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Abstract — Metasurfaces have revolutionized electromagnetic wave modulation across both the frequency and time domains, yet
angular modulation remains underdeveloped due to the lack of analytical relationships between angular performance and structure,
as well as unclear angular performance boundaries. To bridge these gaps, this work introduces a universal “angular response—consti-
tutive parameter—metasurface structure” tripartite design paradigm, in which constitutive parameters serve as the core bridge direct-
ly mapping angular performance to metasurface structures. Analytical formulas are derived to establish the relationships between
angular performance and constitutive parameters and to obtain the physical boundaries of angular performance. Subsequently, lever-
aging the known mapping between resonant structures and constitutive parameters in the Drude-Lorentz dispersion, folded res-
onators are employed to induce the required dispersive responses for pre-calculated constitutive parameters, thereby realizing a
metasurface with an angular bandwidth of 19.2° and an angular selectivity of 1.51. Compared with conventional approaches, this
paradigm eliminates the inherent trial-and-error process of structural selection, removing reliance on extensive and non-generaliz-
able numerical simulations, while retaining only minor simulations for final optimizations. This work paves the way for advanced
angular functionalities such as beam shaping and spatial-wave computation, promising potential applications in anti-interference
communications, image edge detection, and multi-view holography.
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lation through phase-delay branches and geometric tuning
[20], [21], and polarization control using rotational reson-
ators and orthogonal metallic grids [22]-[24]. By integrat-
ing these resonators, the properties of EM waves can be ef-

I. Introduction

Electromagnetic (EM) metasurfaces have undergone trans-
formative theoretical and technological advancements since

their inception, revolutionizing wave modulation through
subwavelength resonators [1], [2]. Early developments fo-
cused primarily on frequency-domain modulation using
metallic resonators with frequency-related dimensions for
amplitude, phase, and polarization control [3]. These ad-
vancements have led to remarkable applications in diverse
fields such as wireless communications [4], radar radomes
[5], imaging [6]-[8], metalenses [9]-[11], and quantum ma-
nipulation [12], [13]. Among these applications, fundamen-
tal modulation mechanisms have emerged via strategic res-
onator combinations: amplitude control by means of hybrid
reflective/transmissive resonators [14]-[19], phase manipu-

fectively tailored.

More recently, metasurface capabilities have extended
into the time domain through the integration of dynamical-
ly reconfigurable components, such as diodes [25]-[28],
liquid crystals [29], [30], and graphene [31]. The incorpora-
tion of these reconfigurable components with control sys-
tems based on field-programmable gate array (FPGA) en-
ables real-time wave modulation, unlocking new physical
phenomena in time-domain functions such as dynamic
beam steering, multi-harmonic control, and adaptive scat-
tering [32]. These developments have catalyzed novel ap-
plications in active camouflage [33], anti-interference com-
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munications [34], holography [35], and multi-target com-
munication [36].

With the growing demand for spatial modulation of
EM waves, metasurfaces capable of tailoring EM waves in
the angular domain, namely angular metasurfaces, have at-
tracted considerable attention. However, research in this
area is still in its early stages. Initial studies were motivated
by structural miniaturization aimed at enhancing angular
stability [37], but the quantitative relationship between the
degree of miniaturization and the angular response remains
elusive. Meanwhile, ultra-wide-angle transmissive metasur-
faces based on the generalized Brewster phenomenon have
been developed to ensure stable performance in non-coop-
erative scenarios [38], [39]. In addition, metasurfaces utiliz-
ing multi-order grating modes [40] or high-order electric/
magnetic multipolar resonance interference [41] have been
proposed to achieve wide-angle and even omnidirectional
reflection. Beyond the Brewster-inspired approaches, pho-
tonic-crystal-based transparent media with shifted equal-
frequency contours (EFCs) have been proposed to achieve
omnidirectional impedance matching [42], and dielectric
metamaterials capable of restoring effective self-duality
have been demonstrated to realize polarization indepen-
dence and omnidirectional impedance matching [43]. More-
over, by separating the EFCs of different materials, ultra-
compact photonic circuits without cladding layers have
been achieved, offering both omnidirectional transmission
and negligible inter-channel crosstalk [44].

Subsequently, the concept of angle-selective surfaces
was proposed, and the qualitative effects of various res-
onator types on angular performance were investigated us-
ing equivalent conductance models [45]-[47]. Then, by
stacking multilayer photonic crystals to overlap the angular
photonic bandgaps, polarization-independent broadband an-
gle-selective properties were achieved [48], while magnetic
metamirrors functioning as spatial-frequency filters were
realized based on the coupled-mode theory and equivalent
transmission-line models [49]. However, due to the ab-
sence of analytical relationships between angular responses
and physical structures, current angular metasurface de-
signs still critically rely on computationally extensive nu-
merical optimization, particularly for multilayer metasur-
face design, an approach that is both time-consuming and
may not guarantee optimal solutions. Additionally, the the-
oretical understanding of angular performance boundaries
remains unclear. Consequently, it is imperative to establish
a precise analytical framework for angular metasurfaces,
along with corresponding design methodologies compar-
able to those developed for frequency- and time-domain
metasurfaces.

To bridge these critical gaps, this work proposes a uni-
versal “angular response—constitutive parameter—metasur-
face structure” tripartite design paradigm for angular meta-
surfaces. Herein, analytical relationships between constitu-
tive parameters and the angular response of metasurfaces
are theoretically derived, along with the angular response
boundaries for single-layer metasurfaces. Subsequently,

based on the known analytical mapping between electrical/
magnetic resonances and metasurface constitutive parame-
ters in the Drude-Lorentz dispersion, a practical metasur-
face is realized by employing folded resonators to produce
the desired dispersive response. In this paradigm, constitu-
tive parameters serve as the core bridge that directly links
the angular response and structure of metasurfaces. In stark
contrast to conventional approaches, this paradigm elimi-
nates the inherent trial-and-error process in structural selec-
tion, fundamentally removing reliance on extensive numeri-
cal simulations while retaining only minor simulations for
final structural optimization. This work pioneers a precise
and universal design paradigm for angular metasurface en-
gineering, promising potential applications in anti-interfer-
ence communications, image edge-detection, and multi-
view holography.

