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p(x)=N(x]0,2) p(ylx)=N(ylx1) p(zly)=N(zly.1)
1 X’ 1 (y=x)° _ 1) (oY)
=ﬁexp{—?} —ﬁexp{— 5 } = p{ 5

Wk p(x|z=15) «p(xz=15)=p(x,y,z=15)dy

p(x,y,z=15)=p(x)p(y|x)p(z=15]y)

_ 1 x2| 1 (y=x)| 1 (1.5-y)
p(xlz_l'is)mu{ﬂex"{‘z}'mexp{‘ z }Jz_p{zyH

Operations on factors: product, marginalize




Inference example

B C D
PBIA) o 1 | |[p(CB) 0 1 p(DIC) o 1
0 ]10.1}10.9 0 10.2]0.8 0 10.3]0.7
p(A) 0.1 11]0.8 0.7]0.3
A 0 |04
BB e © e
p(A|D=0)c p(A D=0 =Z p(A)p(B|A)p(C|B)p(D=0|C)

p(A)ZB:p (B| A Zp (C|B)p(D=0]|C)

D lf \\
Z 1 \
+ 0.5192
= B ~ l - >
3112 .1616 404 062 | .342 0.62 0.06 | 0.56 0.3
A A A B B C
.6888 3576 .596 558 | .038 0.38 0.24 1 0.14 0.7

Two basic operations: product, marginalization



Factor/Potential representation

» Pure discrete: tables (multi-dimensional arrays)
T

#(x.y,2)

X

Z
y

» Multivariate Gaussian can be represented In two forms
Moment form  ¢(x|u,=

1 1
e - o7 N/2|Z|llze Py=3 _IU)TZ (X—,u)}

K=x" 1=K h
N 1 1 4

Canonical form ¢(x|g,h,K) exp g+ X h——x Kx
YT RN 2

#iLys % (canonical potential)
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(D Operations on canonical potentials: easier

+» Converting a linear-Gaussian CPD to a canonical potential
p(x]z )=N(x|Bz+xX)

1,Zexp{—i(x Bz - ,u) Zl(X—BZ—,u)}
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(2) Operations on canonical potentials: easier

. Entering evidence
WERAR S y AOUWNHE v, PR y ARSI y WFeR %L, 15 205 B PR 2L
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¢(7, Z ):exp{(g +h;y_%yT KWVJJF 77 (hz — szy)_%f Kzzz}
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(3) Operations on canonical potentials: easier

+ Product
(x g, b K )o(x 19, h K, )=g(x |9, +9, b +h, K +K, )

A(%Y190,h,K)-8(y,2]9,,h,, K, ) =2

X N, ) (K Koy O X 0)](0 0 O
A1 Y |90 My || Ko Kiy Ofxg|| Y |9, Moy |10 K,y Koy [[=7
0 K

Z O O O O h2,z 2,2y K2,ZZ

Extension: 5 3& XAE (%, y) ERTSLIE R ERA (X, y, 2) B HLya ek £
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(4) Operations on canonical potentials: easier

o X My HAEE, Hycx. oX)HEXIEX ERIREL,
M @(xX) ££ y gl

=2.¢(x)

x\y X

» Marginalization of a canonical potential

U,¢(y.z 19 ,h K )=g(y 1§ ,

g+{|—;|log(27z)—%log|K |+ h! {zlhz} (h, —K,Kh,) (K, —K, KK, )
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= Converting a linear-Gaussian CPD to a canonical potential

= Entering evidence
= Product

= Marginalization
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Example - revisited

p(x)=N(x|0,1) p(y1x)=N(ylx1) p(zly)=N(zly.1)
1 X’ 1 (y=x) N N G
:Eexp{—?} —ﬁexp{— > } =75 p{ 5 }

BoK: p(x]z=15)=7 p(xy.2)=p(x)p(yIx)p(z]y)

p(x|z=15)x p(x,z=1.5)
o, p(x)p(yIx)p(z=15]y)

( 5 Cv)\2 )2
gl o085
2 2 2

oo, )

=N(x|£,g)
2 3
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Kalman filter - introduction

