E-Step 1 M-Step




Jensen Inequality : for convex m function f
e R B E[ f(U)]<f(E[U])
EMEAE /ZE Uk HH

log p(x,z|0)=log p(x|@)+log p(z|8,x), VO applying E[... | 6©9), x]
E[log p(x,2]0)]6°V,x |=log p(x|0)+E| log p(z]6,x)[6°”,x], V6

E[Iog p(x,z| 6?(°'d’)|¢9(°'d),x] =log p(x]6“?)+ E[Iog p(z]6°?,x)| 9‘°'d),x]

E[Iog p(x,z|9)|9(old),x] log p(x|0) | (z]16,x) e
—E[Iog p(x,2]0°V)| 6, ] ~log p(x|0°") g(\z|¢9( ) X

p(Z|¢9,X) ) |9(old)’x:|

Q(6’|«9(°'d)): E[Iog p(x,z|9)|8(°'d),x] <IogE{ p(z|‘9(old)’x




EM Example: Learning with GMM
Q(@lﬁ(‘"d)): E[Iog p(x,z]| «9)|«9(°'d),x] @ @

o SE RSB HR (X[L] ..., X[M]) | | |

I;[Iog p(x[l:M],z[l:l\/l]|67)|t9(°'d),x[13M]} @ @

= 3 E[log p(x[m], 2[m]| 8)| 6%, x[1: M]]
=>">" p(z[m]| 6", x[m])log p(x[m],z[m]| 6)

m z[m]

_ Z Z p(z[m] | g(old), X[m]){k)g p(x[m] | 0, Z[m])—l— |Og p(z[m] | (9)}

m z[m]

—ZZ p(z[m]=k|6“?,x[m]){log p(x[m]| 6, z[m]=k)~+log p(z[m] =k | &)}
My s 2 Wi

{Wk’ﬂ[ri]zak?ﬁ:liK{ ZlZ;/m(k)logN(x[m]mk,z ) lZZVm IOng&

subject to: > w, =1
k
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Posterior Probabilities

> | DB

m M K M
SR 5 KR TR B30 7 (K) oG N (] 14, %) 48973 70 (K) log

k=1 m=1

k=1 m=1

m KT Mk ™
Sea Bl T~ H br ek = > D 1(zIml=k)log N (x[m]| s, X, ) &> > 1(z[m] =k)logw,

k=1 m=1 k=1 m=1
1 : 1
'. o 8 .ﬁs' ..¢ S ..'o ...3 ot {oj
Wee o & :.."“‘J ’ .ft:" S,
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L. | ok .
% I 0.5 1 0 0.5 1
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0 0.00001 25




EM Example: Learning with GMM

Choose 6©

7 (K)=

p(2[m] =k | 6©%), xm])

| E-Step M-Step ] Cotn?/érgled?
|
PRAOL L mz_l zm] = k) x[m]
_______ He = Zym a _21 2[m] =)
* Zym )(xIm]- x )(x[m] u)
= Zym
At M o
- — 1 (1
WEON (X 1, 50 2el0
| 27K
W =

= Z WlEOId) N (X[m] | luéold) ’ z(kOId) )
k

M




EM Example: Learning with HMM

A=(x, A, B)

max log p(Y,r |4) ?

/1* — arg Enax E |:|Og p(yl:T ! ql:T | i) | ﬂ“(t)’ yl:T ]

= arg max <
A

E[log p(ay | 4)[A7, v, |

:|09 p(qt | A, qt—l) | Z(t)’ yl:T:|

:|Og P( 1 4.0)1 A%, yliT}

VvV~

'::

Iog p(yl:T’ql:T |ﬂ“)
=log p(q,[4)

)
+> log p(q, | 4,0,,)
t=2

)
+> log p(y, | 4,9,)
t=1
27



From EM to SA
= 10 X ARMNE, & z Ve E
« BB p(x 2] 0)
6" =argmaxlog p(x| )

6

Q(9|9(°'d))=E[Iog p(x,210)]6° x| =Z p(z16°",x)log p(x,2]0)
alog;99(x|9) _ Ep(z|x 0 [

dlogp(z|x,0)
EP(Z|X'9) EY:) =

alogp(x z|0)

Fisher Equality:

Problem: The objective is to find a solution 8 to Ey_¢(..g)[H(Y;6)] = a,
where 8 € R?, noisy observation H(Y; 6) € R<.

Gu & Kong, A stochastic approximation algorithm with Markov chain Monte-Carlo method for incomplete

data estimation problems, PNAS 1998.
Delyon, Lavielle, and Moulines. "Convergence of a stochastic approximation version of the EM algorithm."

