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Abstract—Electromagnetic information theory (EIT) is
one of the emerging topics for 6G communication due to
its potential to reveal the performance limit of wireless
communication systems. For EIT, the research foundation is
reasonable and accurate channel modeling. Existing channel
modeling works for EIT in non-line-of-sight (NLoS) scenario
focus on far-field modeling, which can not accurately capture
the characteristics of the channel in near field. In this
paper, we propose the near-field channel modeling scheme
for EIT based on electromagnetic scattering theory. We
model the channel by using non-stationary Gaussian random
fields and derive the analytical expression of the correlation
function of the random fields. Furthermore, we analyze the
characteristics of the proposed channel model, e.g., channel
degrees of freedom (DoF). Finally, we design a channel
estimation scheme for near-field scenario by integrating the
electromagnetic prior information of the proposed model.
Numerical analysis verifies the correctness of the proposed
scheme and shows that it can outperform existing schemes
like least square (LS) and orthogonal matching pursuit
(OMP).

Index Terms—Electromagnetic information theory (EIT),
near field, channel modeling, Gaussian random field, chan-
nel estimation.

I. INTRODUCTION

To improve the system performance, various promis-
ing technologies, including reconfigurable intelligent sur-
faces (RISs) [1], [2], continuous-aperture multiple-input
multiple-output (CAP-MIMO) [3], [4], and near-field
communications [5], [6], have been recently investigated
for the sixth-generation (6G) communication. All these
technologies try to explore new sources of degrees of
freedom (DoF) or capacity gain for performance im-
provement. The performance gain actually come from
more accurate understanding and precise manipulation
of electromagnetic fields which convey information [7].
Therefore, combining classical electromagnetic theory
and information theory to provide modeling and capacity
analysis tools is of great importance for exploring the
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fundamental performance limit of wireless communica-
tion systems, which leads to the interdisciplinary subject
called electromagnetic information theory (EIT) [8]. By
integrating deterministic physical theory and stochastic
mathematically theory [9], EIT is expected to provide new
insights into system models, degrees of freedom, capacity
limits, etc., from the electromagnetic perspective.

A. Prior works

The existing research directions of EIT includes chan-
nel modeling schemes [10]–[12], DoF analysis [13]–
[15], mutual information and capacity analysis [16]–[18],
etc. Among these directions, channel modeling is the
fundamental part. Without precise channel model, DoF
and capacity of EIT can not be accurately analyzed.

For the channel modeling schemes of EIT, one ap-
proach is line-of-sight (LoS) modeling scheme directly
derived from Maxwell’s equations, and the channel is
expressed by the Green’s function in free space [10], [11]
or considering reflection from a surface [12]. Another
approach considers non-line-of-sight (NLoS) channel,
which obeys the electromagnetic scattering theory [19].
Compared to LoS channel, NLoS channel is more general
and can support larger degrees of freedom in wireless
communication. Due to the complexity and uncertainty
of the scattering environment, the NLoS channel is often
modeled by random fields, whose statistical character-
istics are derived from the scattering environment [20].
For example, an isotropic statistical channel model was
derived in [21], where correlation exists between different
points of the received field. This model can be viewed as
an extension of the traditional independent and identically
distributed (i.i.d.) Rayleigh fading channel model. Fur-
thermore, a more general scheme for constructing small-
scale fading channel was provided in [22], where the
received electromagnetic field was expanded by Fourier
plane waves. This model is based on the spatially station-
ary fields, where the correlation function of the random
fields only depends on the distance vector between two
points. Further work in [23] discussed the MIMO model
under the same assumption and simulated the capacity
change with the antenna density [20]. An extended work
[24] derived approximate analytical correlation function
based on [22], leading to a non-isotropic channel model.

The above works have well analyzed the model of
spatially stationary channel for EIT. The spatial station-
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arity is mathematically equivalent to the independence
of the incoming waves at different angles. In the far-
field, each scatterer corresponds to a single direction
for the incident waves on the receiver, which matches
this assumption well. However, for the use of middle-
band, millimeter-wave and terahertz technologies, and
extremely large antenna aperture [25], near-field effect
becomes obvious and such approximation is not accurate
any more, where spatially non-stationary model can better
capture the channel characteristics. Approximating the
channel model in the near field by spatially stationary
fields may introduce non-negligible errors in channel
estimation, antenna pattern design, capacity analysis, etc.
Therefore, an accurate channel modeling scheme for the
EIT in NLOS scenarios is needed.

B. Our contributions

Different from the existing works, in this paper, we
propose a near-field spatially non-stationary channel mod-
eling scheme and the corresponding channel estimation
scheme for EIT1. Specifically, the contributions of this
paper are summarized as follows:

• We propose a near-field channel modeling scheme
for EIT based on the electromagnetic scattering the-
ory. The channel is modeled by zero-mean Gaussian
random fields, so its correlation function can fully
describe the channel. Then, an approximate analyt-
ical expression of the correlation function of the
channel is derived, and its approximation accuracy
is verified by numerical simulations.

• We analyze the characteristics of the proposed near-
field channel model. We show how to generate one
sample of the random field channel model. Then,
we show the fitness of our analytical model to the
channel generated by widely used clustered delay
line (CDL) model by using quasi-Newton algorithm.
Finally, we analyze how the parameters of the model
affect the accuracy and degree of freedom (DoF) of
the channel.

• We design a channel estimation scheme by in-
tegrating the electromagnetic prior information of
the proposed channel model. Numerical simulations
show that the designed channel estimation scheme
outperforms existing schemes like LS and OMP.

C. Organization and notation

Organization: The rest of this paper is organized as fol-
lows. In Section. II, we provide the electromagnetic model
of NLoS channel based on the electromagnetic scattering
theory. Then, in Section. III, we derive an approximated
analytical expression of the correlation function of the
channel based on the electromagnetic model. In Section.
IV, we analyze the characteristics of the proposed model,

1Simulation codes are provided to reproduce the results in this paper:
http://oa.ee.tsinghua.edu.cn/dailinglong/publications/publications.html.

including fitness to CDL model, DoF, etc. Based on the
proposed model, in Section. V we design a near-field
channel estimation scheme and verify its correctness by
numerical simulations. Finally, in Section. VI we provide
the conclusions and possible future directions of our
work.

Notation: bold uppercase characters denote matrices;
bold lowercase characters denote vectors; the dot · de-
notes the scalar product of two vectors, or the matrix-
vector multiplication. E [x] denotes the mean of random
variable x; ϵ0 is the permittivity of a vacuum, µ0 is the
permeability of a vacuum, and c is the speed of light
in a vacuum; ∗ denotes the convolution operation, and
F [f(x)] denotes the Fourier transform of f(x); Jm(x)
is the mth order Bessel function of the first kind; Im(x)
is the mth order modified Bessel function. ⌊x⌋ represents
rounding x down. det(·) denotes the matrix determinant
or the Fredholm determinant; AS represents the area of
S.

II. ELECTROMAGNETIC MODEL FOR SCATTERING
FIELD

Maxwell’s equations are the fundamental physical laws
of the electromagnetic system. For the characteristics of
the scattering system, we can consider the scatterers as
spatial non-uniformity of the electromagnetic character-
istics like permittivity ϵ and permeability µ. We adopt
the time-harmonic assumption which assumes that the
electromagnetic waves oscillate on a single frequency
point. Then we have E(r, t) = E(r)e−jωt, and the partial
derivative ∂/∂t can be replaced by −jω [26]. From the
Maxwell’s equations, we have

∇×E(r) = jωµ(r)H(r), (1a)
∇×H(r) = −jωϵ(r)E(r) + J(r), (1b)
∇ · (ϵ(r)E(r)) = ρ(r), (1c)
∇ · (µ(r)H(r)) = 0, (1d)

where ϵ(r), µ(r) and ρ(r) represents the permittivity,
permeability and charge density at the position r. In ho-
mogeneous media, ϵ(r) and µ(r) will be constant, which
is often used in light-of-sight channel modeling in the free
space. Now we are considering inhomogeneous media,
which can express the electromagnetic characteristics of
scattering fields [19].