KalmanFilter is structurally identical to HMM

HMM Kalman filter
_ Discrete Continuous
~ Different hidden variable hidden variable
iImplementation — ) ) )
transition matrix Linear-Gaussian

REFTA: Xu=A%+Go, o, ~N(0,Q), and o, Lo, fort #t,
Initialized as X ~N(0,%,) P(X.11%)=N(Ax,GQG")

Hidden
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Example: Constant-velocity model
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state equation:
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Inference problem for KalmanFilter

p(xt ,}7\ t g- % % % g
+ Filtering: p(xt|ylt) 1<t<T

= Similar to calculate « variables in the HMM, « (q,) = p(q;, Y1-1)

= HMM (L.E. Baum, et a/, 1966), KalmanFilter (R.E. Kalman, 1960) developed separately

o T IEAEN AR (Kalman, 1960)

o FEEMMNETFIIEN, AMETF RS E AL
s (ERFZt, XPIRESE X Ik T p( X | Y1)
I ZH B Ve, WHTTESE p( X | Vi 1ag) ?

i [') B 5 p(xt |y1:t)_) p(xt+1|y1:t)
t IS 20 Ak v I T

iﬂ”%%%ﬁ p(xt+1 | yl:t) — p(xt+1 | yl:t+1)
t PRI A 1 BRI T 18



P( X | Y1) =7

r '*:—‘—r Om® :
@%%F&ﬁf:ﬂa& db &

P 1%)  p(eIxs) PO %)

X XlT y1T B (y1|x1) (y2|X) xp(yt|xt) xp(yT|x)
-~
ERROEEES  @D—  —@—@—@—  —@

I A RIERM . LU B Ri%A T Aycluster, @ — AR A

D )

P(% %) P(X[%1) P(XulX) P(X 1 %_,)
(yllxl) (y2|><) (Y, %) p(ytllxt) p(yr %)
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Message passing for p( X7 | Y4 1)

p(x)  “p(%1%) (% %) “p(Xeg %) %t p(x 1% y)
P(Y:1%)  p(Y,1%,) P(Yel%)  P(Veal %) p(y: %)
o=

Ao, = Yy (BT IRIEIATTA cluster 166 KT B B 7

a, (Xt) :Uxt p(xl:t’ yl:t) — p(xt’ yl:t)

at+1(xt+l) :Uxm & (Xt) p(xt+1 | Xt) p(yt+1 | Xt+1) HMM’s « recursion

P} 1) B = 5
p(xt | yl:t) — p(xt+1 | yl:t) p(xt+1 | yl:t)_) p(xt+1 | yl:t+1)
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Hﬂ‘rﬁ‘l%%ﬁ prrl (Xt | ylt) (XI+1 | Xt): (Xt+1 | yl:t)
p(x | ylt)—» (Xea | ¥2e)

¢’(Xt | ht|t tlt) _5 ¢(Xt+1 | ht+1|t t+1|t)

) G &

0 0 HT —HA H™ ~-H™A
0 K, Tl_ATH ATHPA) T [ -ATH™ Ky +ATHA

H =GQG' ht+14t _ H—lA(K + ATH —1A) ht|t

tt

Kege =H 7 —HA(K, + ATHA) ATH

tt



\{Ij‘I”%E%ﬁ p(xt+1|y1:t)p(yt+1lxt+1) p(yl:t) —

P(Vit)

(Xt+1 | ylt) — p(xt+1 | y1t+1)
(Xt+1 | h[—h1|t t+1t ) — %(Xtﬂ | ht+l|t+1 t+]Jt+l)

p ( Xt+1 | yl:t+1)

IRy, R, BLx O éﬁv C'RYy,, C'RC

|

I

I

I

I

\Z v

ht+1|t + CT R_lyt+1 = ht+1|t+1

K.y +C"RC =K

t+1t+1

R?  -RC
—C"R* C'R™C

|
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Kalman filter: Linear-Gaussian

=M, +6a, 4 ~N(0Q)
y, =Cx +v, v, ~N(O,R)
Assume that at time t, we have available p(x, |y,)~ N (ym,Zm)