Annals of statistics, 1999.
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Parameter learning

— ML (Known structure, complete data)

Joln B
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Parameter learning for UGMs (complete data)

n DUH-H R 2%
AR HHXS BB B 2 = 2515 AR S B B R A A

W NI Rty
9—10 5 % Z 2T S50 R

log p(x)=> logg, (x,)-logZ Z=>T]4(x

ceC X ceC

o B2 BEEE T, TR R 2 fh 11/ 2
EH R CRAZ A1)
= S HARRE, E&is R R ERATER AT
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P (%X X015 ) = 5 () (%) (0 )8 (.5 1 X X, )
Example
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TEE BTSRRI E : BEUEH
« 2 EIIDFEARLE D = (X[1],..., X[M])
XF EALLIR BR 2N log p(D|6) Zlog p(x[m]| 6)
=> > 1(xm]=x)log p(x| &)
FEARLEHRFE x HILIREL — ZZl(x[m] — x)|og p(x | 9)
count (X Zl x[m] = x) xom
= Count(x Iog( H¢ )
R AR AR X, LUK X
count (x Zcount = > Count(x)log g, (x,)—M log Z

X\ X,

158 B HURE e (B M 7k 2 (clique count) = chount (Xc ) log ¢, (Xc ) —MlogZ
(B HE)Em B RS E C X
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X BRI 2K =

XTELIR R EL log p(D|6) ZZCount )log ¢, (x,)—M log Z

. - ol, _Count( ;)
BIRT 5507 an)

e - ologZ _1 _l
BIRT 550) 206 (%) 2 og(x) o
8H¢d(yd)
=7 20X ) e AR Ty, = Xl
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Qﬁ%g%%#F: ﬁ%J:ﬁ§§%5}#E-

dlogp(D|6) _ Count(XC)—M p(X)

SHIARER S o) gt M )
ERABRBHAGHOUF 9™ ()= 200 g (x)

HL O ) % b I S o0 A =% R 25 A
Model marginal = empirical marginal

Fogdatt: BUSOMUN, ik BRI Z o A B 7 v 2 1 0 B2 A
HAKE AR T M2
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MLE for undirected graph

Tabular?

Decomposable? | Max-clique? Method
v Direct
v IPF Iterative Proportional Fitting
X GIS Generalized Iterative Scaling
X MNP
7
JRER R e Al e XA Kk 2

p(xl’XZ’XS’X4) :%¢(X1’X21X3)¢(X2'X31X4)

2

p(xl,xz,Xg,X4)=%¢(x1,x2)¢(x1,x3)¢(xz,x3,X4)
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MLE for decomposable undirected graph

%%ﬁzgﬁﬂ%ﬁ%ﬁggim%A“ﬁTu%T&
p( HcCpC
T (x )

= CmmNEES, SR G RERN ENEETES

@ X2X3 (X, Xy, Xg0 X, ) = ¢(x X, X3 ) B (X5, X3, %, )
“ ._. (x1 Xy, %5 ) P (%5, %5, %, )

P (X, %)

w v 1.9 (%) 1 "
FERIMA B R 04T D (x)=% e ST () g ) -2

(%, %y, %) q( Xy, X x) 1
q(%,, %) Z

" (X, %50 %) = B (X1 Xg1 X, ) = 37

pML(X11X21X31X4): ¢ (X1 X2 X )¢ L(XZ’X3’X4)




IPF (lIterative Proportional Fitting)

olog p(D|0):
8¢C(XC) ¢C(XC) ¢c (XC)

S o bR b e Lo 1 A0%) _ P(X) . "
RABASHUGI ORI 0= 0] ol 2 ()

X AR BRHBOR 3

BLER R {4 ()} R, {(x)} S ARLENE TR A
IPF: 4 ¢(x.) BN RIS S T TR A, AR
¢C(xc)=%¢c(xc) 4 (x,) = (§ ) 40 x)
° HEF -
@ @ p(xi’XZ’XS’X4) ¢12(X1 X )¢13(XE X )¢2)34(X2 X3 X4)
(t+1) Xl X (t)
‘ (Xl X ) o 1,2 (X1’X2)

@ @ Z(t) Z (t) (t)(xl X ) 2,3,4(X2’X31X4)

X3 % 38




Example: Multinomial Bayes net

» REEE X, H K, MAFEA R EUE

o ZER X, A p(x, | pay) B —RINZ LA WAL R
pa, HIEEANATRERVEA S |, H—"1Zu954m p(x,| pa,=i)

= 0={6,In=1-- N} 6,={6,,li=1---} 6, ,={6,;, k=LK }

X, H 5K AT REHRAES
p(x| pa; =(0,0)) / 1<k<K,
X, =(0,1 :

2 p(X | pa; =(0,1)) 0. . [ p(xn:k|pan:|)

[ p(% | pa; =(1,0)) '\
GO p(xlpa=(1) R eI IR

1<i< [] K
X €pa,
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Example: MLE for multinomial Bayes net

o DUARHL p(x[L:M]]6,)0 1M[ (x[m1| pa,[m], 6,)
H];[( nlk) "

« AGE N, [ il( pa,[m]=i,x,[m]=k)

N, ;v

n, I,

o AR =

n
=1

N

n, I,

40