II. Theoretical Analysis

Given the finite nature of the angular domain, mechanical-
ly rotating a lowpass transmissive angular metasurface en-
ables functionalities analogous to those in the frequency
and time domains, namely lowpass, bandpass, and high-
pass transmission, as shown in Figure 1(a). Therefore, this
study focuses on metasurfaces with lowpass angular trans-
mission characteristics, whose responses are characterized
by two key parameters: angular bandwidth (ABW) and an-
gular selectivity (AS), as shown in Figures 1(b) and 1(c).
Specifically, angular bandwidth is defined as the angular
range over which the transmission coefficient exceeds
—3 dB, while angular selectivity is defined as the ratio of
the angular ranges where the transmission coefficient ex-
ceeds —10 dB and -3 dB, respectively. For clarity, the an-
gles at which the transmission coefficients reach —10 dB
and -3 dB are referred to as rejection angle 6, and cutoff

Incoming wave Transmitted wave

Broader angular bandwidth Higher angular selectivity
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Figure 1 Schematic illustrations of (a) A transmissive metasurface under
oblique incidence and its angular response with different (b) Angular
bandwidths and (c) Angular selectivity, where 6, represents the cutoff an-
gle, and the subscripts n, m, and w donotes the narrow band, middle band,
and wide band, respectively.
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angle 6,, respectively (|S,;(6,)| = —10 dB and |5,,(6,)| = -3
dB). Accordingly, the angular bandwidth and angular selec-
tivity are calculated as ABW =6, and AS =6, /8,, respec-
tively. Unless otherwise specified, all subsequent metasur-
face parameters are described in the angular domain rather
than in the traditional frequency domain.

1. Angular response of metasurfaces

The transmission (S,;) and reflection (S;,) coefficients of a
metasurface under oblique incidence are governed by its
constitutive parameters, namely the relative permittivity
and permeability. Notably, the angular responses of meta-
surfaces for transverse electric (TE) and transverse magnet-
ic (TM) polarizations exhibit a form of duality: Identical
angular behavior is observed when the relative permittivity
and permeability are interchanged. Therefore, for simplici-
ty and without loss of generality, only the TE-polarized
case is analyzed in the following, while that of the TM-po-
larized case can be obtained by interchanging the relative
permittivity and permeability [38].

Herein, a uniaxial anisotropic metasurface with sub-
wavelength thickness is considered, in which the relative
permittivity and permeability are both in diagonal tensor
form:

_ g 0 O _ w0 0
Em = O & 0 ’ l_lm = 0 I'll O (1)
0 0 s 0 0 u

where the subscripts ¢ and n denote the tangential and nor-
mal components of the relative permittivity and permeabili-
ty, respectively. In this regard, the transmission and reflec-
tion coefficients of the metasurface can be written as [50]
(1-r)e r(1-e )
521 =T o loa Sn = T 5 (2)
1—-r2ei% 1—r2ei2
where r is the reflection coefficient at the air—metasurface
interface, and ¢ is the phase change within the metasurface.
The interface reflection r is given by [38]

)
sin” 6
cosf— &
Mo HiMn
r= t 1 (3)
g sin’0
cosO+ 4|——
/Jt ﬂtﬂn

and the corresponding phase change ¢ is given by

< 2
’ 0
¢ = kohpi, / a2 @)
Mo iy

where ko =2nr/A, is the free-space wavenumber, A, is the
operating wavelength, and /4 is the metasurface thickness.
For a subwavelength metasurface, where h < A,, the phase
change ¢ typically remains below n. This is due to the lim-
ited magnetic density in practical metasurfaces [51].

2. Constitutive parameter conditions

For lowpass angular metasurfaces, the transmission coeffi-
cient is ideally unity at normal incidence, i.e., [Salp—0 =1,
and gradually decreases as the incidence angle increases.
In this case, based on (2), the following two conditions are
obtained:

r|9=0 = 0 and ¢|g€(0’900) * nrm, ne N (Sa)

oco.00) #0 and @lpog =nm, neN (5b)

From (5a), the condition for the metasurface constitu-
tive parameters is as follows:

& =M (6)

For (5b), since the phase change ¢ is less than &, pa-
rameter n is set to zero, which corresponds to metasurfaces
with zero constitutive parameters, including epsilon-near-
zero (ENZ), mu-near-zero (MNZ), and epsilon-mu-near-
zero (EMNZ) metasurfaces. As derived in Appendix A, on-
ly EMNZ metasurfaces can satisfy the initial assumption
[S51le=0 = 1, whereas ENZ and MNZ metasurfaces fail to
meet this criterion. Thus, the constitutive parameter condi-
tion for (5b) is as follows:

&=u=0 @)

which can be regarded as a special case of (6). Under these
conditions, the interface reflection and phase change for the
metasurface can be expressed as follows:

in“ 6@
cosf— 4[1— s
#tﬂn
Iy = (8a)
.2
6
cosf+ 41— s
l’ttﬂn

sin’6
¢L=kohﬂz\f1— o (8b)
tMHn

Based on (2) and (8), the angular responses of meta-
surfaces are determined by three key parameters: the inci-
dence angle 0, the phase factor kyhu,, and the permeability
factor u,u, . In the following, their angular responses, charac-
terized by angular bandwidth and selectivity, are analyzed
and derived with respect to their constitutive parameters.

3. Angular bandwidth of metasurface

The angular bandwidth of the lowpass transmissive meta-
surface, quantified by the cutoff angle 6., where |S,|=
-3 dB, is analyzed based on (2) and (8). Figure 2 illus-
trates the angular response of the metasurface, with the blue
dashed lines representing the contours of the cutoff angle 6,.
Notably, the behavior of the cutoff angle differs significant-
ly between regions w,u, < 1 and p,u, > 1. Specifically, when
i, < 1, the cutoff angle varies from nearly O to nearly 90°.
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This indicates that the angular bandwidth can be tuned from
nearly zero to cover almost the entire angular domain. In
contrast, for yu, > 1, the cutoff angle spans only a limited
portion of the large-angle domain, and its coverage mainly
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depends on the phase factor kyhu,. The following analysis
discusses the analytical relationships between the cutoff an-
gle, the phase factor, and the permeability factor for these
two regions.
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Figure 2 Angular response of a lowpass metasurface with the variation of incidence angle 6 and parameter pu, under different values of kohy,:

(a) kohpy = 0.5; (b) kohu, = 1.05 (¢) kohu, =2.0; (d) kohu, = 3.0.