Calculate (X, | Vi) ~ N (£ Ty ) FECUTSiVEY -

/\

T T -1
Ly ap = Aty M = Moy T 2t+1|tC (Czt+1|tC T R) (yt+1 - C:Ut+1|t)
S = AZ,A +GQGT  x =% -3 CT(Cz_,CT+R) CZ
t+lt tlt telt+l T St et ( t+1t + ) t+1t
Time update Measurement update
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EEEET = EIRE HEIE
Cluster-tree elimination& ;XK A X AL
BEARBGHEEMEETHPHNTEEBHUL 2 EEMREF

Linear-Gaussian

KalmanFilter

H13E B Z R IE B AN

Linear-Gaussian CPD
Entering evidence
Product
Marginalization

ERBRELTSES

Conditional
Gaussian (CG)

Mixed discrete-Gaussian

Non-linear
non-Gaussian
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Transformed mixture of Gaussians (TMG)

p(x1,z,c)=p(c)p(l)p(zlc)p(x|l,z)
:ncp,lél(z|yc,<D()N\(x|F,z,‘P)
#(cz)  ¢(1x2)

OJE

oK p(c,1|x)="7

C

add noise

v

| < latent image
_ KR

Up-left
shift
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Conditional-Gaussian

Conditional-Gaussian 5& X: P(YIu,i)=N(y[Bu+z,%;),i=1---,M
M os: (90 Ki)j=1... M

ST S0 pREUE X ¢(X’ ] gwhi’ Ki):exp{gi "‘XThi _%XT KiX

X HCR | RS AR, A DL R x 1 B R

R T HRENEER AR,
FHESERIAMBRMENSIE—HF TEHZENETARIED IHIT) .

¢(X,i | g1,i ’h],i ’Kl,i)'¢(x,k| g, ko hz,k’ Kz,k) :¢()$|,k| Qi+t gZ,k’hl,i "'hz,k ; Kl,i + Kz,k)
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TMG Example C

p(x1,z,¢)=z,pN(z|p, P, )N(X|T,z,¥)

p(c,I|x)=7

o< 7, N (X| Tz, T,@ 7 +¥)

SR S PR B B S R A O o B R AT REIRUE 23 ) EA T
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Conditional-Gaussian

ZAF IR EOE L (X, 1] 90, K )= exp{gi +x'h —%XT Kix}

fRTIEREREER AR,

FHHESERYGIREHSIE—H (HEHEZENETARERESS AHT) .

Fon TMASE (R T| A MAS AT REEUED
Z¢(X1I | gi’hi’ KI):¢(X|{gl’hl’ Ki}lgigM )
! HERARE T, HEIMAS BRI A

FAF LG SR O B R AR B R S R 4T AR A, AN RA I R A R
CIHFBAT L IEHAN RO
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Problem with strict marginalization

Switching KF
S, Sq
P(X Y1) =7 /[\/é
X2/ X3
p(S p(X3|X2,83)
p( YslS5. %)
A(%)= 2P

VH L BREL A(x) A& MUAS s T R S 29



Weak marginalization

o R UL R AT R 12 AR 5 19 BT R AN AT S R A AR
FORTMAE (B A MAN AT REIRED

Z¢(X’ i1py %)= ¢(X|{pj”uj’zj}1sjsM)

. HERAZ R |, REIMASETR S

— MR IR K I TN B M E R S L (collapse) 1 4Nl

/M ¢(XI{pj,ﬂj’zj}1g,-gM)5 (x| B, L Z) 2 I H KL B 2

p=2.p,
j
Weak marginalization p,=p,/ P
Moment matching . Z _
Assumed density filtering H= 2 AP
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Cluster-tree eliminationZ 5£4% A B 3L

BERGFZEMEKE T HPHEERHHL S EL PR

Linear-Gaussian

KalmanFilter

B35 R E Bz H RN

Linear-Gaussian CPD
Entering evidence
Product
Marginalization

ERBRELTSES

Conditional
Gaussign (CG)

Mixed discrete-Gaussian

Non-linear
non-Gaussian

Strict marginalization  gExact inference is
usually not feasible !

IS feasible, when

SEVHBRIE ST &
T 5 A Two classes of
approximation:
Weak marginalization Stochastic

Moment matching

Deterministic

Assumed density filtering
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