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Structure learning: how ?
Two approaches

(D Constraint-based approach
o MNEEEH RACIHG S (X, LX, | X5 2 )
o B Y5 CUS I 45 SR T (K 45 14
1. nfrfgCliuds C Cl test ) ?

p(X1’X2|X3)
(X, X, | X.)= P( X, X,, %5 )l0g
(o D)= 2, PO l0g = S

2. RS NP G e 8 7 — HRACUR AT [H) i,  51AEBIHT X

SRR R, e.g. “Switching auxiliary chains for speech recognition”, IEEE SPL
2007.

(@ Score-and-search approach
o S8 AR R BRI R ), PRGNS L B (VT AR
(BICHH4y, DUH-HI340)
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Structure learning

— from complete data

Focus on score-and-search approach
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Likelihood score
« NIDFEAAE D = (X[1],..., x[M]) L8R pai %k
M p(D1g,0%)=]Tp(xmllg,0°)

SRIQIO ARy SR B AL 05 =argmax p(D]g,0°)
— 0°

_

N
Iikelihood(g:D)é xlog p(D|g,6°) =log p(D|g.65, )
® ‘
g g’
w S|P g WSINILISRIE R =454 g7, likelihood(g” : D) > likelihood(g : D)
maxp( )erlgxp(mg,@g)
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Bayesian score

» Bayesian approach: ¥ & &R 4 BE AL &
» ¥ g AN E
s 5 HE D NS g MK AN
p(9): &itdscisrAn, e.q. p(g) o clol, c<1

(Dlg)p(9)
mé:lX|o(g|D)=IO prf /

p( D | g): marginal likelihood
p(Dlg)=[p(D[g,0°)p(6°|g)do*

p(D]g)+logp(9)

= Bayesian score: Bayes( )é

og p
DU BT B e 4%
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Data: D ={x[1], x[2], ...x[M] }

' i
Models M, : p(6,IM;), p(x|M,,6,) P(DIM.,)

AL -y ERit b 5374
NHHr =B 1k 5% . ) p(DIM)

p(M.)p(D|M. .

MaxX Mi D)= ' >
axPMIR) == ) > >
max p(D[M;)

Marginal likelihood
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Occam’s Razor : I S EIER & E 2R

-+

10cm

L sm
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p(DlMl):

p(DIM, 0!) de =0.1

Mackay 1, Section 28

e
p(DIM,)= [ p(DIM,. 4. 5B (KM, ﬁﬁ@dﬂldﬁz = 0.01
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Computation of the marginal likelihood

+» Marginal likelihood for Multinomial BN Has closed form
» (EBREE. RRSEMAL, RIS HAL A #FT

w XFEE R n A AR pa, R ATRERVEAL S |, B 12 It
p(Xn | pan:iign,i)

p(¢*19)p(plg.ec) 1111 p(ﬁn,i)-ljlj p(Dyi19.6,.)
p(¢°le.D) [111p(19.0,)

~ HH p(Dn,i | 9) Marginal likelihood for multinomial p(x,, | pa,=i)

p(D]g)=

possible value of x, 1<k <K

AT

D|g/£[g @ +N ﬁr(“mHNn,.k)

Node n
p035|ble value of pa,
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Computation of the marginal likelihood

» Marginal likelihood for Multinomial Has closed form

= Likelihood for data D p(D|6) H@ "
with sufficient statistics (Ny,..., Ny)
= Dirichlet prior over parameters (Zak) ﬁ@k“k‘l
HF O(k k=1

_ F(Z(ak + N ) .

= P T { 6| D 9ak+ “
arameter posterior  p(&|D)= [T (e N,) H
= Note that
p(D)= p(#)p(D16) _ F(Zak) [ [T (e +N)

o ® p(010) I (@) (e +N,)

EEQ D =(x[1],..., x[M]), x[m]e{1, 2, ..., K}, m=1,..., M
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Example: Multinomial BN

p(D|g)=Marginal likelihood for multinomial p( A)
xMarginal likelihood for multinomial p(B| A=0)
xMarginal likelihood for multinomial p(B| A=1)

ONO,

p(D|g)=Marginal likelihood for multinomial p( A)
xMarginal likelihood for multinomial p(B)

(D) (Zak) [T (e +Ny)
HF ) (Z a, +N, ))

Frlr|lr|lr|lr|lo]lo]lo| ol >

Rrlr|r|lololr|+r|lo]l ol
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Bayesian score : Large-sample Behavior

= Bayesian score: Bayes(g:D)=logp(D|g)+log p(g)

+» For large amounts of data, I.e., large M

log p(D|g)~logp(D|g.08 )- 0OM im m(6°)

2
[ Likelihoodﬁ [ Complexity\m

+» BIC (Bayesian Information Criterion) SCOre
s BICTR & S0 KAEAT DU g3 70 iy 4Lh

A log M
BIC(g:D):Iogp(Dlg,QﬁlL)— J

dim(6°)
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Scoring function - summary

» Key property: Decomposabllity

= Score of a Bayesian network g is a sum of scores of families
N 5 - x,[1] X,[M]
score(g: D)= score((x,, pa,):D,) ”_Lpan[l]]"”'(pan[M]j
n=1
— BRI p(xy | pay), ..., p(xy| pay) A5 BRIESE {6, ..., 6}
A log M
BIC(g:D)2logp(D|g,6, )-—

=2 log p(D, 19,67\ 1M - gim Oy
n ’ 2 n
— B RS EOmT

Bayes(g:D)=log p(D|g)+logp(g)
=anlog p(D,[g)+log p(9)

dim(6°)
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Structure search

+» Goal: search for the network structure that
maximizes the score.