In the region where u,u, <1, the 6, increases mono-
tonically with an increasing permeability factor w,u, and
a decreasing phase factor kohy,. According to (2) and (8),
the analytical relationship among these three parameters is

governed by the real/imaginary nature of the root term
/1 =sin® 6/, In Figure 2, the black solid curve denotes
the real-imaginary boundary of this term. The upper region
corresponds to imaginary values, whereas the lower region
corresponds to real values. For a small phase factor, the cut-
off angle contours lie entirely within the upper (imaginary)
region. As the phase factor increases, these contours gradu-
ally intersect the real-imaginary boundary. The critical
phase factor is derived to be 2, corresponding to the critical
state where the cutoff angle curve first intersects the real-
imaginary dividing line (detailed in Appendix B).

The relationship between the cutoff angle, the phase
factor, and the permeability factor can be obtained from

[S211=1811|- By combining (2), this expression can be further
simplified to

;' =) = |e — e )

Based on (9), their relationship exhibits different forms
for different values of the phase factor (kohu, <2 or
kohu, > 2). When the phase factor koA, is less than or equal
to 2, their relationship is derived as follows:

1 1++1+F
kohyt, = —In — % (10)

in which Ay = /sin®6./pup,—1 and Fy = (cos?6, +A2)/

(2Aycosf,) (detailed in Appendix C.1). When the phase
factor kohy, exceeds 2, the cutoff angle spans both regions
for different permeability factors, and the relationship is de-
fined piecewise as follows:

k h - - FP s O < n < 1 s ——
0 lul q s ( ) :uf# (L } )2
kohﬂ —_hl N, 1_ ﬂﬂ <1 ( )
t 2 < tHMn =
AN 1 N (k()h/.lt)

where Ap = 4/1- sin® 6, /i, and Fp = 2Apcos6, / (cos6,—

A2) (detailed in Appendix C.2). Figure 3 shows the rela-



Constitutive-Parameter-Driven Angular Metasurfaces

0140242-5

tionship between the cutoff angle and the permeability fac-
tor for different phase factors based on (10) and (11). It is
observed that the cutoff angle is positively correlated with
the permeability factor and negatively correlated with the
phase factor. Overall, the angular bandwidth of the metasur-
face can span a wide range from very narrow to nearly the
entire angular domain, which can be flexibly tailored by ad-
justing the cutoff angle through modifications to thickness
and constitutive parameters based on (10) and (11).

90 = 90
T 60 T 6o}
=) )
= = )
= < sin® 6=, 1,
% 30 85 30 — - khu=2.0
= — —khu=1.0 = = =khu=2.5
o 0 ) === ks O 0 ) k=30
0 025 050 0.75 1.00 0 025 050 0.75 1.00
ey ,uuun
(a) (b)

Figure 3 Angular response of the metasurface in the region of upu, <1
under cases of (a) kohy; <2 and (b) kohy; > 2.

In the region where y,u, > 1, as shown in Figure 2, the

90
kohu,
~ 85 3
<
[}
o 2
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Hulla
(a)

cutoff angle appears only within the real region of the term

V1 —sin”@/uu, and continuously decreases from 90° as

the permeability factor increases for different phase factors.
Figure 4(a) displays the range of the cutoff angle with vary-
ing permeability factors and phase factors. The achievable
cutoff angle range decreases as the phase factor increases,
and the minimum cutoff angle occurs when the permeabili-
ty factor p,u, tends to infinity, in which case the cutoff an-
gle can be expressed as follows:

Jsin? kohp, +1—1 (12)

6, =cos™ kol . kohu, €10, ]

According to (12), the minimum cutoff angle can be
calculated as approximately 65.53° occurring when the per-
meability factor is infinite and the phase factor k Ay, equals
/2, as depicted in Figure 4(b). Therefore, in the region
i, > 1, the range of cutoff angle can only cover a partial
large-angle domain of 65.53°-90.00°, resulting in metasur-
faces in this region being limited and not considered in
practical applications, and thus, in the following analysis,
only the region p,u, < 1 is considered.

90
S 80+
e
5
3
5
= 70 (n/3, 65.53)
&
60 1 1 1
0 /4 /3 37/4 T
kohu,
(b)

Figure 4 Range of cutoff angle 6. for metasurfaces with variation of different phase factor kohy, in the region of wu, > 1 under (a) Different permeabili-

ty factors and (b) Infinite permeability factors.

Additionally, for the special case of a lowpass trans-
missive metasurface, i.e., the EMNZ metasurface, the cut-
off angle 6, which is derived from (A-17) in Appendix A is
given as

96 _ .n_] V(kOh//'tn)z +1-1 (13)

- koh/H,

It is seen that the cutoff angle of EMNZ metasurfaces
can be tailored from 0° to nearly 90° by enhancing the ratio
of the phase factor to the permeability factor, i.e., koh/u, .

4. Angular selectivity of metasurface

The angular selectivity, defined by the ratio of the rejection
angle to the cutoff angle (6,/6,), is another critical metric
for evaluating angular response. Notably, the achievable
range of angular selectivity for a given cutoff angle is inher-

ently constrained, as the range of the rejection angle is lim-
ited. This range can be obtained by substituting all feasible
combinations of the phase factor and the permeability fac-
tor, which are derived from (10) and (11) for a given cutoff
angle, into (2).

Figure 5(a) illustrates the relationship between the
phase factor and the permeability factor for varying cutoff
angles. For a fixed cutoff angle, the phase factor and the
permeability factor increase nonlinearly and synchronously
from near-zero values. It is worth noting that the phase fac-
tor is limited to « to align with the previous assumption re-
garding subwavelength metasurface thickness (kohy, < ).
These combinations are then substituted into (2) and (8) to
compute the corresponding ranges of the rejection angle
and angular selectivity. As shown in Figure 5(b), the rejec-
tion angle exhibits a finite range, corresponding to the com-
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binations of the phase factor and the permeability factor with
minimum and maximum values, respectively. Figure 5(c)
illustrates the resulting upper and lower boundaries of angu-
lar selectivity for each cutoff angle. Table 1 provides the
ranges of the rejection angle and the corresponding angular
selectivity for representative cutoff angles. For EMNZ
metasurfaces, a special case of lowpass angular metasur-
faces, the analytical relationship between the rejection an-
gle 6, and the cutoff angle 6, can be derived from (A-17) in
Appendix A as follows:

. 3sin’4, > 3sin? 6,
2cos 8, 2cos6,

1

(14)

6, = cos”

which is visually presented in Figure 5(b) as the black solid
line and lies along the upper boundary of the 6,—6, region
of lowpass angular metasurfaces. This relationship yields
the highest values of angular selectivity, as displayed in
Figure 5(c), and imposes a strict one-to-one correspon-
dence between the two angles. Such strict dependence of

