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Sum-product: AfEEFFBKM by qlT\{} (z, A, B) 4



HEIR T B =M AR

GEEEHT (Belief updating)
p(XQ | X ) Z p €.d. p(qt | yl:T)’ p(qt’qtﬂ | yl:T) Sum-product

X\(Q.E)

« A A HEEE (most probable explanation, MPE)
Xo = arg max p(xQ |xE), where QUE =V
=arg max p(x, ) e.g. max p(Qr | Vir) Max-product
Chr

XQ

« HER KGR (maximum aposteriori hypothesis, MAP)
Xg =argmax p(X, | X; ), where QUE cV
*Q

=argmax »  p(x) Max-sum-product
*Q X\(Q.E) 5



f=5 ERBAHEHIRIE IR

HEHEITTHE R =K

Belief Updating MPE MAP
W51 HVE
For UGM
k4 b 2
IOREE T
HMM-CRFH . F




Inference example

B C D
PBIA) o 1 | |[p(CB) 0 1 p(DIC) o 1
0 ]10.1}10.9 0 10.2]0.8 0 10.3]0.7
p(A) 0.1 11]0.8 0.7]0.3
A 0 |04
BB e © e
p(A|D=0)c p(A D=0 =Z p(A)p(B|A)p(C|B)p(D=0|C)

p(A)ZB:p (B| A Zp (C|B)p(D=0]|C)

D lf \\
Z 1 \
+ 0.5192
= B ~ l - >
3112 .1616 404 062 | .342 0.62 0.06 | 0.56 0.3
A A A B B C
.6888 3576 .596 558 | .038 0.38 0.24 1 0.14 0.7

Two basic operations: product, marginalization



Comment

» Exponential reduction in computation !
o NPT E AR B SRR AT REAE L6, EL 2SR5 B 3fe
RT3 XA AR
= ZZArH A4 R (Cache intermediate results)

Variable elimination (bucket elimination):

X LHRAER — D R FLE

R. Dechter, "Bucket Elimination: A Unifying Framework for Probabilistic
Inference"”, 1996



Bucket elimination elim-bel (bechter 1996)
p(alg=1)c D> > > > p(a)p(cla)p(bla)p(flb,c)p(dlab)p(glf)s(g=1)

c b f d g
BRI (il a, ¢, b, f,d, g) , RS
OFIEI: BB REANAET. N REBOH R TR IR 0948
QTEBRTE: A SRIER, HRHRATE, H.EREHANIIF
@IR[E: 4% 25 EARIR AR T A AR R

bucket; : p(glf) &(g=1)

bucket, : P(dlab)

bucket. : p(f Ib,CM= p(g=1| f)

bucket, : p(bla) A, (a,b) A (b,c)

bucket. : p(cla) A

bucket, : p(a) A.(a)



Bucket elimination for UGM
p(a,b,c.d, f,g)

p(alg=1)oc X Y>> > g(ab,c)g(b,c, f)g(ab,d)g(f,g)s(g=1)

A7

c b f d g

buckety :
bucket :

bucket :
buckets :

bucket :

bucket, :

%¢(a,b,c)¢(b,c, f)¢(ab,d)s(f,g)
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p(alb=1)ec > > > > > p(a)p(cla)p(bla)p(f|bc)p(dlab)p(glf)s(b=1)

c b f d g
BOCHEIERELE, SEH, HERA
p(alb=1)c > > > > p(a)p(cla)p(b=1|a)p(f|b=1Lc)p(d|ab=1)p(g]|f)

c f d g

bucket; : p(g]f)
bucket, : P(d |a’N

buckety :  P(b|a) 4, (a,b) A (b,c)d(b=1)

bucket.: P(cla) Ag(ac)

bucket,: p(a) A.(a)
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SENH

» Complexities (time and space) vary greatly for
different elimination ordering.

» Complexity of processing a bucket

ﬂ‘i(-):z H h scope(i,):{ U scope(h)}—{xi}

X; hebucket; hebucket;

— bla)A.(a,b) A (b, MENSES R
Zb:p( )% (2.0) 4 (.c) B3 RARRT A

= Time complexity for computing message functions

= Space complexity for saving message functions ‘scope(/li )‘

To be determined by graph-theoretic analysis ?

rWscope(ﬂi 5+1
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1% 3R B Z [E F=k 7~ (primal graph)
s —ANETRRE I E R FE X

= DAAR N4
o JET R R R AR R, WINZIEYSI ok 14
o 2545

— N BRI B E R g BRI EE S
—MNE I E AN R E R Z: A B moral graph
RNIESE 5 FER (e.g. c=1)

I e KN (a,b,c,d, f,g) o g(a,b,c)g(b,c, f)g(ab,d)g(f,g)

@/. morallzatmn

p(a,b,c,d, f,g)= p( )p(c//|\a)p(b|a) (f|bcjp(d|ab) (g|f)
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Graphic effect of variable elimination
HEFAN R — AR, TR GHID ERH
MR - R R x L x, BOARJE S5 A BTG IR i _L 34
B X, 1, X K948 JE % H = |scope (4, )
p(alg=1)c > > > > p(a)p(cla)p(bla)p(f|bc)p(d|ab)p(g=1|f)

f d ¢ b

bucketg : p(d]a,b) p(flbc) p(bla) [scope(2)

bucket. : p(cla) 4;(ac,d,f) 4
,A buckety : /. (a,d, ) 3
— bucket-: p(g=1|f) 4 (a f) 2
bucket,: p(a) 4(a) 1

L4




Induced-graph, induced-width

o ANEHE G L T de(xy...x) FIIESE G, 4 F s X
o NS AE AT IRV BR 2545 R

o VHERG A x B, CRR SRR R x, BB E R TE]S I

o FRUEES B x AR ECH N &5 mixEHPd RS 5 E

.Gd

=G ik LI, ~ I R s g

. KIGHEHEFFA N IS 55 E w(G,)

d

™~

bd

™~

GIY# 4l i AEFPd T B9 3 0 FE I B KA

- BIGH) %3 58 w(G)

GrETA AT REFE 15 98 BE A e/ &
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Complexity theorem

+ Glven an ordering d=(X,,...,Xy) of a primal graph G,
the time complexity of elim-be/ is O(N- r WGa)*1)
and space complexity is O(N-r W(Ga),

where r is the maximum domain size of any variable.

