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Why Bayesian ?

o BB TS, o - (x=0) 31K
o KRS 1 p(x=0) = 3/5
XA R

o EREERA—— S5 0 WA p(o)
HeT 81 1M R D55 F0.5

o CECHE A G I TR S UL S
o DU VRAE S5 M 2 21 b B R i 0 545

= Provide uncertainty measure



Parameter learning

— Bayesian (Known structure, complete data)

X BN A ) S RO AT A
Xof > DU S R 25 ) AR S EE AT A5 117




ST N R A0

o BE—MEERSA RIS E2 A (parametric form)

p(x | )
ML B A FEAEE D = (X[1] ..., x[M]) Ffitiit iS4 62
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o REGEMUEN, MEWSH p(0|D) HuBEIX 0 M=t g
A ) R 2
6"""™* = argmin E[HH—&H } :jep(6’| D)d6=E(6|D)
0

BN IRE TS Ml RSREE

OV = arg maxE[é(@—é)Jzarg max p(é| D)zarg max p(D|é) p(é)
0 0 p
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Fully Bayesian

Data: D= (x[1],..., x[M])

Prior P(0)

Posterior P(6|D) < P(D|B)P(6)

Prediction P(x®|D) = Epgipy|P(xV|6)] = [, P(x©|,0)P(6|D)d6

P(6|D) can be approximated via Markov Chain Monte Carlo methods.
Prediction can be approximated by Monte Carlo averaging:

n
1
P(x®|,D) ~ ;Z P(x®|,8,) ,8,~P(8]D)
=1



Multinomial distribution % 7t %0

= Xxef{l,?2,...,K}is discrete r.v. o
s 0,=p(x=k), 1<k <K, is the parameters, 6={6, |1<k <K} X )
o UL B[R o AREEASE D = (X[1].,...., x[M])
s A0 ? ¥ o
! K -
prEs p(x(1:M116) =T p(xml|6) = T4 B
m=1

k=1
N, : TEAEARGE R x[m] =k H LA IR BT
2% & 2% 6 Ak M\ Dirichlet /> fii

1 < o, -1
p(0) I16.%
k=1

Z(a) R H—EE, o=(a,..., o) ¥R Nhyperparameters
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Dirichlet4y#5 *@-z114

w Z(a) 2H—H L
() -T(ey)

2(c)= [ ] 207000, -

& O

C(oy - +ay )

= ['(e)is gamma function: F jt“ e 'dt

= Forintegers, I'(n +1) =n!

. R 0=(0,..., 6 ~ Dirichlet(a,...., o)

E[Hk]zjek.p(e)dé?zz%

L
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1

DIflChlEtﬁj\ﬁ (K=3) @)= o geigeig

4 6,

» 0=(0,,..., &) ~ Dirichlet(a,..., &) > 6,=1 6,20
0 5 XTEMHCH K-1 fhepaiy

o

0,+6,+6,=1
93 91162,0320
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Dirichlet/5i& 3% « Z T % {ASRER 2 - Dirichletsti 434

=k

p(01D) e p(D]6)p(0)

K
The likelihood function p(D | <9) =H6’ka

k=1

K
The Dirichlet prior p(0)c [0

The posterior probability ¢ of given D ~ Dirichlet (a; +Ny,..., o + Ny)

K K K
p(@ | D) oC HQKNK ngkak—l _ Hekak+Nk—1
k=1 k=1 k=1

Dirichlet is the conjugate prior for multinomial

(/N7 8 ) DU
A Nk

ML _
ommse _ % +N, O,

_Z(a,+N)

NI

Mx

B ay,..., o TIA— ﬁ**ﬁ%&%%ﬁ%mﬂﬁﬁumﬂﬁ%%&ﬁ& (prlor count)
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Plate notation

o JRMERII A p(x | 6), FRSL[F A KA D = (X[1] ..., Xx[M]) HI UL
FH- 347 oK) 26 R 7

Plate notation
« HTRREELEN (repetitive structure)

D FETNHESERZ Z IR,
ER IR EA AN Y (e.g. M) KiRZE,
BTN RS HNAEZ) (e.g. m)

2) AT T BIFE T RL TN ER .
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Learning parameters for BNs (complete data)

o BB DU x = {X, ..., X}
B SAFM A0 px | pay), ..., Pyl pay) B X ERIESE {6, ..., 6}