3 ! | — =100
] ’ '
) / / —- 0=30°
s . ’
= / ’
= / ’ - - 6,=60°
1 7/ L7 /
'//”/, —‘___,_-—’ --- 6=80°
0 k= L el N N
0 0.25 0.50 0.75 1.00
Hiln
(a)
=~ 90 “ 1.8
~ Non-achievable i
< region ‘.;
5 60 = 1.5
X 151
s B
= 2 e
g 30 <] 1.2 ——— Upper boundary = N0
3 Theoretical achievable = — - -Lower boundary
Koy region D - == EMNZ metasurface
&0 < 09
0 30 60 90 0 30 60 90
Cutoff angle 6, (°) Cutoff angle 6. (°)

(b) (c)

Figure 5 Relationship between the angular bandwidth and angular selec-
tivity: (a) Relationship between the permeability factor y,u, and the phase
factor kohy, under different cutoff angles; Ranges of (b) Rejection angle
05 and (c) Angular selectivity AS for lowpass angular metasurfaces, in-
cluding EMNZ metasurfaces, with respect to the cutoff angle 6.

Table 1 Range of rejection angle and angular selectivity

Cutoff angle Rejection angle range Angular selectivity range
10° 13.47°-17.23° 1.35-1.72
20° 26.73°-33.84° 1.34-1.69
30° 39.52°-48.95° 1.32-1.63
40° 51.50°-61.50° 1.29-1.54
50° 62.21°-70.96° 1.24-1.42
60° 73.23°-71.75° 1.19-1.30
70° 81.35°-82.70° 1.12-1.18
80° 86.43°-86.59° 1.06-1.08

angular selectivity on angular bandwidth limits the design
flexibility in achieving various angular performances using
EMNZ metasurfaces.

According to the above analysis, it is evident that a
single-layer metasurface can achieve an angular bandwidth
ranging from nearly 0° to nearly 90° while the angular se-
lectivity remains inherently limited. Moreover, as the angu-
lar bandwidth increases, the achievable range of angular se-
lectivity decreases. This trend indicates a trade-off between
angular bandwidth and selectivity, which should be taken
into account when designing angular metasurfaces for vari-
ous applications.

Within the achievable angular response, the constitu-
tive parameters of metasurfaces required for a specific re-
sponse can be determined through the following steps:

i) Use ABW =6, and AS =60,/6. to calculate the cut-
off angle 6, and rejection angle 6, for achieving the desired
ABW and AS.

ii) Substitute the cutoff angle 6, into (10) and (11) to
obtain all feasible combinations of phase factor kyhu, and
permeability factor p,u,.

iii) Substitute each of these combinations from step ii)
into (2) and (8) to calculate the corresponding rejection an-
gle 6;.

iv) Identify the appropriate combination of the phase
factor kohy, and the permeability factor w,u, that can
achieve the desired rejection angle 6, from the combina-
tions in step iii), thereby obtaining the required constitutive
parameters for the predefined angular response.

III. Simulation and Experimental Validation

1. Design of angular metasurface

Based on the known mapping between electrical/magnetic
resonances and metasurface constitutive parameters within
the Drude-Lorentz dispersion, a classical resonator is uti-
lized to induce the desired dispersive behavior for the phys-
ical realization of a metasurface with a predefined angular
response. Here, a representative case is presented. In this
case, it has an angular bandwidth of 20° and an angular
selectivity of 1.5, corresponding to cutoff and rejection an-
gles of 20° and 30°, respectively, at an operating frequency
of 10 GHz. The required constitutive parameters are de-
rived as &, = y,, wu, =0.057, and kohy, = 0.852. To simpli-
fy the metasurface design, the tangential relative permea-
bility y; is set to 1. Consequently, the required conditions
for the metasurface constitutive parameters are further cal-
culated as follows:

&=u=1, u,=0.057, and h = 0.4 mm (15)

Considering that the dielectric substrates used in meta-
surfaces have unity relative permeability, condition (15) can
be satisfied by tailoring the tangential relative permittivity
g, and the normal relative permeability y,. In this regard,
loop-type resonators capable of constructing both linear and
loop current paths are an optimal choice for inducing the
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electrical- and magnetic-type Drude-Lorentz dispersion to
tune g, and p, at the desired frequency [52].

As displayed in Figures 6(a) and 6(b), the metasurface
unit cell is composed of a folded square metallic loop print-
ed on a 0.4 mm-thick dielectric substrate with a relative
permittivity &, =3 and a loss tangent tand =0.013. The
unit cells are periodically arranged along the x- and y-axes
with a period P = 10 mm. The sidelength and linewidth of
the square loop are L; = 9.8 mm and W, = 0.3 mm, respec-
tively, while the folded components are characterized by an
embedded length L;, = 3.2 mm, an embedded width W;, =
0.9 mm, and an offset distance D = 3.6 mm, respectively.
Figure 6(c) displays the angular response of the optimized
metasurface, which is consistent with the results calculated
from (2), (8), and (15). It is observed that the designed
metasurface achieves cutoff and rejection angles of 19.8°
and 30.4°, respectively, at 10 GHz, yielding an angular
bandwidth of 19.8° and an angular selectivity of 1.53, both
of which closely match the predefined objectives. In addi-
tion, since the theoretical analysis does not account for sub-
strate loss, the angular responses of the designed metasur-
face with and without substrate loss are further compared in
Figure 6(c). The results demonstrate that the impact of sub-
strate loss on angular performance is negligible.
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Figure 6 Structure and performance: (a) Perspective and (b) Top view of
the designed angular metasurface; (c) Simulated angular response of the
designed angular metasurface with and without substrate loss together with
analytically calculated one.