Through derivations and several assumptions, we ex-
press the source-destination relationship using scalar wave
field as follows

E(r) =jωµ0

∫
Vs

g(r, r′)J(r′)dr′

+

∫
V

g(r, r′)(k2(r′)− k20)E(r′)dr′,

(2)

where g(r, r′) = 1
2π

ejk0∥r−r′∥

∥r−r′∥ , k(r) = ω
√
µ(r)ϵ(r), Vs is

the source region and V is the scattering region, k(r) =
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Fig. 1. The three-dimensional near-field statistical channel modeling
where the scatterers are located in solid circles.

k0 outside the region V . Detailed derivations are shown
in Appendix A.

The equation (2) is an extension from the 2-
dimensional case in [27]. Here we can view the first item
in (2) as the line-of-sight component of the field which is
fixed and well-studied. Then we will focus on the second
item in (2) which highly relies on the characteristics of
the inhomogeneity of the space. The inhomogeneity of the
space depends on the complicated factors such as surface
structure and material properties of the medium which are
hard to analytically model and may change over time.
Therefore, a statistical model will be more suitable to
depict the characteristics of the field than deterministic
modeling scheme.

III. CHANNEL MODEL BASED ON NON-STATIONARY
RANDOM FIELDS

In this section, we will derive the channel model
for EIT based on the electromagnetic scattering theory
explained in the above section. The channel is modeled
as Gaussian random fields to tolerate the uncertainty of
the inhomogeneity of the space [28]. In our model the
received field can be viewed as weighted superposition of
spherical waves other than plane waves in [22]. Therefore,
it is suitable for both near-field and far-field communica-
tions by considering distances between antenna array and
scatterers besides the azimuth and elevation angles.

A. Mathematical derivation of the analytical model

By omitting the first item in (2) which represents the
deterministic line-of-sight component, we have

RE(r1, r2) =E
[ ∫

V

∫
V

g(r1, r
′
1)g

∗(r2, r
′
2)(k

2(r′1)− k20)

(k2(r′2)− k20)E(r′1)E
∗(r′2)dr

′
1dr

′
2

]
,

(3)
where in the rest part of the paper we express R(r1, r2) as
the abbreviation of RE(r1, r2). To derive a closed-form
expression of the channel model we need to have some

assumptions on the scattering field to do simplifications
on (3). The electric field E(r′) in the scattering region has
uncertainty due to the uncertainty of the current density in
the source region. In the most rigorous way it should be
numerically calculated from electromagnetic equations.
Here for the ease of analysis we assume that it obeys a
given distribution. Then we can build the channel model
between the scatterers and the receiver by deriving the
statistics of the received electric field. This scheme views
the scatterers as equivalent sources, which is used in some
theoretical analysis schemes for system performance. In
the rest part of the paper we will use the extreme case
that E [E(r′1)E

∗(r′2)] = βδ(r′1 − r′2). Further works
can be done by considering more general models like
exponential type of spatial correlation function to achieve
better fitness to practical scenarios. Then, the channel
correlation function reduces to

R(r1, r2) =β

∫
V

g(r1, r
′)g∗(r2, r

′)(k2(r′)− k20)
2dr′.

(4)
We further assume that the scattering region V is

distributed in a solid circle, centering at d and perpen-
dicular to µ̂, which means that µ̂T(r′ − d) = 0. Here
µ̂ represents the direction of the scattering surface. The
practical meaning of such assumption is that the scatterer
faces receivers at a certain angle. The radius of the circle
is rs. For the item (k2(r′)− k20)

2, we view it as the gain
of electromagnetic waves reflected from the surface of
scatterer. Specifically, we model it by

f(r′) = (k2(r′)−k20)
2 =

{ a+1
πr2a+2

s
(r2s − ρ2)a |ρ| ⩽ rs,

0 otherwise,
(5)

where ρ = r′−d, ρ = ∥ρ∥, and a is a parameter charac-
terizing the concentration of scatterer around the central
point. This assumption for f(r′) is heuristic, which aims
at providing a general model to cover different shapes
of scatterers. By changing the parameter a, the scatterer
varies from ring to single point. For example, when a = 0,
the scattering region is a uniform circular surface used in
[29]. When a → −1, the scatterer approximates a ring as
in [30]. When a → +∞, the scattering region shrinks to
a single point, which is widely adopted in existing works
for near-field [31]. Then, we can express the correlation
function by

R(r1, r2) = β

∫
V

ejk∥r1−r′∥

4π∥r1 − r′∥
e−jk∥r2−r′∥

4π∥r2 − r′∥
f(r′)dr′.

(6)
These assumptions provide some restrictions on the pat-
tern of permittivity and permeability in the space, which
may not cover every type of scatterer structures and
materials. Further works can be done to explore more
general cases of the spatial inhomogeneity.

To facilitate the derivation procedure, we choose a
coordinate rotation T which satisfies Tµ̂ = êx. Then
we have a new rotated coordinate where µ is the x axis.
The center of the scatterer is located at Td, and the
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Fig. 2. The rotated coordinate system with Tµ̂ = êx.

receiving locations are Tr1 and Tr2. One point in the
scattering region is located at Td + Tρ, where Tρ =
[ρ cos θ, ρ sin θ, 0]. Here we denote two directions µ̂1 and
µ̂2 perpendicular to µ̂, which satisfies µ̂T

1 µ̂2 = 0. Then
we can denote Td by [d · µ̂,d · µ̂1,d · µ̂2]. Similarly, we
have Tr = [r · µ̂, r · µ̂1, r · µ̂2]. The point in the scattering
point is located at [d · µ̂,d · µ̂1+ρ cos θ,d · µ̂2+ρ sin θ].
The rotated coordinate system is shown in Fig. 2. The
distance between r and r′ is (7) where

A(r) =1 +
( r
d

)2
− 2

r

d

(
(d̂ · µ̂)(r̂ · µ̂)

+ (d̂ · µ̂1)(r̂ · µ̂1) + (d̂ · µ̂2)(r̂ · µ̂2)

)
,

(8)

and

B(r, ρ̂) =d̂ · µ̂1 cos θ + d̂ · µ̂2 sin θ −
r

d
r̂ · µ̂1 cos θ

− r

d
r̂ · µ̂2 sin θ.

(9)
In the derivations above, several assumptions and sim-

plifications are provided to reduce the analysis complexity
and facilitate the derivation of an analytical result. These
assumptions and simplifications include that 1) spatially
uncorrelated incident field to the scatterer, which is an
ideal but mathematically friendly assumption, making the
scatterers as equivalent sources; 2) scattering region and
gain function both for analysis convenience and general-
ity; 3) distance is far larger than wavelength; 4) scalar
electromagnetic fields. By changing these assumptions
or discarding these simplifications, a more accurate and
general model may be obtained, which remains for further
works.