+ Theorem:

Finding maximal scoring structure with at most
k parents per node is NP-hard for k > 1.

ZRERRANGE SR S A k> IEEM), FEIXFE) SR Th 8 R B KA o 45
K JENPRE .

» In general, we need to use heuristic search.
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Search for tree-structure

+ Tree-strcuture: at most one parent per node
= Wwe can solve the search problem in polynomial time.

+ We can write the score as:
score(g) =) score(x,, pa,)
n

______________________________________

= > score(x,, pa, f+ score(x, )
i n: |pa,|>0 i in: | pa,|=0 :
= Y score(x,) HY score(x, )
L_o_mlpa>0 Loonlpa>0 |
= > {score(x,, pa,)—score(x,)}+>_score(x,)
n: |pa,|>0 n
change over Score of “empty”
“empty” network network

Score = sum of edge scores + constant
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Search for tree-structure

» Algorithm
= Construct graph with nodes 1, ..., N

= Set w(j ~ 1) = Score( X;— X;) — Score(X;)
= Score( X; <« X;) — Score(X))

= Find tree with maximal weight.

Standard max spanning tree algorithm — O(N? log N) ’



Beyond trees

= When we consider general DAG, the problem is not easy.
» Need to resort to heuristic search

= Start with a given network (e.g., the best tree , a random network)
= Successive local search (Z £ R##&):

= Stop when no modification improves score.
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D
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Structure learning

— from incomplete data

Focus on score-and-search approach
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EM algorithm (review)

SR p( X, 2] 9)

- I;‘é\,ﬂgﬁ\ﬁﬁ/{]“D ﬁzig,;ﬁé D= (X[l] ..... X[M]) : Xﬂ?)ﬂﬂi&?ﬁ
H=1(z[1],..., Z[M])

« HF5: ML—argmaxlogp(D|<9)
+ €MD %IQ(QW(OM)) (H|e<°'d>,D)[|Og p(D,H |‘9)]

6" = arg max Q (0160°7)

(D | H(new)) (D | H(old))

t=t+1

Choose 6© —| E-Step 1 M-Step

'|Converged?




Why processing complete data Is ‘easy’ ?

+ With complete data, BICScore of a network decomposes.

A log M
BIC(g:D)=log p(D |g,¢93|L)— J

N
_ nz;{log IO(Dn | g, Q&L,n)_mgTMdim(eaL’n)}

dim(6y, )

+« With incomplete data, we loose decomposability of score.
O =arg maXDOg p(D |g,6° )] =arg max{log Z p(D, H|g,o° )}
6" Pe -

BIC(g:D)%log p(D Ig,eﬁL)—mg—Mdim(Q&L)

iy LA I EMIS ATV 05— A4k g IBICAS 7
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Naive approach

Computationally expensive
s BEKIFESE M) T2 1TEM
(ER)FEHEBICE 77

s VRFHRJAEZ S5 b Q: r

(S O

A (CED
@) / Parametric }
[ Parameter space SeUZELe LD




w58 7T Bl RR AL

E|EL5H, EMIAX

A log M
BIC(g:D):Iogp(Dlg,Q&L)— J

dim(6y, )

0IM Gim (62

rngzélxslc(g,eg:D)élog p(D |9.6°)-
TW%%@%E’]V XBXCX%%
maxslc(g 0° D) (0.09) > (9,09) > (g,0") >

EMEA

(old) ) A
Q(gielg’g )_Ep(l_”g'g(old) )

0" =argmaxQ(g,0| 9,0 ) —HEM
o

BIC(g,6™" :D)=BIC(g,0“”:D)
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Structural EM (Friedman, ICML97,98)
IogMd (Qﬁm)

dim(&°)

MaxBIC (g:D)2log p(D1g,65 )~
log M

max{

MaxBIC(g,6°: }A log p(D |g 0° )~
g

(99
R it
maxB|c(g 99 ) (g(o) 9(0))_),,,_)(g(t)’g(t))_)(g(tﬂ) 9(t+1))_>

T EE GG M 5 2 EMBAER DL — P B 23 1) 7 A& &

ZEHEMIEA
o JEX BRI

Q(g,é’l g(old),g(old))é E

T

[Blc (9,6:D,H)]

p(HIg®)

(g(new)"g(new)): arg maxQ(g,9| g(old)’g(old)) ﬁﬁ%*@EM
g,0

BIC(g(new),g(new) : D) > BIC(g(OId),e(OId) : D) a1
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Structural EM for BIC score
. B
BIC(g™",0™" :D)-BIC(g®“?,6"": D)
> Q(g(new)’e(new) | g(old)’e(old))_Q(g(old)’e(old) | g(old)’e(old))
» SEM Algorithm

= Choose g©, 90 as initial structure and parameters.
= Loop for t=0, 1, ... until convergence %5f4EMIEAR
—IWESHEM

Find model g™ with "\ (9t+1,6’t+1)=ar9maXQ(9,9|9(t),9(t))
g.0
GiliA%g, 6, =argmaxQ(g,.019",0")
wmid g, 6, =arg maxQ(gb,H g“),@(")
MERIZ g, 6, =arg maxQ(gC,Q g‘”,@“’)
BARTAH)TT T 9g @ _argmaxQ(gd,Q g“),é’“)) a3



The learning problem

Known structure

Complete
data

ML Bayesian

Incomplete
data

ML Bayesian

Unknown structure

Learning tree

Structural EM
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