2. Analysis of the designed angular metasurface

In the angular metasurface illustrated in Figure 6(a), period-
ic loop-type resonators are employed to tune the constitu-
tive parameters & and p,. Specifically, an electrical-type
Drude-Lorentz dispersion is stimulated through construct-

ing linear current paths aligned with the direction of the tan-
gential electric field of incident EM waves, as depicted in
Figure 7(a), thereby enabling the tailoring of the constitu-
tive parameter &,. By varying the total circumference of the
resonators, their electrical resonance characteristics are
modulated to tailor the structural permittivity. To meet the
desired condition for g, the metasurface is designed to op-
erate in the high-frequency non-resonant region. Meanwhile,
as shown in Figure 8, the employed loop-type resonators
are folded to miniaturize the metasurface periodicity, there-
by suppressing the influence of grating lobes in the high-
frequency region on the constitutive parameters. In this
manner, as illustrated in Figure 8(a), the circumference of
the resonator is controlled by adjusting the embedded
length L;, of the folded components. Figure 8(b) reveals
that the resonant frequency of the electrical-type Drude-
Lorentz dispersion decreases from 3.56 GHz to 3.14 GHz
as the embedded length increases from 1.6 mm to 3.2 mm.
Correspondingly, the tangential relative permittivity &, at
the operating frequency of 10 GHz increases from approxi-
mately —9.30 to 0.99, approaching the required condition.

Linear current Loop current

(2) (b)

Figure 7 Current flow on the loop-type resonators stimulated by (a) Tan-
gential electric field E; and (b) Normal magnetic field H, under oblique
incidence.
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Figure 8 Influence of embedded length L;, on the constitutive parameter
& (a) Schematic diagram of the variation in embedded length; (b) Fre-
quency response and (c) Angular response at 10 GHz of the parameter &;
with variation of Lj;.

When the metasurface is illuminated by EM waves at
an oblique incidence angle, the normal components of the
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magnetic field induce a magnetic-type Drude-Lorentz dis-
persion by constructing currents circulating around the res-
onators, as illustrated in Figure 7(b), thereby tailoring the
constitutive parameter y, [53]. As displayed in Figure 9(a),
the resonant characteristics of this magnetic response can be
tailored by adjusting the offset distance of the folded com-
ponents. Figure 9(c) demonstrates that the resonant frequen-
cy of the magnetic resonance shifts from 5.66 GHz to 8.22
GHz as the offset distance D increases from 0 mm to 3.6
mm. Correspondingly, the normal relative permeability u,
at 10 GHz decreases from 0.133 to 0.056. Figure 9(b) de-
picts the current distributions in the employed resonator at
the corresponding resonant frequencies. It is observed that
increasing the offset distance enhances the coupling be-
tween the folded components and adjacent edges, shorten-
ing the current paths and producing a red-shift of the mag-
netic resonance. Moreover, benefitting from the miniatur-
ized metasurface periodicity, the constitutive parameters &,
and g, exhibit angular stability, as shown in Figures 8(c)
and 9(d). In addition, a slight fluctuation of the constitutive
parameter y, from its theoretical target is observed at large
incidence angles. Due to the term sin® 6/u.p,, this fluctua-
tion is amplified at large incidence angles, resulting in a
mismatch between the simulation and theoretical analysis,
as illustrated in Figure 6(c). Nevertheless, this mismatch
has a negligible impact on the angular bandwidth and selec-
tivity of the designed metasurface.

It is noteworthy that designing the metasurface to op-

' o D=3.6 mm
=5.64 Gﬁz":“' E—6.76 GHz /=8.22 GHz
‘ {
it i .
(W)
= — =D=0 = — -D=0
=1 | i — - -D=18mm = — --D=18 mm
8 1 M ——D=3.6 mm 2 0]5 ——D=3.6 mm .
o |53 L - = -
g € 010 e .
2 ] W
(o} o .
© ©o00s——
4 6 8 10 12 0 30 60 90
Frequency (GHz) Incidence angle 6 (°)
(© (d)

Figure 9 Influence of offset distance D on the constitutive parameter y,:
(a) Schematic diagram of the variation in offset distance; (b) Frequency re-
sponse and (c) Angular response at 10 GHz of the parameter y, with vari-
ation of D.

erate in the non-resonant region effectively ensures that the
tangential permeability remains unaffected by the anti-reso-
nance phenomena near the resonant frequency in periodic
metasurfaces. Furthermore, due to the absence of loop cur-
rents along the normal direction, the tangential relative per-
meability y, of the metasurface remains unity, which is
consistent with the desired condition (15).

3. Experimental validation

To experimentally validate the proposed angular metasur-
face design methodology, a prototype was fabricated using
standard printed circuit board (PCB) technology. As depict-
ed in Figure 10(a), the sample consists of 3030 unit cells
and has overall dimensions of 300 mm X 300 mm X 0.4 mm.
Figure 10(b) illustrates the impact of the PCB fabrication
tolerance (+0.01 mm) on the angular response, with varia-
tions in two key structural parameters: D and L;,. The re-
sults indicate that deviations in D induce slight shifts in the
angular response, while those in L;, have a negligible influ-
ence. This discrepancy stems from their respective roles in
tailoring the constitutive parameters: D modulates the nor-
mal relative permeability u, with an extremely small target
value of 0.057, making the response more sensitive to di-
mensional variations. In contrast, L;, governs the tangential
relative permittivity &;, with a relatively large value of 1,
which is more robust against fabrication errors. Overall, the
metasurface maintains stable angular performance, includ-
ing bandwidth and selectivity, within fabrication tolerances,
demonstrating the robustness of the proposed design.
Subsequently, the fabricated prototype was measured
in a microwave anechoic chamber using the free-space
method [17]. As shown in Figure 10(a), the prototype was
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G » = N\

g —20 BT g 20 \.

o =30 g 30 \‘

'5 W/ fab. tolerance \ 2 — |S,| sim. X~ T
2 —40 D=3.620.01 mm & —40 |—-- IS,/ anal. cal.

£ I £,=3.220.01 mm g — = |S,,| meas. A\
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e 0 30 60 9 £ 0 30 60 90

Incidence angle 0 (°) Incidence angle 6 (°)

(b) ©

Figure 10 Fabrication and experiment: (a) Photographs of the fabricated
angular metasurface and its experimental setup; (b) Fabrication tolerance
on the metasurface angular performance considering two key parameters:
D and Lj,; (c) Measured angular spectrum of the fabricated prototype, to-
gether with simulated and calculated results.
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mounted on a turntable, while the transmitting and receiv-
ing horn antennas were placed on either side and connected
to a two-port vector network analyzer (ZNH18) via coaxial
cables. By rotating the turntable, the angular transmission
spectrum was measured across various incidence angles.
The time-domain gating technique was applied to eliminate
environmental interference, and the measured results were
then normalized to the reference case of an air window,
yielding the resulting angular spectrum of the prototype.
Figure 10(c) illustrates that the fabricated prototype ex-
hibits an angular response with a cutoff angle of 19.2° and a
rejection angle of 29.1°, closely matching the simulated re-
sults. The slight discrepancy between the two is attributed
to surface unevenness caused by the flexibility of the ultra-
thin prototype. In addition, larger deviations at higher inci-
dence angles are mainly due to the limited dynamic range
of the vector network analyzer, which restricts its sensitivi-
ty to low transmission levels.