Through mathematical derivations and simplifications,
we can derive the spatial correlation function of the chan-
nel in the following lemma, where scatterer dimension is
relatively small compared to the distance:

Lemma 1 (Correlation function of the channel in weak
near-field). Assuming that rs ≪ d, the correlation func-

tion of the channel can be approximated by

R̃(r1, r2) =
β

8π2d2
√
A(r1)A(r2)

e
j 2πλ R

(√
A(r1)−

√
A(r2)

)

(a+ 1)2aΓ(a+ 1)(
√
Crs)

−(a+1)Ja+1(
√
Crs),
(10)

where

C =

(
2π

λ

)2
(

d̂ · µ̂1√
A(r1)

− d̂ · µ̂1√
A(r2)

− r1
d

r̂1 · µ̂1√
A(r1)

+
r2
R

r̂2 · µ̂1√
A(r2)

)2

+

(
2π

λ

)2
(

d̂ · µ̂2√
A(r1)

− d̂ · µ̂2√
A(r2)

− r1
d

r̂1 · µ̂2√
A(r1)

+
r2
d

r̂2 · µ̂2√
A(r2)

)2

.

(11)

Proof: See Appendix A.

Remark 1. Several assumptions made in this paper can
be found in the existing works. For example, it is assumed
in [32] that the distance is far larger than the wavelength.
The scalar wave fields are used in [22]. For the gain
function, by changing it we can cover different shapes of
scatterers used in existing works, like circle surface [29],
ring [30], and single point [31].

For the channel with multiple scatterers, the correlation
function can be expressed by

R(r1, r2) =

M∑
k=1

R̃k(r1, r2), (12)

where each R̃k(d1,d2) is constructed according to
Lemma 1. For the channel with a large scatterer, we can
decompose it to several small scatterers and express the
channel in the form of (12).

B. Numerical verification of the accuracy of the analyti-
cal model

In this subsection, we will show the accuracy of the
analytical correlation function in Lemma 1. We set the di-
rection of the scattering region to the center of the array as
d̂ = [ 1√

3
, 1√

3
, 1√

3
]. The scattering region is perpendicular

to the direction µ̂ = [− 1√
3
, 1√

3
,− 1√

3
]. The concentration

parameter on the scatterer cluster is set to a = 0, which
corresponds to uniform distribution on the circle. For the
correlation between the received fields at two positions on
the receiving array, we fix one position at the center of the
array and another position at [0,±nydy,±nzdz] m, where
ny, nz ∈ IN , IN = {1, · · · , 100}, dy = dz = 0.025m.
The wavelength λ is set to 0.05m. We plot ∥R̃−R∥2

F

∥R∥2
F

,
which is the relative error between the approximated
correlation matrix and the accurate correlation matrix,

This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TWC.2024.3459006

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Tsinghua University. Downloaded on September 21,2024 at 02:11:31 UTC from IEEE Xplore.  Restrictions apply. 



5

∥r− r′∥ =

√
(d · µ̂− r · µ̂)2 + (d · µ̂1 + ρ cos θ − r · µ̂1)

2
+ (d · µ̂2 + ρ sin θ − r · µ̂2)

2

= d

√
A(r) + 2

ρ

d
B(r, ρ̂) +

(ρ
d

)2
,

(7)

Fig. 3. The correlation function plotted from the approximated analyt-
ical expression.

in Fig. 3. We can find that the approximation error is
negligible compared to the value of the corresponding
correlation function when d is large enough or rs is small
enough. For example, when d is larger than 100m and
rs is smaller than 3.5m, the relative approximation error
is below 1%, which is tolerable in most cases.

IV. CHARACTERISTICS OF THE PROPOSED CHANNEL
MODEL

In this section, we will analyze and show the charac-
teristics of the derived channel model, which can reveal
how the scattering environment affects the system perfor-
mance.

A. One realization of the random field

For the derived correlation function R(r, r′), we have
the following expansion R =

∑∞
i=1 λiϕi(r)ϕ

∗
i (r

′) from
Mercer’s theorem, where ϕ(r) is the solution of the
following integral equation

λiϕi(r) =

∫
V

R(r, r′)ϕi(r)dr, (13)

according to [33]. Then the received field can be con-
structed by its Kosambi-Karhunen-Loève expansion

E(r) =

∞∑
i=1

ξiϕi(r), (14)

where λi = E[ξiξ∗i ]. For a noisy received field Y (r) =
E(r) +N(r) where RN (r, r′) = σ2δ(r − r′), the infor-

mation that can be obtained from the received field is
I(E;Y ) =

∑
i log(1 +

λi

σ2 ) [18].
If we consider discrete samples of the contin-

uous fields, for a Ny × Nz array at the re-
ceiver, we can construct a correlation matrix R ∈
C(NyNz)×(NyNz), where Rp,q = R(rp, rq), rp =[
0, ⌊p−1

Nz
⌋ − Ny−1

2 ,mod (p− 1, Nz)− Nz−1
2

]
, and rq =[

0, ⌊ q−1
Nz

⌋ − Ny−1
2 ,mod (q − 1, Nz)− Nz−1

2

]
. From the

correlation function of the received field, we can generate
the channel by h = LN, where L is the Cholesky decom-
position of the correlation matrix R, and N ∼ CN (0, I).

B. Fitness to the statistics of practical model

In this part we will show the fitness of the proposed
model to the statistics of standard 3GPP TR 38.901 CDL
model [34]. Since CDL model is now widely used in
5G new radio (5G NR) scenarios, the rationality of the
proposed analytical correlation function of the channel
model can be verified if it can well fit the statistics
of the CDL model. We simulate the field correlation
of CDL-A and CDL-D model, which represent strong
scattering and weak scattering scenarios separately. For
the antenna array, we adopt 101 × 101 array with λ/8
antenna spacing. We use the proposed analytical model
with 3 scatterers to fit the field correlation of the CDL
models, which is shown in Fig. 4. We introduce the
metric f =

∥R̃−RCDL∥2
F

∥RCDL∥2
F

to depict the difference between
the CDL model and the proposed model, and use it
as the loss function to optimize the parameters of the
proposed model. Specifically, we adopt the quasi-Newton
algorithm, where the iteration scheme is

xk+1 = xk − αkHk∇f(xk), (15a)
qk = ∇f(xk+1)−∇f(xk), (15b)

Vk = I− qk(xk+1 − xk)
T

qT
k (xk+1 − xk)

, (15c)

Hk+1 = VkHkV
T
k +

(xk+1 − xk)(xk+1 − xk)
T

qT
k (xk+1 − xk)

.

(15d)

It is shown in Fig. 4 that the proposed model can fit
the statistical characteristics of CDL models with few pa-
rameters, which verifies its correctness and generalization
capability. Then, we show the optimization procedure in
Fig. 5, where tolerable loss is achieved by 13 iterations
under CDL-A channel model and 56 iterations under
CDL-D channel model.
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(a) CDL-D model (b) proposed coupling model

(c) CDL-A model (d) proposed coupling model

Fig. 4. Comparison between the field correlation of CDL-A, CDL-D
and the proposed coupling model.
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Fig. 5. The loss function degrades when iteration number increases.

Furthermore, we fit the proposed model to the model
generated by ray tracing scheme to show its fitness to
practical scenarios. The transceivers locate in Hong Kong,
and the paths between the transceivers are characterized
by ray tracing scheme, as shown in Fig. 6. We use quasi-
Newton algorithm to fit the proposed model to the model
generated by ray tracing scheme. The result is shown in
Fig. 7. We can observe that the proposed model can well
rebuild the channel with limited parameters.

The benefits of the proposed model is that it is analyti-
cal and can be used to obtain the field correlation between
any two positions by direct and quick calculation, while
the existing models need a large amount of parameters.
For example, the widely-accepted CDL-A model has 23
scatterer clusters and 20 rays in each cluster. Therefore,
it is accurate but very complex, making it difficult for
further analysis. Moreover, the proposed model provides
a correlation function expression of the received field.
Therefore, it can be used in channel estimation process

Fig. 6. The model built from ray tracing scheme in Matlab, which is
based on buildings in Hong Kong [35].
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Fig. 7. Comparison between the proposed model and the model built
from ray tracing scheme.

to provide prior information for channel estimator.