+» Finding an ordering with the smallest induced-width is
NP-hard.

= Useful greedy heuristics are available.

= NOAER SR AR S .
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Comment

» Exponential reduction in computation !
o NPT E AR B SRR AT REAE L6, EL 2SR5 B 3fe
BT, 5 AR R D

s 2245 (Cache intermediate results)

Variable elimination (bucket elimination):

X LHRAER — D R FLE

R. Dechter, "Bucket Elimination: A Unifying Framework for Probabilistic
Inference", 1996

S. M. Aji and R. J. McEliece, “The generalized distributive law,”

IEEE Trans. Information Theory, vol.46, pp.325-343, Mar. 2000.
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Flﬂdlng MPE elim-mpe (Dechter 1996)

MPE =argmax p(a,c,b, f,d yg =1)

a,c,b, f,d

max p(a)p(cla)p(bla)p(f|b,c)p(d|ab)p(g=1|f)

c,b,f.d

>, Is replaced by max
D o P(dlab)
© F: p(flbc)\ p(g=1/f)

B - bla) ﬁ“D ab) ﬂ. D (a,b)= argmaxp(d|ab)
\ bc argmaxp f|bc) (g=1| f)
\/ (ac = argmax p (bla)4,(a,b) 4 (b,c)

A: p(a) A (a) C'(a)= argznaxp(c|a) s (a,c)

i A" =arg ar:wax p(a)ﬂbc(a)19




Finding MAP elim-map (Dechter 1996)

Elimination operation: either summation or maximization
Restriction on variable ordering: summation before maximization

n;ixp(a,c|g =1) = mapr p(cla)p(bla)p(f|b,c)p(d|ab)p(g=1|f)

ac b, f,d

D: P(dlab)

A: p(a) 4 (a) C'(a)= argmaxp(c|a) /s (a,C)
‘P; A —arggnax p(a)i (a)
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Viterbi algorithm: MPE
max p(Gyr | Yor ) o max p(a,)- | [ p(ala)-] [ p(vla)

@ () P(g,1a)pP(Y,la)
O

(G 1G) P(YislGy)A(ay)
A(0)=max p(d, [ 6y) P(Yis]0s) A(0)

Y/
5(q)=p(Yy, Iqt)rgtalx p(C 6)d(a,)

p(Yr I )A(ar) .




Forward-backward algorithm
p(a)p(ala)p(y:la)

(| Yer)oc D p(ay) Hp e l0)- T P(Y: )

01\ t=1

P | Yar ) e P(Y: 1) 4 ( SRICY
a(%)

P(0 191) P(Yer 1G1) 2 (q,,)

p(v.1a.)4(q,) Zp (0e 19) P(Yeur 1 Gt ) B (s )

(s 1) P(Vin |0y) B (qtl)

P(Ghrs 1 Grs) P(Yooa 1O 2) B (G y)

H® OEOE 06

p(a )P (Y la)
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Linear-chain CRF

@‘G{ "
Car

Ot qt+1éﬁﬁjzEI(J%%J:E[/‘J q, R 1
FFIERREL v, (0,0, y)  FFIERE v, (g, Y)
-]

T-
p(qlzT | y) oC exp{ Zﬂ’u fi (qt’qt+1’ Y1t)+z,2ﬂj fj (qt’ y,t
i t=1 j

t

—

_—

I
-

Likelihood calculation——Forward-backwardZ y:

T

p(a | y)ec Zexp{Zwt (G G V) + 2 t(qt,y)}

Ot \O t=1

Decoding (recognition)——Viterbi%.i2:

T-1 T
n(}ax p(Ch:T | y) x Enaé( exp{zl/jt (qt’qt+l’ y)+ZWt (qt’ Y)}
1T T t=1 t=1
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% iz 4TVariable elimination

s REANBEBEER DA 2 P(A ] Yar ), VE

P(a)p(019)P(v.10,) p(a)P(1a) p(v:la)

p(a,1a,)p(Y,1d;)2(0,)

’Q(qgmz)p(m %) 4(d,),

0006 e

@'
p(0s | Ys)? P(yslqs))(/qs) (@) P(ala)p(yla)
TF’(Olztlfle)lf’(y ) (@) Plala)p(v.la)
T|o (%130 P(%1%)  p(a]y.,)2@) " Pla)
T ®

P(ds1as) P(Yelas)

JONEALIEALNY

S5RaitH . SIKBIHE VS 5 T E i * 6ilive
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Limitations of VE

» How to avoid redundant computation for multiple runs of
elimination?

OnOnOntia®
nnan

Consider for the above graph, we need to compute
PCAL] Y1 Yas ¥7)s P2l Y10 Y2 oeens Y1) PCA3| Y10 Yaseens Y1) oo

Go to cluster-tree algorithm
If w(G) is too large ?

The variable-elimination algorithm is of no help here; the complexity is
Intrinsic to the graph.

Go to approximate algorithm 26
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