IV. Discussion

1. Versatility of the proposed design paradigm

Based on the proposed constitutive-parameter-driven design
paradigm, the constitutive parameters required to achieve a
specific angular performance can be analytically derived
and physically realized through appropriate electrical/mag-
netic resonators. Notably, these parameters are frequency-
independent, making the design paradigm intrinsically ver-
satile in frequency. To demonstrate its frequency and angu-
lar versatility, a metasurface was designed to operate at
12.5 GHz with an angular bandwidth and selectivity of 30°
and 1.6. The required constitutive parameters were derived
as &=pu,=1, u,=0.111, and h=0.3 mm. The unit cell
maintains the same topology as in Figure 6 but with differ-
ent dimensions (P=8.0mm, L,=7.6mm, L;=3.0mm,
D=3.0mm, W,=05mm, and W, =0.24 mm). The re-
sulting metasurface exhibits an angular bandwidth of 30.1°
and an angular selectivity of 1.63 at 12.5 GHz, which are in
close agreement with the analytically calculated values ob-
tained from (2), (8), and (15), as illustrated in Figure 11(a).
This consistency is attributed to the close alignment be-
tween the physically achieved and the theoretically derived
constitutive parameters, i.e., & and yu,, over a broad angu-
lar range, as depicted in Figure 11(b). These results con-
firm both the effectiveness of the proposed paradigm and its
versatility across different frequency and angular regimes.
Admittedly, only at a single frequency (10 GHz) and
under TE polarization, the physically realized metasurface
achieves the desired angular performance. However, since
the constitutive parameter conditions are derived indepen-
dently of frequency, the proposed design paradigm can be
extended to a broader frequency band, provided that these
conditions are fulfilled across a wide frequency range.
Specifically, since the free-space wavenumber k, increases
with increasing frequency, maintaining a constant phase
factor kohu, within a fixed-thickness metasurface and satis-
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Figure 11 Performance and parameters of the angular metasurface with
different angular performance and operating frequency: (a) Simulated and
analytically calculated angular performance of the metasurface with an an-
gular bandwidth of 30° and an angular selectivity of 1.6, and (b) Its consti-
tutive parameters &; and y, in the angular domain.

fying the condition &, =y, across a broad frequency band
would require both parameters &, and g, to decrease with
increasing frequency. This contradicts the typical positive
dispersion behavior of conventional resonant modes, in
which both constitutive parameters generally increase with
increasing frequency, thereby constraining broadband real-
ization. Encouragingly, our previous work has demonstrat-
ed that anti-resonant modes excited within metasurfaces can
induce opposite dispersion [54], offering a potential path-
way to achieving a broadband response. Moreover, accord-
ing to the reciprocity principle, the angular response can be
extended from TE to TM polarization by interchanging the
permittivity and permeability in the constitutive parameter
conditions. In particular, this involves transforming the con-
dition involving &, = u,, w,u,, and kyhu, into the correspond-
ing expressions y; = &;, &&,, and kyhe,. Therefore, by main-
taining the condition &, = y, and exciting electric resonances
in the normal direction to tune the normal relative permit-
tivity &,, the desired angular response under TM polariza-
tion can be achieved. Based on these strategies, angular
metasurfaces with broadband and multi-polarization proper-
ties can be further explored.

2. Extension to highpass and bandpass transmissive
angular metasurfaces

The proposed constitutive-parameter-driven design para-
digm is primarily developed for lowpass transmissive angu-
lar metasurfaces, in which perfect transmission occurs at
normal incidence and gradually decreases with increasing
incidence angle. This design paradigm can be further ex-
tended to highpass and bandpass cases by modifying the
transmission conditions. For highpass transmissive angular
metasurfaces, the design objective is converted to achieve
perfect transmission at 8 = 90°, i.e., |Sy|ge9o- = 1, With mini-
mal transmission at normal incidence. This condition re-
quires the interface reflectivity r;|p-90- =0 and leads to a
constutive parameter constraint &/u, = 1/uu,. For band-
pass transmissive angular metasurfaces, the design objec-
tive is to allow perfect transmission at a specific target an-
gle 6,, i.e., |S21ly, = 1, while suppressing transmission at
angles on both sides of 6,. This condition can be fulfilled
by realizing the Brewster effect at the target angle, which
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leads to sin8; = /(& —p,)/(1/,— ) [45]. Based on the
above conditions, and combined with the resonator-based
method used in this work for tuning the constitutive param-
eters, the proposed design paradigm can be naturally ex-
tended to the highpass and bandpass cases. This approach is
complementary to the method of mechanically rotating the
metasurface to tune its operating angle and holds signifi-
cant potential for broadening the application scenarios of
angular metasurfaces.

3. Enhanced angular selectivity via multilayer
structures

It is worth noting that the theoretical derivations in this
work are based on the assumption that the constitutive pa-
rameters of the metasurface are non-dispersive with respect
to the incidence angle, which inherently imposes theoreti-
cal boundaries on the angular selectivity of single-layer
metasurfaces. Our previous studies have shown that stack-
ing multilayer metasurfaces with quarter-wavelength spac-
ing and appropriate bandwidth allocation can achieve sharp
frequency selectivity while suppressing interlayer coupling
[52]. This strategy can potentially be applied to angular
metasurfaces to enhance angular selectivity. Specifically,
by stacking multiple metasurfaces with tailored angular
bandwidths, one can emulate classical filter designs such as
Butterworth or Chebyshev filters, thereby achieving angular
responses with features such as maximally flat passbands or
steeper angular roll-off. To validate this strategy, we con-
structed a bilayer structure by stacking two identical meta-
surfaces as shown in Figure 6, emulating a second-order
Butterworth filter, as depicted in Figure 12(a). As expected,
the simulation results in Figure 12(b) demonstrate that the
bilayer metasurface enhances angular selectivity compared
to the single-layer case, although the angular bandwidth be-
comes narrower. This behavior is analogous to that of a sec-
ond-order Butterworth filter in the frequency domain, con-
firming the feasibility of enhancing angular selectivity
through stacking multilayer metasurfaces. In addition, a
flatter angular response, i.e., lower angular selectivity, can
be achieved by employing metasurfaces with angularly dis-
persive constitutive parameters.
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Figure 12 Multilayer structures for higher angular selectivity: (a) The
schematic diagram of an angular metasurface with a bilayer configuration;
(b) The angular response of the bilayer angular metasurface and that of
single layer case.