C. Impact of the scatterer size on the channel

In this part, we will discuss the impact of the scat-
terer size, how it affects the channel in the wavenumber
domain, and when it can not be neglected.

First note that in the scenario with far field approxima-
tion the correlation function of the random channel can
be simplified to

R(r1, r2) = β

∫
V

ejk∥r1−r′∥

4π∥r1 − r′∥
e−jk∥r2−r′∥

4π∥r2 − r′∥
f(r′)dr′

rm→0
≈ β

∫
V

ejk(r
′−r̂′·r1)e−jk(r′−r̂′·r2)

16π2∥r0 − r′∥2
f(r′)dr′

rs→0
≈ β

16π2∥r0 − r′0∥2
e−jkr̂′0·(r1−r2),

(16)
where r0 is the position of the center of the receiver array,
r′0 is the position of the center of the scatterer, r1, r2 ∈
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{r}, and rm = max∥r∥ is the radius of the antenna
array. The last approximation is based on the fact that
for rs = 1

2n , where n ∈ Z+,
∫
V
f(r′)dr′ = 1. Moreover,

when n → +∞, f(r′) = 0 for any r′ ̸= r′0. Therefore,
f(r′) approaches δ(r′ − r′0) when rs approaches 0.
Therefore, the received field under such approximation
is a stationary field, which implies that its correlation
function only relies on the distance vector between the
two points. If we perform Fourier transformation on the
correlation function, we will obtain its power spectrum in
the wavenumber domain. To be more specific, we have∫ +∞

−∞

∫ +∞

−∞
R(∆r)ej(kyy+kzz)dydz

=

∫ +∞

−∞

∫ +∞

−∞
β0e

−j(r̂′xx+r̂′yy+r̂′zz)ej(kyy+kzz)dydz

= β0e
−jr̂′xxδ(ky − r̂′y)δ(kz − r̂′z).

(17)
Therefore, the Fourier transform of the far-field cor-
relation function reveals the angular concentration
of the scattering regions in the wavenumber do-
main. A scattering region with the azimuth angle θ
and elevation angle ϕ will lead to a single point
[cos(θ) sin(ϕ), sin(θ) sin(ϕ), cos(ϕ)] in the wavenumber
domain of the received field under far-field assumption.
If we sample the continuous received electromagnetic
fields to obtain a correlation matrix R ∈ CNy×Nz

where Ri,j = R(r0, r) and r = [0,±nydy,±nzdz], we
can use Fourier transform matrices F1 and F2 instead
continuous Fourier transform to find the angular sparsity
of the correlation matrix by F1RFH

2 . Specifically, the
Fourier transform matrix F1 and F2 can be constructed
by F1,p,q = e

j 2k
Ny−1 (p−

Ny+1

2 )(q−Ny+1

2 )dy and F2,p,q =

ej
2k

Nz−1 (p−
Nz+1

2 )(q−Nz+1
2 )dz .

If the channel is sparse, from the law of large num-
bers, we know that h has power peaks in wavenum-
ber domain, which can be used in channel estimation
of reconstruction procedure to improve the accuracy.
Specifically, if we reshape the vector h to a matrix
Hp,: = hT

(p−1)∗Nz+1:p∗Nz,1
, its sparsity in wavenumber

domain can be expressed as follows:

E[|(F1HF2)p,q|2] = E


∣∣∣∣∣∣
∑
p′

∑
q′

F1,p,q′Hp′,q′F
H
2,p′,q

∣∣∣∣∣∣
2


= E

 ∑
p′
1,p

′
2,q

′
1,q

′
2

F1,p,q′1
Hp′

1,q
′
1
FH

2,p′
1,q

F∗
1,p,q′2

H∗
p′
2,q

′
2
FT

2,p′
2,q


=

∑
p′
1,p

′
2,q

′
1,q

′
2

e
j 2k
Ny−1 (p−

Ny+1

2 )(q′1−q′2)dyR(r1, r2)

ej
2k

Nz−1 (q−
Nz+1

2 )(p′
2−p′

1)dz ,
(18)

where r1 = [0, (p′1 −
Ny+1

2 )dy, (q
′
1 − Nz+1

2 )dz] and r2 =

[0, (p′2−
Ny+1

2 )dy, (q
′
2−Nz+1

2 )dz] respectively. From (16)
it is easy to know that when rm and rs approximates 0,

Fig. 8. The correlation function of the received field.

E[|(F1HF2)p,q|2] will reaches a peak value compared to
its neighbors, which is in the form of products of sinc
function as the discretized form of (17).

For the near-field scattering scenario, the scattering
region will correspond to an area rather than a point in the
wavenumber domain. The shape of the area reflects the
size, directions and concentration parameters of the scat-
tering region. It is also worth noting that the area relates to
the concept called spatial bandwidth [13]. The larger the
area is, the larger the spatial bandwidth is, which provides
more possible DoF for the wireless communication sys-
tem. Further discussion about the DoF will be presented in
the following subsection. We plot the correlation function
of a generated channel in Fig. 8, and its Fourier transform
in Fig. 9. Three scattering regions are located in the space,
with coordinates d = [25, 25, 25]m, d = [25,−25, 50]m,
and d = [25,−25,−50]m separately. While little in-
formation can be directly observed from the figure of
the correlation function of the received field, the Fourier
transform of the correlation function reflects its sparsity
in the wavenumber domain. Three shaded areas in Fig. 9
correspond to three scattering regions in the settings, with
their respective parameters labeled adjacent to the shaded
areas. It is shown that when R increases and r decreases,
the size of shaded areas will increase, which corresponds
to larger angular expansion in the wavenumber domain.
When a tends to infinity, the shaded area tends to a single
point. When a tends to −1, the shaded area tends to a
circle, which aligns with the definition of function f(r).

Then we will provide quantitative analysis to show
how rs influences the accuracy of the model and when
it can not be ignored. It is well known that the Rayleigh
distance, also called as Fraunhofer distance, is d =

8r2m
λ ,

where d is the distance from the antenna array, and
rm = max∥r∥ is the radius of the antenna array [36].
The Rayleigh distance is defined by the distance where π

8
phase error is observed on the antenna array. If we further
consider the size of the scatterer, we have the channel
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Fig. 9. The Fourier transform of the correlation function of the received
field. Three spots in the figure corresponds to three scattering regions
in the space.

response as h(r′, r) = ej
2π
λ ∥r′−r∥, where r′ = d + ρ is

the position of one point on the scatterer. In Lemma 2
we extend the Rayleigh distance considering scatterers

Lemma 2 (Extension of Rayleigh distance considering
scatterer size). The size of scatterer can be neglected
when rs ⩽ λ

16 and d ⩽ 8(rs+rm)2

λ−16rs
. Otherwise, the

scatterer size should be considered in the channel model.
Under this scenario, when d ⩽ 8(rs+rm)2

λ , the scatterer
and the antenna array are in the near-field region. When
d ⩾ 8(rs+rm)2

λ , the scatterer and the antenna array are
in the far-field region.

Proof: See Appendix B.
From Lemma 2 we know that unless the scatterer is

small enough (for frequency of 1GHz the radius of the
scatterer should be smaller than 0.0187 m), neglecting the
size of the scatterer and simply view it as a point will be
inaccurate. Therefore, considering parameters of scatterer
is of necessity in channel modeling especially in near-
field communication scenarios.

D. Channel DoF of the proposed model

In this subsection we will discuss how the parameters
influence the performance of the system from the degree
of freedom (DoF) perspective. The DoF of the channel
depends on the eigenvalue distribution of the model. If
the eigenvalue decay rate is slow, there exist multiple
subchannels that can support communication at a certain
rate, leading to greater DoF. On the contrary, if few
eigenvalues are obviously larger than other eigenvalues,
the DoF will be small [21].