S @ 1K
XL P 15 @ c R4428

ARG AT p(Xyq, %,|0)

/\3)(Xz|ﬂk’zk)
p(% 1,6, BH: {1, 2,)

k=1:K

Xp[m]

M

Plate notation
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Learning parameters for BNs (complete data)

M

Plate notation

N
= Definition: Global parameter independence p(8)=]]p(6,)
n=1

p(6]D) e p(0)xp(D10) = p(8)x] ] p(xim]|6)

= p(0)< [] ] p(x.[m]| pa,(m].6,)

p(6] D)OCH{p(Qn)XH p(x,[m]| pan[m],gn)}
p(610)=] ] p(6,1D) BAESBNERS

o1 BN R RIES BB EL 7 Y ESEFR



Learning parameters for BNs (complete data)
i% pa, EA A REBUEH S i,

(o g X, 5076 10 2500,

Hn = en,i ;

G ) S G

d Hik
Zelml 9. 6, ={u, >}

M ! k=1:K M

= Definition: Local parameter independence p(6,)=]1] p(Hn,i)
p(6,|D) e pr (x,[m]| pa,[m],6,)

:H< P(6n)- TT  P(xImI] pa,iml=i.6,,)

1<m<M
s.t. pa,[m]=i

p(6,1D) Hp( D) | 17
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Bayes estimate for multinomial Bayes net

SR N J ARG AR pa, AR TT AR i
AN E TEN T ISR 6,5,

. RAGE WM
I\In, I, K = 25( pan[m] — i’Xn[m] — k)

[ n,i,k:|ML: KNn’i’k
N i

n’ I’

D>

n
=1

= (R 25034 IR A Dirichlet /345 p(6,,) ~ Dirichlet(a, , 1@, 5. . )
[én’ i,k]MMSE . i T NG

(an,i’|+Nn,i,,)

n
=1
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Parameter learning

— Bayesian (Known structure, incomplete data)
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— % JRIE
- MRS p(Xx, 2| 0), SR AT p(o)

D= (x[1],..., X[M]) : W%
H=(z[1]...., zZ[M])

- M 2EAE D, RSHHJE5 04 p(@| D) ?
s 0 N — MR E, HUFA HEETE
. ARy TR 73 (Variational Bayesian)
s FETAR R KRR S HUR 55041 p(@| D)
» AZSS%H qH, 0) BRI ELFR 727 p(H, 0| D)

q(Hﬁ):%H)q(@)
S
KR P(HID) p(01D)

= SR ARIIID FEASE

X[m], Z[m]

p(D, H, 0

W logq(0)= EO(PE)Iog p(H,D,0)|0}+const=;q(H)log p(H,D,8)+const

m logq(H)=E, [log p(H,D,#)|H |+const=>"q(8)log p(H,D,8)+const
o
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Dirichlet prior for mixing coefficients

& 1
p(m) = C(ao) [] 7%
k=1

Normal-Wishart prior for means and precisions

p (:uk 1 Ak ) =N (;U';; |II]D? (BoAk )_1) W(A |“’T[h o)
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SHvE SRS HEITTRY DIITE )

o BT A5 A

q(z[1:M], 7, A)=q(
g H , 6 )=q
No other assumptions!

&
e
o AR HER S B ‘ d\\?" 6\,\&\%\’0
o s
A LW
a(z,uA)=q(7)] Jale.A)
k=1
\,\Om'\a

7 I,Bishop+4 10.2 Illustration: Variational Mixture of Gaussians
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VB discussion: ={&it D

N W AN o AYAN -
BRI AR p(x, 2| 0) , SEICL 504 p(0) @
. utko oD pedce = OO XIMD) - R "
H=(z[1]...., zZ[M])
p(D, H, 0)
« MMBNEIE D, RKZEH 5% 70141 p(6| D) ?
- ARy UL 7% (Variational Bayesian)
p(H,0|D)~q(H,0)=q(H)q(6)
?ﬁi%-
W logq(f)=E,|logp(H,D,0) |0]+const—2q )log p(H, D, &)+ const
m logq(H)=E,|logp(H,D,8)|H |+const = Zq )log p(H, D, &)+ const
R 6 1) A AR , min__KL[g(H)q(6)l p(H,0/D)]

q(0)= 5(9— 9*) Yy3kiq(0) 95 K
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VB discussion: = {fit euw

maX|mlse

- A5y DU 773 (Variational Bayesian) L(a) log p(xe)

zﬁﬁﬁq&;ﬁg@i& KL{Hq X [ Xe )}
EFtqr) BRI : K L(Q) B q(x) FIEREL 5 q(x) TERITFHNFH AL