V. Conclusion

In summary, this work proposes a universal “angular re-
sponse—constitutive parameter—metasurface structure” de-
sign paradigm for angular metasurfaces. Leveraging the
constitutive parameters, the desired angular response can be
directly linked to the physical metasurfaces. This paradigm
eliminates the trial-and-error process for structure selection
inherent in conventional approaches, fundamentally remov-
ing the critical reliance on extensive and non-generalizable
numerical simulations while retaining only minor simula-
tions for final structural optimization. As experimental vali-
dation, folded loop resonators are employed in a practical
metasurface to tailor the required constitutive parameters
for the desired response, achieving an angular bandwidth of
19.2° and an angular selectivity of 1.51, which are in good
agreement with the predefined results. Overall, this work
provides a concise and time-efficient framework that en-
ables flexible angular functionalities of EM waves, such as
beam shaping and spatial-wave computing, with promising
applications including anti-interference communications,
image edge detection, and multi-view holography.
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Appendix A. Transmission Coefficients of Metasurface
with Zero Constitutive Parameters

1. ENZ metasurfaces

For ENZ metasurfaces, only the tangential relative permittivity is approxi-
mately zero, i.e., & =0 and g, # 0. In this regard, the interface reflection r

in (3) is rewritten as follows:

sin’ 6
Hitn— cosf—jAg

sinfg o8 0+jAr
cosO+ 4[—
Hifln

where Ag = \/sin2 6/up,. Based on (4), the phase change ¢, in ENZ

metasurfaces is given by

@5 = ko] —sin® 0/ 1, = ko Ag (A-2)

where k, = kyh. Substituting (A-1) and (A-2) into (2), the transmission co-

cosf— 4[—

e =

(A-1)

efficient becomes
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(1= Ryei 4t 1 — e VA = 0k it Ay — 0(— 2k NG A ) (A-10)
Is] = 1—rRee | Cosze—_Aé(l — ehne) 4 2j(1 + e ) (A-3)
£ Agcosf

It is apparent that A, is approximately zero as the incidence angle 6

approaches zero, and according to the Taylor expansion formula, we have
1= = =2k puAp — 02k, A) (A-4)

where o(-) represents the higher-order infinitesimal terms in a Taylor ex-
pansion formula.

Substituting (A-4) into (A-3), the transmission coefficient can be sim-

plified as follows:
QeketuAe
|Sf,|5 o = |cos’6- A}
= — " (1 —e%kmAr) 4 2i(] + e2kemAr
Agcosf (1-e )21 +e )
4 2
= -l = A-5
’—Zkf/z, +4J‘ A+ (ko (A-3)

Thus, the transmission coefficient of ENZ metasurfaces under nor-
mal incidence is consistently less than unity and depends on the parameter
kepty -

2. MNZ metasurfaces

For MNZ metasurfaces, only the tangential relative permeability approach-
es zero, i.e., y, =0 and g # 0. Under this condition, the interface reflec-

tion r in (3) is rewritten as

sin” 6 sin” 0
cosf— A[—— Vi cosl— 4 |e — !
He My Ha
= = (A-6)
) .2
sin” @ sin
cosf+ 4[—— ! Vi cosO+ 4 |e — !
M Hufy Ha

Here, for the sake of subsequent analysis, the parameter ;, is retained

in the interface reflection r). Under normal incidence, the expression

&£ —sin*@/u, remains positive, thus we define Ay = ‘/‘e,—sin2 6/u,, and
(A-6) can be simplified as follows:

Vi cosf—Ay

= - A-
Vi cosO+Ay (A7)

'm

According to (4), the phase change ¢,, in an MNZ metasurface can be

.2
g sin" 6
=kohy ,/_— =k VA (A-8)
(27} o n HiAym

Substituting (A-7) and (A-8) into (2), the transmission coefficient can

written as follows:

be expressed as follows:

4] = (= reton| | (1 =13 et vmn
T 1= 2 emien | 7| 1= 2 eitkeidn

Qe-HkNTAY

=|p,cos?0+A%
VA coso

(1 — ek ) 4 2( 1 + e 32kvidn ) (49)

When the tangential relative permeability x4, approaches zero, accord-

ing to the Taylor expansion formula, we have

Substituting (A-10) into (A-9), the transmission coefficient under nor-

mal incidence can be simplified as follows:

4e—jkL.V;T,AM
M — 2 2
|S 2tlg=0 — ‘M(l — e iZkeV AN ) 4 2j(1 + e 2k VEiAw )
VA cosf
4 2
=|— = A-11
‘—J%Ai« +4 VAt (k) (1D

Hence, under normal incidence, the transmission coefficient of MNZ
metasurfaces is consistently less than unity and is closely related to the pa-

rameter k.g,.
3. EMNZ metasurfaces

For EMNZ metasurfaces, both the tangential relative permittivity and per-
meability are approximately zero, i.e., g =y, = 0. In this way, the inter-

face reflection r in (3) is rewritten as follows:

g sin“ 6 sin“ 0
cosf— 4[—— Vi cosl— 4 |e —
e bt ' "
T = 2 - 2
&g sin" 6 sin” 6
CosO+ 4[—— Vi cosO+ 4 |e —
M Hildn Han
sin* @

VH;cos0— 4 |-

Moo V€080 — jApy

coso sin?0 - VH: cos 0+ jApm
I _
' Ha

where Agpy = wlsin2 0/p,. According to (4), the phase change ¢g, in an

EMNZ metasurface is expressed as follows:

- 2
sin"@ .
QEm = koh\//vT,\ ’— o = jkolAeu
tMHn

Substituting (A-12) and (A-13) into (2), the transmission coefficient

(A-12)

(A-13)

can be rewritten as follows:

— 2 —jerm
Tim)€

1
sl |

— 72 e-i2e
rEMe EM

Ak
= < (A-14)

i cos*0— A%,
2 T TTEM | @2keEiAen ) 4 D( ] 4 e2keviden
J \/EAEMCOSH( e )+2(1+e )

where Agy is approximately zero as the incidence angle 6 approaches zero,

and according to the Taylor expansion formula, we obtain
1 — eV = 2k At Apm — 02kl Arn) (A-15)

Substituting (A-15) into (A-14), the transmission coefficient can be

simplified as follows:

4elkcviiten
|S§}w = < ﬂ;;;j 0 _CoAslzalevl (1 — e2keien)  2( 1 4 2kevFiken)
;‘ EM
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Thus, for the case of normal incidence, the transmission coefficient is

consistently unity, that is,

4

|sEm 442k sin’@| =1 (A-17)

6=0

M, cos6

Therefore, based on (A-5), (A-11), and (A-17), only EMNZ metasur-
faces exhibit perfect transmission (|S,,| = 1) under normal incidence, while
ENZ and MNZ metasurfaces can only asymptotically approach unity un-
less both the tangential relative permittivity and permeability simultane-
ously approach zero, in which case they are indistinguishable from EMNZ

metasurfaces.