We will first provide some insights of the DoF from
the spatial bandwidth [13] perspective and then verify

them by numerical analysis of the proposed model. The
spatial bandwidth characterizes the band-limiting effect
of electromagnetic fields in the wavenumber domain,
which is similar to the classical bandwidth that depicts
a function’s band-limiting effect in the frequency do-
main. The spatial bandwidth shows the electromagnetic
fields’ DoF through spatial sampling. In [13], the scat-
tered electromagnetic waves E(r) are observed on an
infinite line or region at the receiver. In this paper we
adopt scalar form of the electromagnetic field, leading
to E(r) =

∫
V
g(r, r′)(k2(r′) − k20)E(r′)dr′. We have

Ē(r) = E(r)e−jk0∥r∥ to single out the phase factor
introduced by the distance, and X(r) = (k2(r)−k20)E(r)
on the scatterer surface. Then we have

Ē(r) =

∫
V

ḡ(r, r′)X(r′)dr′, (19)

where ḡ(r, r′) = 1
2π

ejk0(∥r−r′∥−∥r∥)

∥r−r′∥ . For simplicity we
focus on the one-dimensional receiver and abbreviate
Ē(r) as Ē(r), ḡ(r, r′) as ḡ(r, r′), where r is along a
chosen line determined by r in the three-dimensional
space. To show the how Ē(r) is band-limited in the
wavenumber domain, we introduce Ēw(r) = Ē(r)∗ sinwr

r
which performs low-pass filtering on F [Ē(r)]. Then we
have

Ēw(r) =

∫
V

ḡw(r, r
′)X(r′)dr′, (20)

where

ḡw(r, r
′) =

1

2π2

∫ +∞

−∞

sinw(r − ξ)

r − ξ

ejk0(∥ξ−r′∥−∥ξ∥)

∥ξ − r′∥
dξ

a
=

1

2π2j

∫
C+

ejw(r−ξ)

r − ξ

ejk0(∥ξ−r′∥−∥ξ∥)

∥ξ − r′∥
dξ

− 1

2π2j

∫
C−

e−jw(r−ξ)

r − ξ

ejk0(∥ξ−r′∥−∥ξ∥)

∥ξ − r′∥
dξ

+ ḡ(r, r′),
(21)

in which a
= is from the residue theorem, C+ and C− are

two paths above and below the real axis. The spatial band-
width is the minimum w that makes

∥∥Ē(r)− Ēw(r)
∥∥

small enough. We have

∥∥Ē(r)− Ēw(r)
∥∥ =

[∫ +∞

−∞

∣∣Ē(r)− Ēw(r)
∣∣2 dr] 1

2

⩽ max
r′

[∫ +∞

−∞
|∆ḡ(r, r′)|2 dr′

] 1
2

·
∫
V

|X(r′)|dr′,
(22)
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scatterer surface

sr
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Fig. 10. Concerning the spatial bandwidth with respect to different µ̂.

where ∆ḡ = ḡ− ḡw is the item corresponds to the spatial
bandwidth w. We can further express it by

∆ḡ(r, r′) = − 1

2π2j

∫
C+

ejw(r−ξ)

r − ξ

ejk0(∥ξ−r′∥−∥ξ∥)

∥ξ − r′∥
dξ

+
1

2π2j

∫
C−

e−jw(r−ξ)

r − ξ

ejk0(∥ξ−r′∥−∥ξ∥)

∥ξ − r′∥
dξ.

(23)
The following part is similar to [13], which shows

that when w > max
∂(k0(∥ξ−r′∥−∥ξ∥))

∂ξ , ∆ḡ converges
to 0 faster than any power. Moreover, when w <

max
∂(k0(∥ξ−r′∥−∥ξ∥))

∂ξ , ∆ḡ ≈ ḡ. Therefore, w0 =

max
∂(k0(∥ξ−r′∥−∥ξ∥))

∂ξ can be chosen as the spatial
bandwidth of the received electromagnetic field. From
geometrical analysis, it is easy to find that the maximum

of
∂(k0(∥ξ−r′∥−∥ξ∥))

∂ξ only depends on the radius rs of
the scatterer, and the inner structure of the scatterer does
not have obvious influence on the DoF. Moreover, we
can bound w0 by 2πrs

λ < w0 <
√
2 2πrs

λ , where rs
is the radius of the scatterer. The lower bound of w0

is achieved when µ̂ = µ̂0 satisfies the condition that
the corresponding scatterer surface is tangent to OF , as
shown in Fig. 10. When µ̂ ̸= µ̂0, the lower bound of w0

will be less than 2πrs
λ . Specifically, we can obtain

w0 >
2πd

λ
2 sin

α

2
cos

α

2
=

2πd sinα

λ

=
2πd

λ

rs cos(α0 + θ)√
(d− rs sin(α0 + θ))2 + (rs cos(α0 + θ))2

=
2πd

λ

rs cos(α0 + θ)√
d2 + r2s − 2drs sin(α0 + θ)

,

(24)
where sin(α0) =

rs
d and cos(θ) = µ̂ · µ̂0.

From the above analysis we know that the spatial
bandwidth and channel DoF mainly rely on the outermost
layer of the scattering region. To be more specific, smaller

rs leads to smaller scattering regions, which reduces the
DoF. When a is smaller than 0, the scattering region
can be viewed as the outermost circle combined with the
inner part, and the DoF will not change heavily with a.
When all the scattering power comes from the outermost
circle, which plays the most important role in affecting
the DoF, the DoF will be the largest. Therefore, the
DoF reaches the maximum when a approaches −1. For
two-dimensional receiver adopted in this paper, we can
decompose the surface in two different directions, each
with spatial bandwidth w0.

Then, we plot the eigenvalues of the correlation matrix
when the radius and shape of the scattering region vary in
Fig. 11 and Fig. 12. We can observe that the DoF of the
channel will increase with the radius r of the scatterer,
and decrease when a increases. When a approximates −1,
which corresponds to the case that the scatterer tends to a
ring, the DoF of the channel reaches the maximum, which
coincides with the spatial bandwidth analysis.

Note that the spatial bandwidth analysis is based on
the infinitely large observation region of the received
electromagnetic fields. For practical scenarios with lim-
ited observation region, the observed field can not be
strictly band-limited in the wavenumber domain. More-
over, the spatial sampling using curvilinear abscissa will
be non-uniform. If performing uniform spatial sampling
using curvilinear abscissa, electric field on an infinite
observation line has infinite DoF according to the above
analysis using spatial sampling, which is even larger than
the possible DoF the source can provide. This problem
is discussed in [37] and the tool of cut-set integral is
introduced to provide a more accurate result. Results of
the approximated DoF considering a closed surface as
the receiver that encloses the source are discussed in
[37], which we will follow to provide DoF bounds in
the scenario with square receiving surface.

Here we discuss a simple scenario that the line between
the center of the scatterer and the center of the receiving
surface is vertical to the receiving surface. We construct
two spheres concentric with the scatterer region. These
spheres satisfy the condition that the receiving surface is
inscribed in a circle C1 on the large sphere S1, and its
four sides are externally-tangent to a circle C2 on the
small sphere S2, as shown in Fig. 13. We denote the
two spherical caps of S1 divided by C1 as S′

1 and S′′
1 ,

where S′
1 is the larger one. Similarly we have S′

2 and S′′
2 .