L(q)= ( )+Zq )og P(x, | xe )+ 4k
=—KL(a( k)||p(xk|xE))+ A

FARBMAL: 1099(X ) =10g P(X | Xe) =E,[log p(x,, % )%, |+H %k

BHURBI: q(x, ) =5(x, —x; ), Hrh x, =argmax log p(x, | x.)
250G (%, ) S KL "
(%) o =argmax E, [ log p(X, X )| %, |

Xk
24



From VB to NEEHIE TMAP{LTT

d(H.0)=a(H)a(o)

53R OR AR
B logq(0)=E,|logp(H,D,6)|6|+const x;:argmaxEq[logp(XH,XE)IXk]
U360 6 A AR 9" —argmaxE, [log p(H,D,6)|6
Rl O W AR A00)=0(0-7) arg max [ logp(H.D,0)10]

0" =arg maxZ p(H |D,6“)log p(H,D,0)

0" =arg ma{z p(H | D,6°")log p(H,D|6’]+Iog p(H)}

0

W logq(H)=E,[log p(H,D,6)|H |+const

logg(H)=> q(&)log p(H,D,8&)+const ML : mg‘Xp(Dw)
5(0- ‘9(0"”) MAP: max p(D|6) p(6)
=log p(H,D,H(°'d’)+const - P P

q(H)= p(H|.D,6°?) ’



FI‘Om VB tO ICM (Iterative contional modes)

q(H.0)=q(H)a(e) A, S I

i"?ﬁ&%‘?ﬁﬁ
W logq(0)=E,|logp(H,D,6)|6 |+const
ot 1) SfsTT 2V SN 0*:argmaxE [ log p(H,D,0)|6]

(0)=(0-7) —Zq )log p(H,D, )

0" =arg max log p ,‘D, H
0

W logq(H)=E,|logp(H,D,6)|H |+const

ot H I Rk AR > H™ =argmaxE, |log p(H,D,8)|H
Sl e ey gmaxE, [log p(H,D,6)|H ]

—Zq )log p(H,D,0)

H*:argmaxlog p |D,¢9
H
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HEFE: p(xy | Xe)

Gibbs T H: BT A
. X , X LY X
X, —sampling from p(xk |xH\{k},xE) %h o ‘
o - )A(l’ Xoy K3y =7y Ky
%, —sampling from p(x,,,x. ) -
X )A(zi X3 y Xk
L ER RIS FeH R I E
Sy ) A(%)0(%),a(%), -+ a(%c)
log G(x, ) =E, | log p(x;, X )| %, |+const =
G(%).a(x,),a(%). - a(x)
R
4(%),40%,),0(%),+a (%)
ICM: - max p(x, | X ) sk B RAL
A LTES FEES) R
X Xiv Xy X, » Kk
X; =argmax p(x,,X) A
" Xy Xy Xgo o X o7



lterative Iearning tradeoff efficiency and accuracy

No OE BRI 15 ef Yes
H),
N Expeggtio)n-%gggctation (EE) CI(H)’ &*
0 Variational Bayes (VB) Expectation-Maximization (EM)
HZ 23 | VB Mixtures of Gaussians Mixture of Gaussians
» ; * *
Bttt H*, q(@ MaximizatioIEI-Ma%ization (MM)
Yes Maximization-Expectation (ME) Iterative Conditional Modes (ICM)
Bayesian K-Means K-Means

Max Welling and Kenichi Kurihara. Bayesian K-Means as a “Maximization-Expectation” Algorithm.
SIAM Conference on Data Mining (SDM2006)
http://www.ics.uci.edu/~welling/publications/publications.html

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, WVOL. 27, NO.9, SEPTEMBER 2005

A Comparison of Algorithms for Inference and
Learning in Probabilistic Graphical Models

Brendan J. Frey, Senior Member, IEEE, and Nebojsa Jojic
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