Appendix B. Derivation of Critical Phase Factor

At the critical condition where the cutoff angle contour first intersects the

real-imaginary boundary of the root term /1 —sin6/uu,, the cutoff an-
gle and the permeability factor of the metasurface lie precisely on this
boundary, satisfying sin*6, = u,u,. Under this condition, and according to
(8), the interface reflectivity becomes r, = 1, while the phase change is
¢, = 0. Therefore, the transmission coefficient of the metasurface can be

expressed as follows:

O (O o U A H 1-n
T =ree | T (4 reia)(l—reie)| |1-rein
_sin %6, sinzer
cosf, + —cosf,. +
B Hifdn M
sm 0, sin’ 6,
cos6, + —(cos6, — - “)eie
Hiln HiHn
_ My
20,
cosf.(1 —e o)+ sm S(1 + o)
Mifdn
0. . .
_ L(I—B’J‘V’L)+(l+e’lw) (B-l)
| sin” 6,
Hifln

where ¢, is approximately zero. In this case, according to the Taylor ex-
pansion formula, the term 1—e7* tends to zero and can be equivalently

expressed as:

) in’0,
1-e =i, = jkohptn |1 - ot (B-2)
Hiln

while the term 1+e7 = 2. Then, using these relationships, the transmis-

sion coefficient can be rewritten as follows:

2
cosf, . sin®#,
1S5 = —zjkoh/l, +2
H Mn
L (B-3)
HeHn
2 2

N 4+ (kohut, cos6,)?

Since, under critical conditions, the cutoff angle and the permeability

~ |ikohu, cos6, +2

factor both approach zero, i.e., §, — 0, uu, — 0, the above expression re-

duces to

2
[S21] = ——==-3dB (B-4)

V4 + (kohp)*

Consequently, the corresponding phase factor kyhu, for this critical
state is 2. This value serves as the threshold determining whether the cut-

off angle contour intersects the real-imaginary boundary of the root term
\I 1—sin® 6/, .

Appendix C. Derivation of Cutoff Angle

1. Phase factor less than or equal to 2

When the phase factor satisfies iy, < 2, the cutoff angle contour lies en-

tirely within the region where the root term \/ 1 —sin® 6./, is imaginary.

In this case, the interface reflectivity r, and the phase change ¢, can be

expressed as

cos6, —jAy

ry = 036, % jAx and ¢, = jkohp, Ay (C-1)
respectively, where Ay = ,[sinzep/ﬂ,y,,—l. Substituting (C-1) into (9)
yields
0. +jA 0. —jA
cosf.+jAy  cosf, —jAy _ | e oAy _ ghohyudy (C-2)

cosf.—jAy cosO.+jAy

where cosf,, Ay, and kyhy, are all positive. Therefore (C-2) can be simpli-

fied as follows:

4Ay cos 6. = ooy

—koh Ay
—_— —-e (C-3)
cos?0, + A2

Then, the solution can be rewritten as follows:

iy _ 1+ 1+F}

¢ o

(C-4)
where Fy = (cos*6, +A%)/(2Aycos8,). Thus, the analytical relationship
among the cutoff angle 6., the phase factor /iy, , and the permeability fac-
tor y,u, When kohy, <2 is

1 1+41+F?
kohpt, = —In ———*~ (C-5)
Ay Fy
2. Phase factor larger than 2

When the phase factor satisfies k,hu, > 2, the cutoff angle contour inter-

sects the real-imaginary boundary of the root term +/1—sin’6/uu,. At

this intersection, the cutoff angle and permeability factor satisfy sin’6, =
i, and the transmission coefficient is |S,,| = —3 dB. According to (B-3),
we have

2 _ 2
V4 + (kohy, cos 6,)? \/4+ (ko2 (1 — sin®6,)

2 =-3dB (C-6)
4+ (kohp > (1 — ppt,)

[S21] =

from which the analytical relationship between the permeability factor and

the phase factor at the intersection can be derived as follows:
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4

- C-7
(kohu,)* (€7

Mty =1

As demonstrated in Figure 2, when kohy, > 2 and 0 < ppu, <1-

4/(kohu,)?, the root term V1 —sin® 0. /pp, on the cutoff angle contour is

real. In this case, the interface reflectivity r, and the phase change ¢, can

be expressed as

cosf,.—Ap
= —
cosO,+Ap

respectively, where Ap= ,[l—sinzec/u,/l,,. Substituting (C-8) into (9)

yields

and ¢, = kohpAp (C-8)

cosf.+Ap cosO.—Ap
cosf.—Ap cosO.+Ap

_ |ejkuh)hAP _ g dkomar

(€9

where cosf,, Ap, and kyhy, are all positive. Therefore (C-9) can be simpli-

fied as follows:

2Apcosb.

—— = sin(koh,Ap)
cos? 6, — A2 !

(C-10)
Then, the analytical relationship among the cutoff angle 6,, the phase
factor kyhy,, and the permeability factor y,u, can be obtained as follows:

1
kohpt, = = sin” (F) (C-11)
P

in which F, =2A,cos6,/(cos’6,.—A3). For the case of kohu, > 2 and

1—4/(kohp,)* < o, < 1, the root term /1 — sin® 6, /u,u, on the cutoff an-

gle contour becomes imaginary again, and the analytical relationship
among the cutoff angle 6., the phase factor k,hy,, and the permeability fac-
tor pu, reverts to the same form as in (C-5). Consequently, when

kohy, > 2, their analytical relationship can be summarized as follows:

1 4
kohpt, = — sin™ (Fp), 0<ppt, <1—
A (kolps)? ©12)
1. 1++1+F2 B
kohy, = —1n xo1- = <ty < 1
Ay Fy (kohy,)
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