Since the information flows through any closed surface
that enclose the scatterer should be the same, we know
that the electromagnetic fields on C1 and S′′

1 have the
same DoF, so as C2 and S′′

2 . According to [37] we know
that the DoF on the sphere S1 and S2 are N0 = O(r2s/λ

2).
From symmetry on the sphere and simple geometry, the
DoF N1 on S′′

1 can be expressed by

N1 ≈ N0

AS′′
1

AS1

= N0
2π
√
d2 + r2m(

√
d2 + r2m − d)

4π(d2 + r2m)
.

(25)
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Fig. 11. The eigenvalues of the correlation matrix in decreasing order
with d fixed to [−100, 100,−100]m, µ fixed to [− 1√
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and r = 5m. The concentration parameter a varies.
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Fig. 12. The eigenvalues of the correlation matrix in decreasing order
with d fixed to [−100, 100,−100]m, µ fixed to [− 1√

3
, 1√
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],

and a = 0. The radius r varies.

Similarly we know that the DoF N1 on S′′
1 can be

expressed by N2 ≈ N0
2π
√

2d2+r2m(
√

2d2+r2m−
√
2d)

4π(2d2+r2m) . Then
we have N2 ⩽ Nreceiver ⩽ N1. Note that when d ≫ rm,
both N1 and N2 approximates O(

r2sr
2
m

λ2d2 ), which coincides
with [38]. On the contrary, if rm ≫ d, Nreceiver ≈ N0

2 ,
because it can be viewed as an infinitely-large surface
which gets half of the overall electromagnetic waves
out of the scatterer. Under this scenario the DoF has
little relationship with the distance between the scatterer
and the receiver, which coincides with [13]. Here the
asymmetry introduced by µ̂ is not considered since it is
hard to evaluate. By considering this asymmetry a more
accurate result will be obtained. It is worth-noting that
the effect of noise is not included in the above analysis.
When considering noise, the subchannels correspond to
singular values lower than the noise level will be useless,
leading to a modification of the channel DoF [39].

1C

2C

receiver

1C

2C

1S

2S
scatterer

Fig. 13. The receiving surface that is inscribed in C1 and externally-
tangent to C2, where C1 and C2 are on S1 and S2 separately.

V. CHANNEL ESTIMATION BASED ON THE PROPOSED
MODEL

After discussing the properties of the analytical channel
model, we will propose a near-field channel estimation
scheme based on the model. We first perform Fourier
transformation on the observed field to capture the power
peaks in the wavenumber domain. Then we use the
proposed model, which provides the prior information
of electromagnetic fields, to reconstruct an approximate
channel correlation function. This approach is similar
to the subspace based channel estimation scheme in
[24], which constructs the correlation function based on
isotropic scattering field. Compared to [24], our scheme
provides more prior information of electromagnetic fields
of the fields by using the proposed channel model.
Therefore, it can achieve better performance than the
existing schemes. In the channel estimation procedure,
the received field is denoted by y =

√
Ph + n, where

P is the signal-to-noise ratio, h is generated from the
channel coupling matrix, and n ∼ CN (0, I) is the noise
vector.

A. LS channel estimation

The simplest channel estimation scheme is the least
square (LS) channel estimation, which leads to h̃ =
y/

√
P .

B. OMP based channel estimation

Another widely-used scheme is orthogonal matching
pursuit (OMP) [40], which performs well when the signal
is sparse. For the transform matrix W in the three-
dimensional domain, we adopt the codebook in [6]. Since
the three-dimensional codebook provide approximate or-
thogonal basis for the near-field channel, it fully exploits
the angular and distance information of the channel. We
have y = Whm + n, and the three-dimensional near-
field (TDN) OMP algorithm for the channel estimation
problem is shown in Algorithm 1.

C. Subspace based channel estimation

From [24] it is known that we can estimate a channel by
using the subspace of an omni-directional channel model.
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Algorithm 1 TDN OMP
Input:

y % the received pilot
L % number of paths
W % the three dimensional codebook

Output:
h̃ % the estimated channel

1: Initialization: Y = y, γ = {∅}
2: for l ∈ {1, 2, · · · , L} do
3: Calculate the correlation matrix: Γ = WHY
4: Detect new support: p∗ = argmaxp |Γp|
5: Update support set: γ = γ ∪ p∗

6: Pseudo inverse: W† = (WT
:,γW:,γ)

−1WT
:,γ

7: Orthogonal projection: hP = W†y
8: Update residual: Y = Y −W:,γh

P

9: h̃ = W:,γh
P

10: return h̃

When isotropic scattering environment is considered, the
correlation function at the receiver is assumed to be

R(r1, r2) = sinc

(
2∥r1 − r2∥

λ

)
. (26)

Then, the coupling matrix R is sampled from the cor-
relation function. A compact eigenvalue decomposition
is performed on R to obtain R = U1Λ1U

H
1 , where

Λ1 contains the non-zero eigenvalues of R. The channel
estimator is expressed by

h̃ = U1U
H
1 y/

√
P . (27)

In fact, if we further utilize the information contained
in the eigenvalues of R, the estimation precision can be
improved, which corresponds to the channel estimator

h̃ =
√
PU1(PΛ1 + I)−1UH

1 y. (28)

D. Proposed channel estimation scheme

We propose a channel estimation scheme based on
the sparsity of the channel model. By reshaping channel
vector to Hp,q = h(p−1)∗n+q , we obtain matrix H
which has sparsity in the wavenumber domain according
to Section IV. Therefore, we can detect the peaks in
the wavenumber domain to capture the directions of the
incident waves. Then we can generate an approximate
near-field correlation matrix of the electromagnetic field.
The generation procedure of the approximated correlation
matrix is shown in Algorithm 2. After obtaining the
approximate correlation matrix, we then use the following
estimator h̃ =

√
P R̂(P R̂+ I)−1y.

Here for simplicity we only design the correlation
matrix based on the estimated incident wave direction.
Obviously, the approximation of the correlation matrix
can be improved by further estimating or optimizing the
parameters r, a and µ. In fact, the estimation error when
using an approximated correlation matrix R′ instead of

Algorithm 2 NFS correlation function generator
Input:

y % the received pilot
Ny, Nz % number of antennas
dy, dz % antenna spacing
F1,F2 % Fourier transform matrix
λ % wavelength
η % threshold
d, r, a,µ % fixed parameters for simplicity

Output:
R̂ % the constructed correlation matrix

1: Vector to matrix: Yp,: = yT
(p−1)∗Nz+1:p∗Nz,1

2: Fourier transform on both sides: Y′ = F1YFH
2

3: Average value: ¯|Y′| = sum (|Y′|) /NyNz

4: Initialization: R = zeros(NyNz, NyNz),Φ = ∅
5: Peak value selection:
6: for p = 1 : Ny do
7: for q = 1 : Nz do
8: if |Y′

p,q| > max
(
|Y′

p±1,q±1|, η ¯|Y′|
)

then
9: ky =

Ny−1−2∗p
Ny−1

10: kz = 2∗q−Nz+1
Nz−1

11: d = d ∗ [
√

2π
λ

2 − k2y − k2z , ky, kz]
T

12: Φ = Φ ∪ {d}
13: for p = 1 : NyNz do
14: for q = 1 : NyNz do
15: r1z = mod(p− 1, Nz)− Nz−1

2

16: r2z = mod(q − 1, Nz)− Nz−1
2

17: r1 =
[
0, ⌊p−1

Nz
⌋ − Ny−1

2 , r1z

]
18: r2 =

[
0, ⌊ q−1

Nz
⌋ − Ny−1

2 , r2z

]
19: Generate the correlation function R according
20: to Lemma 1 based on Φ
21: R̂p,q = R(r1, r2)

22: return R̂

the true correlation matrix R can be expressed by the
following lemma:

Lemma 3 (Estimated error when using the proposed
scheme). The estimated error when using an approx-
imated correlation matrix is E

[
(h̃− h)H(h̃− h)

]
=

tr
(
P (P I+R̂−1)−1(P I+R̂−1)−1(PR+I)−2PR(P I+

R̂−1)−1 +R
)

.

Proof: See Appendix C.

Corollary 1. When P → 0, the estimated error will
approach tr(R). When P → ∞, the estimated error will
approach 0 whatever the approximate correlation matrix
R̂ is. Therefore, the performance limit with extremly high
or low SNR does not depend on the choice of R̂. However,
for general P , the approximation error will reach the
minimum value when R̂ = R, which corresponds to the
classical minimum mean square error (MMSE) channel
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Fig. 14. Comparison of different channel estimation schemes for a
41×41 antenna array with λ/8 antenna spacing. The proposed channel
model is used.

estimator with full information of the distribution of the
electromagnetic fields.

In Fig. 14 we have shown the performance compari-
son between different channel estimation schemes shown
above. Here we use the proposed near-field channel model
to generate the channel realizations, where four scattering
regions exist in the space. We set the antenna array to be
41 × 41 with λ/8 antenna spacing. The wavelength of
the electromagnetic field is set to 0.2m. Specifically, we
plot the normalized mean square error (NMSE) ∥h̃−h∥

∥h∥
with the change of SNR P . It can be observed that
the proposed scheme outperforms traditional schemes
like OMP or subspace based channel estimation scheme.
For example, when NMSE equals 10−3, the proposed
scheme achieves 12dB performance gain compared to
OMP scheme whose support set is 20. The reason that the
proposed scheme can outperform existing schemes can
be explained as follows. For the subspace based channel
estimation scheme, it considers the incident waves from
all directions, which covers the full wavenumber domain.
On the contrary, the proposed scheme focuses on a
smaller region in the wavenumber domain, thus providing
a better approximation of the true correlation function.
For the OMP scheme, note that it highly relies on the
lattice points of the electromagnetic field, it may not
behave well in high SNR region for h generated from
the correlation function in continuous space.

Furthermore, we have applied the proposed scheme on
CDL-D channel instead of the channel generated by our
correlation matrix to further verify its correctness. We
adopt a CDL-D channel model which has 81×81 size re-
ceiver array with λ/8 antenna spacing. The wavenumber
of the electromagnetic field is set to be 0.4m. The simu-
lation result is shown in Fig. 15. It can be observed that
the proposed channel estimation algorithm can also work
under classical channel model and outperform existing
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100

101
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Proposed

Fig. 15. Comparison of different channel estimation schemes for a
81× 81 antenna array with λ/8 antenna spacing. The CDL-D channel
model is used.

algorithms like LS and subspace based channel estimation
algorithm. For OMP algorithm, its performance is better
than the proposed algorithm when SNR is lower than
10 dB. However, it will still face error platform in the high
SNR region, which can be solved by using the proposed
algorithm. For example, the proposed scheme can achieve
5dB performance gain compared to 40-points OMP when
NMSE is fixed to 2× 10−3.

VI. CONCLUSIONS

In this paper, we propose the near-field channel mod-
eling scheme for EIT based on electromagnetic scatter-
ing theory. Then, we derive the analytical expression
of the correlation function of the fields and analyze
the characteristics of it. The proposed scheme can pro-
vide a more accurate analytical channel model for EIT
than the existing works especially in near field. Finally,
we design a channel estimation scheme for near-field
scenario. Numerical analysis verifies the correctness of
the proposed scheme and shows that it can outperform
existing schemes like LS, OMP, and subspace based
channel estimation schemes. Under CDL channel model,
the proposed scheme can achieve 5 dB performance gain
when NMSE is fixed to 2× 10−3 compared to 40-points
OMP.

Further work can be done by integrating the proposed
model and traditional near-field model where some scat-
terers are invisible to part of the array.

APPENDIX A
DERIVATION OF THE ELECTROMAGNETIC CHANNEL

MODEL

By performing ∇× on (1a), we have

∇× µ(r)−1∇×E(r) = ∇× (jωH(r)), (29)

which leads to the corresponding vector wave equation

∇× µ(r)−1∇×E(r)− ω2ϵ(r)E(r) = jωJ(r), (30)

This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TWC.2024.3459006

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Tsinghua University. Downloaded on September 21,2024 at 02:11:31 UTC from IEEE Xplore.  Restrictions apply. 



13

where k(r) = ω
√
µ(r)ϵ(r) represents the inhomogeneous

media over a finite domain V according to [19], and
jωJ(r) represents the source field. Outside the domain
V , the wavenumber k(r) equals k0 = ω

√
µ0ϵ0. By

subtracting ∇×µ−1
0 ∇×E(r)−ω2ϵ0E(r) from both sides

and applying the Green’s function, the received electric
field can be expressed by

E(r) = jω

∫
Vs

G(r, r′)µ0J(r
′)dr′

+

∫
V

G(r, r′)(k2(r′)− k20)E(r′)dr′,

(31)

where Vs is the source region which generates the signal,
E(r′) is the induced electric field in the inhomogeneous
regions in the space, and the dyadic Green’s function G
is the solution of the equation

∇× µ−1
0 ∇×G(r, r′)− ω2ϵ0G(r, r′) = µ−1

0 Iδ(r− r′).
(32)

Then, we can obtain the Green’s function as G(r, r′) =
1
4π

(
I+

∇r∇H
r

κ2
0

)
ejκ0∥r−r′∥
∥r−r′∥ , which can be further ex-

pressed by [41]:

G(r, r′) =
1

4π

ejκ0∥r−r′∥

∥r− r′∥

[ (
I− p̂p̂H

)
+

j

2π ∥r− r′∥ /λ
(
I− 3p̂p̂H

)
− 1

(2π ∥r− r′∥ /λ)2
(
I− 3p̂p̂H

) ]
[m−1],

(33)
where p̂ = r−r′

∥r−r′∥ . Here we assume that ∥r− r′∥ /λ ≫
1, which means that the receiver is in far-field of
the scatterer’s microstructure and holds true in general
wireless communication scenarios [32]. Then, we can
omit the items containing powers of 1

∥r−r′∥/λ . Since
tr(I − p̂p̂H)(I − p̂p̂H)H = 2 is a constant, the average
power of the electromagnetic field does not depend on the
direction p̂ if the energy of the source current is equally
distributed in all polarization directions. For simplicity,
in this paper we reduce the vector wave field to scalar
wave field showing the power of electric field averaged on
all polarization directions. Physically if we consider the
electromagnetic fields on a specific polarization direction
â, an extra factor â(I−p̂p̂H)âH should be added. Then we
arrive at the source-destination relationship under scalar
wave field:

E(r) =jωµ0

∫
Vs

g(r, r′)J(r′)dr′

+

∫
V

g(r, r′)(k2(r′)− k20)E(r′)dr′,

(34)

APPENDIX B
PROOF OF LEMMA 1

Based on the assumption that rs = maxρ ≪ d, we
can use the Taylor expansion to simplify ∥r1 − r′∥ and

∥r2 − r′∥. First the item
(
ρ
d

)2
can be ignored. Then we

can approximate ∥r−r′∥ by d

(√
A(r) + ρ

d
B(r,ρ̂)√

A(r)

)
. The

Green’s function g(r, r′) has amplitude item 1
4π∥r−r′∥

and phase item ejk∥r−r′∥. For the distance item we
further approximate it by 1

4πd
√

A(r)
. Then, the correlation

function of the received field can be approximated by

R(r1, r2) ≈ R̃(r1, r2) = β

∫
V

1

16π2d2
√
A(r1)A(r2)

e
j 2πλ R

(√
A(r1)−

√
A(r2)

)
e
j 2πλ ρ

(
B(r1,ρ̂)√

A(r1)
−B(r2,ρ̂)√

A(r2)

)
f(r′)dr′,

(35)
where f(r′)dr′ = a+1

πr2a+2
s

ρ(r2s − ρ2)adρdθ. Specifically,
if a = 0, we have uniform distribution on the scatterer,
where f(r′)dr′ = ρ

πr2s
dρdθ.

For the simple case with uniform distribution on the
circle, we have

R̃(r1, r2) =β
1

16π2d2
√

A(r1)A(r2)
e
j 2πλ R

(√
A(r1)−

√
A(r2)

)
∫ rs

0

∫ 2π

0

e
j 2πλ ρ

(
B(r1,ρ̂)√

A(r1)
− B(r2,ρ̂)√

A(d2)

)
ρ

πr2s
dθdρ.

(36)
We first focus on the integral on the angle θ. Since
B(r, ρ̂) contains the exponentionals of cos θ and sin θ,
we adopt the [42, Eq. (3.937)] which shows that

∫ 2π

0

ep cos x+q sin xej(a cos x+b sin x−mx)dx

= 2π[(b− p)2 + (a+ q)2]−
m
2 (A− jB)

m
2 Im(

√
C + jD),

(37)
where A = p2 − q2 + a2 − b2, B = 2pq + 2ab, C =
p2+q2−a2−b2 and D = −2ap−2bq. Comparing with the

integral, we have p = q = m = 0, a = 2π
λ ρ

(
d̂·µ̂1√
A(r1)

−

d̂·µ̂1√
A(r2)

− r1
d

r̂1·µ̂1√
A(r1)

+ r2
R

r̂2·µ̂1√
A(r2)

)
, b = − 2π

λ ρ

(
d̂·µ̂2√
A(r1)

−

d̂·µ̂2√
A(r2)

− r1
d

r̂1·µ̂2√
A(r1)

+ r2
d

r̂2·µ̂2√
A(r2)

)
. Then, we can obtain

R̃(r1, r2) = β
1

16π2d2
√
A(r1)A(r2)

e
j 2πλ R

(√
A(r1)−

√
A(r2)

)

2

r2s

∫ rs

0

I0(jρ
√
C)ρdρ,

(38)
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where

C =

(
2π

λ

)2
(

d̂ · µ̂1√
A(r1)

− d̂ · µ̂1√
A(r2)

− r1
d

r̂1 · µ̂1√
A(r1)

+
r2
R

r̂2 · µ̂1√
A(r2)

)2

+

(
2π

λ

)2
(

d̂ · µ̂2√
A(r1)

− d̂ · µ̂2√
A(r2)

− r1
d

r̂1 · µ̂2√
A(r1)

+
r2
d

r̂2 · µ̂2√
A(r2)

)2

.

(39)
Then, according to [42, Eq. (6.561)] we have

R̃(r1, r2) =
β

16π2d2
√
A(r1)A(r2)

e
j 2πλ R

(√
A(r1)−

√
A(r2)

)

2

r2s

∫ rs

0

J0(ρ
√
C)ρdρ

=
β

8π2d2
√

A(r1)A(r2)
e
j 2πλ R

(√
A(r1)−

√
A(r2)

)

1

rs
√
C
J1(

√
Crs).

(40)
If we adopt f(r′)dr′ = a+1

πr2a+2
s

ρ(r2s − ρ2)adρdθ,
according to [42, Eq. (6.567)] we have

R̃(r1, r2) =
β

16π2d2
√
A(r1)A(r2)

e
j 2πλ R

(√
A(r1)−

√
A(r2)

)

2π
a+ 1

πr2a+2
s

∫ rs

0

J0(ρ
√
C)ρ(r2s − ρ2)adρ

=
β

16π2d2
√
A(r1)A(r2)

e
j 2πλ R

(√
A(r1)−

√
A(r2)

)

2(a+ 1)

r2a+2
s

r2a+2
s

∫ 1

0

J0(ρ
′rs

√
C)ρ′(1− ρ′)2dρ′

=
β

16π2d2
√
A(r1)A(r2)

e
j 2πλ R

(√
A(r1)−

√
A(r2)

)

2(a+ 1)2aΓ(a+ 1)(
√
Crs)

−(a+1)Ja+1(
√
Crs).

(41)

APPENDIX C
PROOF OF LEMMA 2

We have

∥d+ ρ− r∥
=
√
d2 + ρ2 + r2 + 2d · ρ− 2d · r− 2ρ · r

= d

√
1 +

(ρ
d

)2
+
( r
d

)2
+ 2

d · ρ
d2

− 2
d · r
d2

− 2
ρ · r
d2

.

(42)
According to the Taylor expansion

√
1 + x ≈ 1 + 1

2x −
1
8x

2 and the assumption that d ≫ max(r, ρ), we have

that

∥d+ ρ− r∥

≈ d

(
1 +

d · ρ
d2

− d · r
d2

+
ρ2

2d2
+

r2

2d2
− ρ · r

d2

− (d · ρ)2

2d4
− (d · r)2

2d4
+

(d · ρ)(d · r)
d4

)
,

(43)

where higher orders of ρ
d and r

d are neglected. For far-
field channel modeling without considering the size of
scatterers, only the terms d

(
1− d·r

d2

)
is kept, which

means that the rest terms should be small enough. If we
adopt the π

8 phase error as the threshold, we have

2π

λ

∣∣∣∣∣d · ρ
d

+
ρ2

2d
+

r2

2d
− ρ · r

d
− (d · ρ)2

2d3
− (d · r)2

2d3

+
(d · ρ)(d · r)

d3

∣∣∣∣∣
⩽

2π

λ

(
rs +

(rs + rm)
2

2d

)
⩽

π

8
,

(44)
which leads to (λ − 16rs)d ⩾ 8(rs + rm)

2. There-
fore, when the radius rs of the scatterer is larger than
λ
16 and d ⩾ 8(rs+rm)2

λ−16rs
, the scatterer size has to be

taken into consideration. Moreover, if we keep the terms
d
(
1 + d·ρ

d2 − d·r
d2

)
, which means that the antenna array

and the scatterer are in each other’s far-field respectively,
we have

2π

λ

∣∣∣∣∣ρ2 + r2

2d
− ρ · r

d
− (d · ρ)2

2d3
− (d · r)2

2d3
+

(d · ρ)(d · r)
2d3

∣∣∣∣∣
⩽

2π

λ

(
(rs + rm)

2

d

)
⩽

π

8
,

(45)
which leads to d ⩾ 8(rs+rm)2

λ .

APPENDIX D
PROOF OF LEMMA 3

Note that the channel h is a random vector whose
distribution is controlled by its correlation matrix R. For
the difference between the estimated channel h̃ and the
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true channel h, we have

E
[
(h̃− h)H(h̃− h)

]
=E
[
(
√
P R̂(P R̂+ I)−1y − h)H

(
√
P R̂(P R̂+ I)−1y − h)

]
=E
[
tr
(
(
√
P R̂(P R̂+ I)−1y − h)

(
√
P R̂(P R̂+ I)−1y − h)H

)]
=tr
(√

P R̂(P R̂+ I)−1)(PR+ I)(
√
P R̂(P R̂+ I)−1)H

−
√
P R̂(P R̂+ I)−1

√
PR

−
√
PR(

√
P R̂(P R̂+ I)−1)H +R

)
=tr
(
P (P R̂+ I)−1R̂R̂(P R̂+ I)−1(PR+ I)

− 2PR(P I+ R̂−1)−1 +R
)

=tr
(
P (P I+ R̂−1)−1(P I+ R̂−1)−1(PR+ I)

− 2PR(P I+ R̂−1)−1 +R
)
.

(46)
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